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PREFACE TO 'THE SECOND EDITION. 


Tue book has been carefully revised. At the suggestion of 
many teachers who have heen using the book, answers to the 
University papers are also given. It is hoped that this edition 
will meet with as much encouragement as the first. 


CaLIcut, 2 V.R. V. 
January, 1899. 3 


PREFACE TO THE FIRST EDITION. 


THis work is intended as a text-book on Algebra for all 
classes in our High Schools which prepare their pupils either 
for the Government Lower and Upper Secondary Examinations 
or for the University Matriculation Examination. Great pains 
have been taken to render the work intelligible to young 
students by copious explanatious and ulustratious. 


The plan adopted in this work is one which I have, for 
many years, followed in teaching large classes in several 
Schools and Colleges and which J] have foand to succeed. 
A proposition is first clearly demonstrated, then copiously 
illustrated by select examples, and then a large number of 
other examples arranged progressively is given for exercise 


1V PREFACE. 


In addition, at the end of every eight chapters, 2 series of 
examination papers, each paper containing ten questions. is 
inserted. 


The subject of Factors is fully treated in Chapter VIII. 
The University having prescribed ‘“ Quadratic Hquations and 
Problems leadiug to them” for the Matriculation Examination 
from this year, I have devoted four Chapters (XXVI--XXIX 
to an exhaustive treatment of this subject. The last. Chapter 
in the book will, it is hoped, he interesting and instructive to 
the more advanced student, 


The book contains more than 4,000 examples, of which 
over 400 are fally worked ont. They have been, for the most 
part, selected from the Examination Papers of Knglish and 
Indian Colleges and Universities. At the suggestion of 
several friends, I have printed al) the Entrance papers of the 
Dniversities of Calcutta, Bombay and Madras separately at the 
end of the book. 


In the prepatation of this work, most of the recent 
treatises on Algebra haye been consulted, 
Any suggestions for the improvement of the work will 
be thankfully received. 
SAIDAPET, ) V.R. V. 
January, 1892. > 
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A 
TEXT BOOK OF ALGEBRA. 


CHAPTER I. 
DEFINITIONS AND EXPLANATIONS OF SIGNS 


1. Algebra, like Arithmetic, is a science of numbers: but 
the numbers in Algebra are generally denoted by letters instead 
of by figures. 

2. It is usual to represent dmown numbers by the iirst 
letters of the alphabet, as a, 6, cand wnknown numbers by the 
last letters, as x, y, =; but this need not be stnctly followed. 


The word quantity is often used in the sense of numler, 
integral or fractional. Any whole uumber is called an integer or 
an integral number. Integers divisible by 2 are even; those 
that are not divisible by 2 ure odd. 

3. The sign + (read plus) signifies that the quantity to 
which it is prefixed is to be added. Thus a+b (read a plus b) 
means that the number denoted by bis to be added to that 
denoted by a. Ifa represents 4 and 6 represents 5, a+b repre- 
sents 9. Similarly a+b+c means that b is to beadded to a and 
that to the result c is to be added; if a, 6, c, denote 4, 5, 6 1es- 
pectively, a+ b+c¢ denotes lo. 

When no sign is prefixed to the letter at the beginning of 
an expression, +is understood. Thus a+l means +at+t b. 

4. The sign — (read mznzvs) signifies that the quantity to 
which it is prefixed is to be subtracted. Thus a—b (read 
a minus 6) means that the number denoted by b is to be sub- 
tracted from that denoted by a; if a denotes 7 and 8 denotes 4, 
a—b denotes 3. Similarly a—b—c means that bis to be sub- 
tracted from a and that from the result c is to be subtracted ; if 
a, b, c represent 7, 4, 2 respectively, a—b—c represents 1. 

Quantities to which the sign + is prefixed, or before which 
it is understood, are called positive quantities. 
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Quantities having the sign — prefixed to them are called 
gegative quantities. 

5. The difference of two numbers is denoted by the sign ~ ; 
thus a ~, 6 denotes the difference of the numbers denoted by 
a and b, and is equal to a—b or to b—a, according as a is greater 
or less than b. 


Note.—The sign denotes plus or minus. 

6. The sign x (read info) signifies that the numbers 
between which it stands are to be multiplied together. 

Thus ax b (a into b) denotes that the number represented 
by a is to be multiplied by the number represented by b. Ifa 
represents 4 and b represents 3, then aX b represents 12. 

The sign of multiplication is often omitted for the sake of 
brevity ; thus ab is used instead of axb and has the same 
meaning; so abc is used for aX bxc. Sometimes a point is 
used instead of the sign x ; thus a.b is used for aX b or ab. 

4. The sign — (read by) signifies that the number which 
precedes itis to be divided by the number which follows it. 
Thus ab (a by b) signifies that the number denoted by a is to 
be divided by the number denoted by b. If a represents 10, 
and U represents 2, then ab represents 0. 


@ -3 nsed instead of a—b and has the same meaning. 


N.B.—The word sign is often used to denote exclusively the signs + 
and —. Two signs are called like when they are both + or both —; 
otherwise, they are urlike. 

8. The sign=(read cqual to) signifies that the numbers 
between which it is placed are equal, and is called the sign 
of equality. a=b is read thus, “a equals b,” or “a is equal 
to b,”’ 

9. The sign> denotes greater than, and the sign<denotes 
less than; thus a > b denotes ais greater than b; and a < b 


| 
denotes a is less than 6. The sign J> denotes not greater than 
I 


| 
and the sign <{ denotes not less than. 
| 
10. The sign .. denotes then or therefore; the sign °, 
denotes since or because. 


1L. A vinculum »orapair of brackets () or { }, or 
[], signifies that all quantities under or within it are equally 
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affected by any quantity without. Thus a(b+c) or a.b+c 
denotes that a is to be multiplied by the sum of b+c; where- 
as a.b+c or ab+ec would signify that a was to be multiplied 
by b, and their product increased bye. Ifa=2; b=3;c=4; 
the first would =14; the second would= 10, 


12. The reciprocal of any quantity is that quantity 
inverted, or unity divided by it. The reciprocal of a is - ; that 
a 


ofat+hb mn 2 ke 
at+6 

13. Any collection of algebraical symbols is called an 
algebratcal expression. 

Those parts of an expression which are connected by the 
signs + or—are called its terms. 

When an expression consists of one term, as a, ba, 3abu, it 
is called a monomial expression ; when it consists of two terms, 
asa+b, av+t by, itis called a binomial expression; when it 
consists of three terms, it is called a trinomial expression ; any 
expression consisting of several terns 1s called a multinomial or 
polynomial expression. 

14. When anexpression consists of one term, it is called 
a simple expression ; when it consists of more than one term, it 
is called a compound expression. 


15. Whena quantity consists of the product of two or 
more quantities, each of the latter is called a factor. Thus a, 
b and c are factors of the product alc. 

16. When a number consists of the product of two factors, 
each factor is called the co-efficuené of the otber factor. In the 
product 3a, 3is the co-efficient of a; where there is no arith- 
metical factor, we may supply unity; in the product ab, the 
co-efficient of ab is unity. 

In the product abc, we may call a the co-efficient of bc, or b 
the co-efficient of ac, or c the co-efficient of ab. These co-efficients 
are called literal co-efficients as distinguished from the former 
which are called numerical co-efficients. 


17. Ifa number be multiplied by itself any number of 
times, the product is called a power of that number. Thusaxa 
is called the second poweror square of a; aXaxXa is called the 
third power or cube of a; axaXaxXa is called the fourth power 
. a,and soon. The number a itself is called the first power 
Of a. 
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Any power of a quantity is usually expressed by placing 
above the quantity the number which represents how often it is 
repeated in the product. Thus a? (@ squared) is used to 
express aXa;a* (aculed)is used to express aX axa; a* is used 
to expressaXaxa%Xa,and soon. a* has the same meaning asa. 


The numbers placed above a quantity to express the powers 
of that quantity are called ixdices or exponents of the powers. 

a" is the product of » factors each equal to a, and x is call- 
ed the index or exponent of a" (where n is any whole number). 

The symbol a* is1ead thus, “atothe fourth power,” or 
‘““ a to the fourth ” and a” is read thns, “ a to the 2.” 


18. The square rot of any proposed quantity is that 
quantity whose second power or square gives the proposed 
quantity. 

The cube root of any proposed quantity is that quantity 
whose third power or cube gives the proposed quantity. 

The m” root of auy quantity is that quantity whose m’" 
power gives the proposed quantity. 

‘Ihe square root of wis denoted by %/a or simply by /a 
usually. 

The cube 100t ofa is denoted by %/a and the m” root of 
a by Va. 

The sign ,/ is said to be a corruption of the letter 7, the 
first letter of the word radiz. The sign is called the radical sign. 

Ja, Xa, Yu, - . - a can also be represented by 
rod ! I I 
a®,a'?,a', . . .a™ respectively. 

19. Algebraical quantities are said to be like or unlike. 
according as they contain the same or diferent combinations of 
letters. 

Thus a and 5a, —Sa*%band 4a?b, da*be and—a%be are pairs 
of like quantities ; a*° and a’, 3ab and —7a, 3a7b aud 4a*b, of 
anlike quantities. * 

90. Hach of the letters which occur in an alyebraical 
product is called a dimension of the product, and the number ot 
the separate letters contained in the product (as if they were 
all written out in full) is the degree of the product. Thus 
a®l?e¢ oraxaxbxbxXec is of five dimensions or of the fifth 
degree. Numerical co-efficients should not be counted ; thus 
9 a?l and ab® are of the same dimensions, namely, of 3 dimen- 


p10nS. a 
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The number of dimensions of a termis the sum of the 
exponents or indices of the several factors of the term. 


When all the terms of an algebraical expression are of the 
same dimensions, the expression is said to be homogeneous. 
Thus 4a°b? + 3ab* + 2a2b° + a®bcd is a homogeneous expression, 
for each term is of five dimensions. 

21. The square root or auy even root of a negative quan- 
tity is called an impossible or imaginary quantity. Thus /—3 
and /—a? are impossible or imaginary quantities. 

22. When any root of a quantity cannot be exactly ex- 
tracted, the quantity which represents the root is called a surd 
or an érrational quantity. Thus ./3 and /ab are surds. 





NUMERICAL VALUES. 


Ifa=1, b=2, ¢=5, d=4, e=0, find the values of :— 

Ex. 1. a—2b+3c+ 4d— 6¢ 
=1]—2x 24+3x34+4x 4-—6x 0=1—449+416—-0 
=1+9+16—4=26— 4=22. 

Ex. 2. Vabc— dbed + 4cde + 3ucd — 1 0ace 
=7X1xX2X3—5x2x3xK444%3xK4K%043K1K3x 4 
—10x1x3x 0=42—120+ 48 x 0 +36—30 x 0=42—120 
+0+36—0= 42 + 36— 120 =70—120= — 42. 


EXERCISE 1 (A). 


If a=4, b=3, c=5, d=6, e=1, f=0, find the numerical 
values of :— 
12¢ + 3a— 5b—2f + 4e. 2. —Guf+abe—2ed+e. 
41b+3cef—6d+ 7be. 4. abcd—bece+fac. 
Lab—3bcd+ 5ef—6ede. 6. Labced—Vade—2afe + 2bede. 
Aac— 9ae+1lbed—l0afe. 8, 42a—21lbe—14ac+ 36ace. 
20c—icde+jabd—2cd, 10. 12b—6-f+ 7cde—9abde. 


Ex. 3. Find the value of :— 


2d__6e _ 120 4, (for values of a, b, &c., as in Example 1) 


ab ca 


Ou oe 
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2x4 6x0_15x1, 4x2 5 3 
tg ea ee eT = 8S — sat _i= 

Hl 2 x47 | ga ge 
Ex. 4. If a=4, b=3, c=2Q2, find the value of :— 

ab(a—b)—ac(a—c) + be(b—c) = 4X 3(4—3)—4x 2(4—2) 

+3x 2(8—2)=12x1—8 x 24+6x1l=12—164+6=18 

—16=—92. 


EXERCISE 1 (B). 
Ifa=3, b=1, c=6, d=5, e=1, f=0, find the values of :— 


jy. @begbterete g. 2 yy hye. 
Cc 7 a Bi b " era ee) ud—« 
3. ab—cd—bd~ac. 4, a—b(d—e)+clat+b). 
5. {a+(b+c)—d! {(a—b)—(c—d)} (a—b+e+d). 
6. {12a—(3b—3¢)} — f4f—46—3d 4 5c}. 
- ab _be abe __ cde 
r — See 
a 


a(b—c) + b(e—a) + c(a— b) +d(a—e). 
9. 4a—e(2b—3c)+ d(b— 2r) + a(2d—e). 
10. a+b b+e c+a 
b+c cta atl 
Ex. 5. If a=1, )=2, c=3, find the value of :— 
(a+ b)?(a?—ab+ b?) + (a+c)?(a?—ac+c*?) = (142)? 
(1®—1 x 24.27)4(14.3)9(12—1x 3432) =32(1— 24-4) 
+ 47(1—3+ 9)=9 X 3416 7 =274 1)2=139. 
Ex. 6 If a=2, b=3, 2=6, y=5, find the value of -— 
Vi (at b)Py} +7 iat wy —2a)} + a7 iy — 6) Pa} 
=4/{(2+ 3)75} + {(2 +6)(5—2x 2)} + Y {(5—3) 22} 
=Y {58 xB} 4 8x 1 +4 129 x3} 
= 8/53 x 8/8 + 4/238 = 424 2-9, 
EXERCISE 1(C).” 
If a=5, b=2,c=1, d=4, e=8, f=0, m=6, n=4, p=9, 


find the values of :— 
1, /2a—1+¥Van+ p—b—va*—d?. 


TH 





ee ete 
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(a+ b)*—(d—c)* + (f+e)?—(p—m+n)*. 
JMp—/nt VemJ/ct Vv cd—V ef. 
at+btce_btcet+td ct dt+e_ dte+f 
m+n n+p m + p nv-+ 2-+ p 
a’ —b'+ d’—m'+ n'—p’, 
er ee er 
Find the value of (9—a)(b+ 1) +(b+5)(a+7)—N2 











when a=5 and 0=3. 


x» 8. 


If a=16, b=10, x=5 and y=1, find the value of (b—=) 


xJ(atb)+/ { (a—b\aty) } aud of (a—y) { V (2bz)+ 2} 
+/{ (a—e)(b+y) }. 


9, 


Find the value of at+b/(#+y)—(a—b) ¥(a—y), when 


a=10, b=8, r=12 and y=4. 


10. 
+ arf (2? + 3a) + 


If z=5 and a=8, find the value of a,/ (?—3a) 
r+ 2a 





CHAPTER II. 
ADDITION. 

23. When two or more algebraical quantities are united 
together, the result is called their Sum and the process of finding 
the result is called Addition. An algebraic sum is not necessa- 
rily the sum of positive quantities. 

24. When the terms of an expression are connected by 
the sign +, we may write the terms in any order. Thus a+b 
and b+a will give the same result. 

When an expression consists of some terms preceded by 
the sign + and some terms preceded by thesign —, we may 
write the former terms first in any order we please, and the 
latter terms after them in any order we please. Thus a+d—6 
—c=atd—c—b=d+a—c—b=dta—b—e. 

25. There are three cases of Addition :— 

First Case. Where the quantities are dike, and have like 
signs. 

Rule,—‘* Add the co-efficients together, and to their sum 
adjoin the letters common to each term, prefixing the common 
sign.” 

Ex.1. Add ogether 3a, 5a, 9a and 7a, 

3+54+94+7=24 4% required sum= 24a, 

Ex. 2. Add together — 2b, —4b, —5b and —6b. 

24+4+5+6=17 .. required sam =—17b. 

Ex.3. Add together 4a—3b, 5a—6b and 2a—76. 





4a— 3b 44+542=11 

Sa— 6b —3—6—7=—16 

2a— ¢b 
tla—16b 

Ex. 4. Add together $ ar—b, jac— jb and jar— 4b. 

jar— b+) tt=! 

lan—3b 0 1} $= 

Yar—3xb 

*az— 2h 

EXERCISE 2. 


Add together :— 
1, 2a, 5a,a; —2b, —3b, —b; 4a, 1a, Sa. 


2. 10ab, 2ab, 9ab, 16ab; 6a2b, 4a2b, 3a*b. 
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3. 4 ry, 3 xy, OS uy, Jy; —Vab,—2Vab,—2V ab. 

‘. 2a—3b, 4a—10b, a—2b, 2a—bd, 14a— 13d. 

5. a*—ab+b3, 243?~3ab4-3b?, 322? —4ab + 703, 

6. w3—2ry+y*, 3%®— lay + Qy?, fe*# —cy+Sy?. 

7. gaet by—ab ; 23—3ar+ tby—3ab, 44—taz 

+ 3by— sab, 4—10ax+ by— Sab, 

26. Second Case. Where the quantities are all like, but 

the signs all unlike. 


Rule.—‘‘ Add all the positive co-efficients into one sum, 
and all the negative co-efticients into another ; subtract the less 
of these sums from the greater, and to the difference prefix the 
sign of the greater sum, and then adjoin the common letters. 
If the aggregate of the positive terms be equal to that of the 
negative ones, then the difference =0.” 


Ex. 5. Add together :— 
40? + 32y + y?,—302 + vy—2Qy? and 2x? —5zy + 3y?. 
Proceeding by the rule, 


4x? +3ay+ y? 4+42—3=3 
— 32? + wy—2y? J+1—s=—1 
28 — Say +3y% 14+3—2=2 





328— wy + Qy? 
Ex. 6. Add together :— 
ait + gu—te, 4a— §b+ ke, 
s— gb— fc and a—b+e. 
Proceeding by the rule, 
5+ 4b—te 5 
ga—bb+ 36 =o 
ba— 2b— je sa 
a— b+ c 
2a—4b+¢ 


EXERCISE 3. 


lI 
bo 


tl 
tol~ | 


| 
pant et ee 
|! 


Add together : — 
l. at+b+c4+d, —at+b+c+d, a—b+c+d, a+b—ct+d 
and a+b+c—d. 
2. at*+a%—a?+1, a’—2a* + 3a?—3 and 4a?—5a5 
—4dat + 4, 
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ax + by+cz, —3ax—2by—3cz and 4ax— 3by + 4cz- 
a*+ 4a° +6a?+ 40+ 1 and at —4a° + 6a?—4a+ 1. 
ar— ta32+ fax? — $23, a8 +4 a2at tax? + 52 
and 2a5 saad +a*e+ jan* = oi t*> 

a"—2b" + 3c°—4d, 23a” + 16b"—13c? + 12d, — 140” 

+ 15b"—17c? + 19d, 18a"— b" + c’—d and — 13a” 

+ 5b" — 3c? + 11d. 

27. Third Case. Where the quantities are unlike. 

. Rule.— “Set all the quantities down one after another 
with their co-efficients and proper signs prefixed, and collect 
all the like quantities together (if there be avy) by the forego- 
ing rules,” 


Ex.7, Add together :— 
ab+ac+t be, aw—2Qub+ by, bz—2ax+cy and be—ci+ duc. 
Proceeding by the rule, 
ab+ ac+be 
—2ab +ax-+ by 
—2ux +bs+cy 
+ duc + be — 


—| wbh+ 4ac + 2bc—uz- + by+bs +cy—C2 


De 


EXERCISE 4. 


Add together :— 
1. a—a—y, b—c—d, e+ y+e and d+c—a—y. 
2. ay*+bytc, by*+cy+a and cy3?— by—a. 
3. ei taytus, y2 tayt ys, 2 +set+cy and 27+ y? +2 
— 2(ay + ys + 2). 
4. 3ab*—4a4b+ a*, —4ac? + Sab? —c*, — 743 +2a7b 
—6ac? and 5a? —1llab? — 12ac?. 
5. a~—lb+ie—id, —ict+ ta—jpbtd, yd—fb+ce—na, fa 
—*d+b—2c and 8u—6b + 3e— 4d. 
bc dad bia c a ob se 
arg a3 at Fee pata 
7. ltetar?tast xt, )—204+ 30? —404, 24305 + 023 
—7c* and l—2*. 
8. Qu9—Gary—28y?2, 4y2?—4y8 +227, Bry— Fy? + 2y* 
and 42y— 24?—32? — 3y?— 32°. 


2 


al 


a~ ¢° 
deed 


CHAPTER III. 


SUBTRACTION AND REMOVAL OF BRACKETS. 


28. Any quantity Bis said to be subtracted from any 
other quantity A when a third quantity C is found such that 
the sum of B and C is equal to A. 

C= A—B when C is such that B+C=A. 
The quantity from which another quantity is subtracted is 
called the minuend. 
The quantity subtracted is called the subtrahend. 
The result is called the difference or the remainder. 
A is the minuend, B the subtrahend and C the remainder. 


29. Itule.-— Change the signs of all the quantities to be 
subtracted or conceive them to be changed, and then collect the 
different terms together as in addition.” 

Ex. 1.* Subtract 3.—5) from 4ce—8b. Changing the sign. 
of 3z—5b, we have, —3w+ af Add —3c+5b to 4a—8b thus’ 

4+—8b 
—3xn+5b 
x2— 3b 
Ex 2. Subtract 2?—2zy ty? from 2? + 2ry+y?. 
= + 2ary + u. 
2*— Jey  & y? 
—_ + aa! 
Ay 
Ex. 3. Subtract 2a? + Bab — 5b? from —3a? + 2ab—40?, 
—3a?+ 2ab—4b? 
2a? + 3ab— 5b? 


ee re rng ec eg ro le 


—d5a?— ab+ 6b? 


* From 2a take b, and the difference is denoted by 2a—b; because 
the sigu — prefixed to b shows that it is to be subtracted from the other 
and 2a—b is the sum of 2a and —b. 

Again, from 2a take —l and the difference is 24+; because 
2asz2Za+b—b. 

Take away —b from these equal quantities. 

’. the difference between 2a and —)b is 2a + b, i.e, the sum of 2a 
and +b. 

e. to take —bis the same as to add +l, 
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Ex 4. Subtract a®—4ab+5.7—y* from 61*+ 3y?—6a!, 
6.u* + 3y3— 6a? 
ox?— y®+ a*— dab 
—- + — + 
x? + 4y8 —7a? + 4ab 


EXERCISE 5. 
Subtract :— 
}. a—bt+e from 3a—3b+¢c. 
2. —e—y+2 from 3xe+ 4y—952, 
3. —4a? —2ab+ 6 from — 5a2?—ab + 8, 
4. Qu +30? +4045 from e3— 402 + 6x4 7. 
5. «3 +3a2b+ 3ab2 +65 from a* —3a2b+ 3ab?—D)d5. 
6. a'—4a5b4+ 6a262—4ab3 + 6+ from at+4a2b+ 6a2b? 


+ 4ab> + b* and find the value of the difference, 
when a=2, and b=38. 

From ,;z2—7) {a+ ;b— jy take Jat Fa—Sb—sy. 

From $a+ 3b+}¢+4 bc take 5a—7b—3bc+ te. 

Krom 3y—$a—ja@+ 1a take Jy + t}a— 32. 

10. From 10a"—J4b"—c’—5d take —9a™+4-2d" + c'— 5d. 

lJ. From the sum of the first four of the following 
expressions «7 + y7 +2244, a2? +y? 427, 22s? +y%@—g?, o2?— 
yetst ta, y24+72+a3—w?, subtract the sum of the last four. 

12. What must be added to 3a? —5ab+6642+7bc in order 
that the sum may be —a?—l?—be P 

13. What must be added to —5a*+13a2b? —«* ya + 5ab? 
+ Vabey in order that the sum may be @° + 3b? + «?ya—2yab? 
—2zxyab ? 

14. What must be subtracted from 4a? —3ab—6U? in order 
that the remainder may be a? + 3b? 

15. What must be subtracted frum 10xz?—7ay+ 5y2 —9e 
—lly+14 in order that the remainder may be x? +2y+y?+.« 
+yt1?. 

16. From what expression must 3z2°—7«y—8yz+9y? be 
subtracted in order that the remainder may be 21*+ 3xcy + 3yz 
+2y? P 
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30. To prove that o a— (b+¢)=a—b—c. 
2) a—(b—¢)=a—bt+e. 
G) a—(b—c—d+e)=a—b+e+d-—e. 

(1) As each of the numbers 6b and cis to be taken from a, 
the result is denoted by 1—b—c. We enclose the term )+c in 
brackets, because both the numbers band c are to be taken from 
a. Therefore a—(l +c) =u—b—c. 

(2) If we take b from «, we obtain a—l; but we have 
thus taken too much from «, for we are required to take, not b 
but, 6 diminished by c. Heuce we must increase the result by 
c; thus a—(b—c)=a—l-+e. 


(5) We have to take b—c—d+efromu. This is the same 
thing as taking b+e~—c—d froma. Take away ++e from u, 
and the result is a—b—e; then wdd c+d, because we were 


to take away not L+e but, b+e diminished by c+d; thus 
aw—(b—c—d+ e)=a—b—e +6+d =u— b4+ct+d—e. 


31. The following rules must be observed in the removal 
of brackets :— 

(1) If any number of terms be enclosed within a pair of 
brackets preceded by the sign +, the brackets may be removed 
without altering the signs of the terms. Thus a+(b+c—d—e) 
=a+b+c—d—e. 

(2) If any number of terms be enclosed within a pair of 
brackets preceded by the sign —, the brackets can be removed 
only if tke signs of all the terms within be changed, + to — and 
—~ to+. Thus a—(b+c—-d—e)=a—b—c+d+t+e. 

The following rules must be observed in the insertion of 
brackets :— 

(1) Any number of terms may be put within brackets with 
the sign + prefixed, without any other changes, Thus a+ l—2c 
==a + (b— 2c). 

(2) If the sign — be prefixed, the signs of all the terms 
within the brackets must be reversed. Thus a— 6+ 2c=a— 
(b-- 2c). 

Note.— If there be brackets within-brackets in an expression, it 18 the 
safest method to remove the innermost brackets first, then the next, and 
SO on. 

Ex.1. Simplify Ree rae — {l—(e—a)}. 

Given expression= { a—l+c} — {b—c+a} 
=a—b+c— b+c—a=2v—26., 


a4 
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Ex. 2. Simplify a—[b— {e—(d—e)}—f]. 
Given expression= a—[b— {c—d+ e} =f) 
a—[b—c+d—e—f] 
a— b+c—d+e+f. 
Ex. 3. Simplify 7a— {8a—|[4a—(5a— 2a + a) j}. 
Given expression=7a— {3a—|[4a—(5u—2a—a)}} 
=7a— {3a—[4a—5a+2a+a}} 
=7a— {3a—4a+ 5a—2a—a} 
= 7a—3a + 4a— 5a + 2ata 
= ]4a-- 81 = 6a. 
Ex. 4. Enclose 2a + d—c+ 2d—3e—4f in brackets 
(1) taking the terms two together each bracket being 
preceded by the sign —. 
(2) taking the terms three together each bracket being 
preceded by the sign —. 
(l) 2a4+b—c+ 2d—S3e—4f= —c+ 2ua— 3e + bD-- 4f + 2d 
= —(c— 2a)—(8e—b)-- (4f—2d). 
(2) 2a+ b—c+2d—3e—4f= — c+ 2a—3e—4f +h + 2d 
= —(c—2a+3e)— (4f—C— 2d). 


Introducing a pair of inner brackets in each, = — {c— 2a— 3e} 


— {4f—b+2d?. 
EXERCISE 6. 


Remove the brackets from :— 


thet 
~ © 


2a— {2a—(b+ 2u)} + {b—(2e—2d)}. 

{6a + 2b—(3a + 2)} — {2a+4b—(4a—b)}. 
a—[2b— {3c—(a—2b—3c)} J. 

a? —(b*—c?)— b*+ (c?— a*)+c2— (b2—a?), 
—a—-[—b—{-c— (—a—b—c)} ]. 
Lle—[7x— {8a—(9x+ 2e— 6x) }}. 

9— {4—(6—7—9)}. 

—2—[—3— { —4—(—5—64 2) } J. 
a—[5b— {a—(3c—3b) + (2e-—a—2b—c) } J. 
7a—[2a— {b—(8a—5a—2b)—4a} —2b). 
—[+ { +(—2)} ]—- {+[-(—a]}. 
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12, —3e—[—5y— {—7s—-(—9u— —lly—132)}]. 

18, —Qe—[—4y— {—5:— (—2e4 —5y—Bs)}]. 

14, —#—[—2y— {3z— (4e— —2y—9z)} J. 

15. —a—[—b—{—c—(a— —b—o)}]. 

16. —4a—[—3b— {—4ce—(3a + — 4b—5c)} J. 

Add together :— 

17. a—(d—2c), 3a—(b—4c) + 2d and 3a—b—(2c—d). 

18. 1—{l1—(1l—«)}, 2e— (3 —5x) and 2—(— 44 5). 

19. a—(2d—3c), 4a—(b-- 4c) + 3d and 3a— {(2b-+ 2c)—d}. 

20. (ave—br)— (by—cy), ar +ba—(by+cy) and (ar—by)— 
(br—cy). 

21. In the expression a—2b + 3c— 4d+ 5e—6f + 7g—8h. 

Enclose the lst, 3rd, 7th and Sth terms within brackets 
preceded by the sign — and the other terms within brackets 
preceded by the sign +. 

22. Include the first three in brackets preceded by the 
sign —, the next two in brackets preceded by the sign + , and 
the last three in brackets preceded by the sign —. 





23. In the last question, introduce inner brackets in the 
first and the third preceded by the sign —. 

24. Enclose in pairs the terms of —a—b+c—d—e+f in 
brackets, so that each bracket shall be preceded by the sign —. 


CHAPTER IV. 
MULTIPLICATION, 


32. The number multiplied is called the multiplicand. 
The number by which itis multiplied is called the multiplier. 
The result is called the product. 


33. Rule of Signs—‘‘ The sign of the product of any 
two quantities is positive or negative according as the multipli- 
cand and the iultiplier have like or unlike signs.’ More 
briefly —‘‘ Like signs produce + and unlike sigus —.”* 

Note 1.—Since (+2)x(+2)=2* and also (—2)x(—2)=2?, we have 
Va*=—e. Every algebraical quantity has got two square roots equal in 
value but opposite in sign. 

Note 2.—The product of any number of factors is positive or negative 
according asan eren or odd number of the factors is negative. An even 
power ofa negative quantity is positive, and an odd power is negative. 
Thus :—ax +X —cm+abe; -—ax—-bx—c=—abe; (—a)t=a*; and 
(—a)'=—a’. 

34. ‘To multiply simple algebraical quantities :— 

Rule.—‘‘ Multiply togéther the numerical co-efficients and 
write the letters after the product of the numbers, prefixing to 
the product the proper sign.” 

Ex. 1. 5ax2b=10ab (*%* + into + gives +). 

Ex.2, 15x? x —4y? = —60z?y? (+ into — gives —). 

Ex.3. —apq% —zmu=tLpymn (— into — gives +). 

35- To multiply two or more powers of the same quantity :— 

Rule.-—‘* Add the indices of the powers of tbe proposed 
quantity and write the quantity with an index equal to the sum.” 

Ex. 4. a*® x at%a=qit®=q5, at x eS = wtto =gi2 

and a™xX a"=a"™"", 

To prove that a” Xa"=a"*” when m and mn arc positive 
integers. 

Since a"=axaXa . . . . « « tom factors. 


and a"=axaxXaxa ... . . ton factors. 


axa" "szaxaxaxXa .. « tomtn factors. 
= gmt 


* The fact that— into — gives+ may be explained thus: the sign—is 
the symbol of reversal; if a thing is tarice reversed, it is necessarily restored 
to the original condition. 
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Similarly a™ Xa" X a? =a" x a? 
— qgrtat?. 
To prove that (a™)"=a"" when m and m are positive 
integers (c”)”"=a"X a" x a” to n fuctors 
=y"t™t™ to » terms 
=a", 
The rule holds good also when mand mn are negative, 
§ g 


integral or fractional. ° 
Pp mop 


mm 
Thus: a°-"Xa"*=a”™"sa*xXa! =a" 1 : 


—m F ‘cuins —ma" — R um 
a "Xat =a ;a "Xa =a 


EXERCISE 7 (A). 


Multiply -— 
1. 6ab by 8c; 4a by —5y; 5a° by —7a? ; 4a5y by FuPy?, 
2. —da%be by 2abee®; lO0u?yz by —Tatyts®; —182rys 
by 52229. 
3. 4p%q* by —7Zapq ; —8a8uy by —6al*gsy?. 
4. Fu®— Qe + 4a by 303 ; 4a? y — Q0y + 4v—By by —2ay. 
5. de2®@—2u4+4 by — F2?. 
6. 7et—3.u8y— Aur 2a? + Say by $e 443, 
7. 4a%b—5a*b? + 6ab§ —2b* by —iab. 
8 ap8a?— gp qt tp? —q® by gpg. 
9. LU0wy— say? + gry? —gy* by 2ay®, 
10, ga $y? + Fudy— gary? — Andy? + Fy by —Fary, 
36. To multiply compound algebraical quantities .— 
Kule.-—‘' Multiply every term of the multiplicand by each 
term of the multiplier ; then connect the several products 
together by the rules of addition, and that sum willbe’ the 
product required.” 
Thus: aX (b-+c)=ab ace. 
(a+ b)(c-+d) =ac+ ad+ bc+ bd. 
(a— b)(c—d) = oc— ad—be+ bd. 
Note.—-When factors are multiplied together, the product is the same 
in whatever order the operation is performed, 
Thus: axb=bxXa and aX bxc=bXcXa. 
Ex. 3. Multiply (a+ 5) by (a+4). 
(at+b)(a+b)=axat+axb+bxa+dxb 
=a2+ab+ba+tb? 
=a? +2ab+ b?. 
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Ex. 2. Multiply a—b by a—b. 
(a—b)(a—b)=ax oe b)Xa+ax ae + (—b)(—b) 
=a* +(—ab)+(—ab) +b 
= a* —2ab-+ b?. 
Ex. 3. Multiply a+b by a—b. 
(a+ b)(a—b)==a X a+b Xa+-ax (—b)+0X (—d) 
=a? + ba—ab—b? 
xg? —}?, 
Ex. 4, Multiply 2a+3y by 4a—5y, 
2a-+ 3y 
4— By 
Ba + Locy 
—_  Way—15y? 
802 + 2ry—l5y?. 
Ex. 5- auras 3a? —4u+8 by 2a +3. 
3a?—4a+8 
2a +3 
6a5— $a? + 16a 
see eee 
Gai+ a? + 40424. 
Ex. 6. Maltiply a*+ab+ 6? by a—b, 
(a—b)(a3 + ab + b*?) =a(a? + ab + b?)+(—b)(a? +ab+b*) 
=aXxa*+axab+ax eerie a? + (— b) x ab 
+ (—b) xb? 
=a> +a*b+ ab*— ba? —ab?—2Bs 
=@5—b5, 


Ex. 7. Multiply a?—ab+b? by a+b. 
a? —ab + b+ 
a +b 
ae —22b + ab? 
+ a2b—alh? +65 


ae CS 
EXERCISE 7 (B). 
Maltiply :-— 
1. ata by «—a; «+20 by 2+3a;c7++ by «+9; 
a*-+ab-+ b? by a+b. 
2, 2at+b by a+b; 2m—3n by m—n; 1? + y? by wo? —y?. 
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3. atb+cby a+b+c;a—b+c by a+b—c. 

4, eyt yet au by vey—ysmee; 1? +y% +57 by e—y—z. 
5. a—3b+4c by a+ 2b—3e; m+n+ p by 3m—4n— dp. 
6. a2 +b2+ ¢%—ab—ac—be by a+ b+e. 

7. wtp we + eitatl by e—l1, 

8. a%+a*h+ab* +b? by a—b. 
9. 4a%—3a+7 by 5a*—424+8. 


10. a? +ab+ac+t be by b+c. 


3¢. When one expression is to be multiplied by another, 
itis convenient to arrange both the multiplicand and the 
multiplier according to descending or ascending powers of 
some letter common to them and then proceed with the multi- 
plication. 

The expression 2a + 3a§ —6a?+a*+a° + 2 will be arranged 
as a5+a* + 3a5— 6a? +2a+2 in descending powers of a and as 
2+ 2a—6a* + 305 +a*+a° in ascending powers of a. 

Ex. 1. Multiply ab+b*+ a by a* +b?—ab. 

Multiplicand =a? + ab + b? 
Multipher =a*—ab+b? 
a?(a47+ab+b*)=a*t +a5b+a%b? 

—ab(a?+ab+b*%)= —u3b—a*b?—abs 

6?(a? +ab+b?)= + 63¢@3 +05 + b+ 

«othe product =a* +a%b2+ 6%. 

Ex. 2, Multiply 2:7 +3z2y+4y2 by 2:*§—3:y+4y*. Ar- 
ranging the multiplicand and the multiplier according to the 
descending powers of y, we have, 

Ay? + Bye + 208 
4y?—3yx4+ 2x? 
16y1 + l2y>. + 8y%8x® 
—1273 w—9y?12 —6yx* 
+ 8y?.c? + 6y.0> + 40+ 





16y* + Ty? 2 +4,+ 

Ex. 3. Multiply az? + bete by «:?+ar+b. 
at+ bere 
cr*?+au+b 


ac * + bee? be? t2 
a?a3 + aba? + acx 
abz? + b?a+ be 


Product =are* + (cb +a? )u? + (c? + 2ab)u2 + (ac + 62): + be. 
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Ex. 4. Multiply po? +qa* +ri+s by ax*—dz—c 
per+gattrit+s 
ari—bu—c 
apa® -age* + ara® + asx 
— pba*—bqii— bi? —be: 
— ope? —cqz?—(1&— cs 
Product = ap: ® —(plb—aq)x* + (ai — bg—cp)a>— (lr +1 gas) 
Xat—(bst cr)i—cs 
Note —The product in Examples 3 ind 4 18 put within brackets 


Ex. 5 Find the continued product of #+1, 2—I1Land 
+2 
C+FlQa—VY=( —1l4+10-—)) 
= a4 —r+i.—lL=a?—] 
and (:+2)(:?—l)=2( ¢—1)+2(:7—1) 
c= Sage D7? —Yer 34 Ya — 7 —2 


Ex 6 Find thecontinued product of.ata, +6 and w+¢ 


t+a A8+(at+!] )etab 
atb x + 
a? +aa Ft (t+ bee + ab: 
+batab +2? +c(at+ b)atabe 
a?+(a+tblatab ait (atb+ ju? +(abtac+be).+ abc 
Ex 7. Find the continued productof —a r—b and a—c 
a—a a? — (a+ b)r+al 
x—b ae 
2 ra rS——(atl jit taba 
_ abe +ab _ mow? +c(at+ bjr—ab 
r2—(at+bh)a+al —(atrb+e) 44+ (abtart bejx—abe 
EXERCISE 8. 
Multiply — 
1 ai—atl by a?t+atl 2 rvt—iy+ty? by ety. 


3 w+ yty® by amy 
4 %—Qayty?® by w? +2ry+y? 
5 at—at+l by at+a?+] 
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m*-+m*n® +n* by m*—n3, 

y® + yrs? +-25 by v3 — gry? +5, 

wu 3a + Bu? +1 by #8+4+3e—3z? —1. 

a*— dab + 3b2a + 4a? b—bL* by a* + 3b%a + 5ab—4a7b + b*, 
B > — ey + y®—Yyst sr—se by yt wu, 

bt + 58a? + ba? + b8a+at by at + b6++b7%a2— Ba—bas. 
lla—7b+ 4c—5d by 5d—4c+7b—1la. 
ptg*—p?q? + p°q° + pq by p—g- 

949—.24a6 + 1663 by 3a— 4b. 

a> —a* + Sav? —3a2e by a? + v* —Qaz. 

1+ 27+ at + 275 43.0? by 1+ uc? —2e. 


Multiply together :-— 


17. 
18. 
19. 
20, 
21. 
23. 
24, 
20. 


a+b, a—b and a* —b?. 

a® -+ab+b*, a®—ab+ b? and at —a?b?+b*. 

wha, «+b, e+e and +d. 

23+ 3a+1, 2®—3r+1 and at + 723 +1. 

a+ b,b+c and c+a., 22. a—b, b—c and c—a. 
athb+c, b+c—a, c+ a~—band at+b—c. 

wt byt, et+y?, vty and 2—y. 

a®&—ab+b*, a2+ab+b*, a+b and a—b- 


CHAPTER V. 
MULTIPLICATION, —Continuet 
FORMULA! AKD THEIR APPLICATIONs 


38. Aformula is the most general expression for auy 
theorem respecting numerical quantities, 


39. The square of the sum of two quantities is equal to 
the sum of their squares increased by twice the product of the 
two quantities. 


Formula (a + b)* =a? +b? + ab. 
Ex. 1. Find the square of 3. +4y. 
(Ba + 4y)3 = (B.u)* + (Ay)? + 2(8.0)(4y) 
=91* + Qhry + 16%. 
Ex. 2. Find the square of 2a? + 5b. 
(2a8 + 5b*)* = (2a5 )* + (5b*)? + 2(2a3)(5b?) 
= 4q° + 20a5b2 +.25)*, 


40. The square of the difference of two quantities is 
equal to the sum of tkeir squares diminished by twice the 
product of the two quantities. 


Formula (a—b)? =a? + b?—2ab. 


Bx. 1. Find the square of 2a—3b. 
(2a— 3b)? = (2a)? + (3b)? — 2(2a)(3b) = 40? — Lab + 942. 


Ex. 2. Find the square of 3a*—4b°. 
(38at —4b*)* = (Bat)? + (46°)? —2(3a* (405) 
== 9a’ —24q4b5 + 166°. 


41. To find the square of a+ b+c. 
(a+ b+c)*= fa+(b+c)}* (considering b+¢ as one term) 
= a* +2a(b +c)+(b+c)? 
=a* + 2ab + 2ac + b* + 2be +c? 
=au* + b® + ¢® 4. Zab + Zac + 2be 
=a* +b3+c2?4+2a(b+c)+2b(c) 2. . . i) 


s? 


v.! MULTIPLICATION, 23 


To find the square of u+b+c+d. 


considering a+b as 
(a+b+c+d)*?= {(a+b)+(c+d)} ? (cone term endo das } 


another 
= (a+b)? + 2(a+ d)(c+d) +(c+a)? 
=a? + 2ab+ b? +2ac + 2ad, + 2be+ 2Qbd + ¢? 
+2cd + 3 
= 024539 +¢2 + d?4+ %ah+ Qact+ Qud+ 2be 
* +Obd + 2cd 
=a? +)? +¢7+d? + 2a(b+e+d) + 2b(c+d) 
+Oc(d) 2 6 ew ee we we ww (DD 

From (1) and (ii), 16 is plain that the square of the sum of 
any number of quantities is equal to the sum of the squares of 
all the quantities together with twice the product of each term 
and the sum of all the terms which tollow it. 

Formula (atb+e+d+e. . . )*=a? + b? + 0? + a? 
+0? +...... Me re - . « )+2b(c+dt+e . - ) 
+2c(dt+e. . . )+2d(e+ . . . )ete 

Ex. 1. Find the square of e—y—:. 

(1—y—a)? = fe+(—y)+ (—2)} ? 
=19 + (—y)? + (—2)* + 2u(— y—2) + (— 29) (—2) 
su Fy? + 2? —2iy—2Qvz t+ Qyz 
Ex, 2. Find the square of 27+3y+ 4c, 
(2e+3y + 42)* = (2)? + (By)9+ (42)? + 2(20)(8y+ 4:2) 
+ 2(3y)( 42) 
= 4.2 + 9y? + 1622+ lday + 1622 + 24yz, 

Note.—The rules stated in Articles 839 and 40 may be applied to 

deduce the squares of all multinomial expressions. 


Ex 1. Find the square of a—l)—c—d. 


\ 2 om Bs ideri a—b as 
(a—b—e—dit= {(a—b)— (0+ dy} + ( geneidoring, 47} a8 one ) 
=(a—b)?—2(a—b)(c+d) + (c+d)? 
= a9 — 2ab-+ b3? —2(ac— bc + ad— bd) +c? + 2cd + d? 
=a9 +09 +c + d®§—2ab— 2ac + 2be— 2ad + 2bd + 2ed. 
Ex. 2. Find the square of «—y—z. 
(27—y—z)*= {(c—y)—z} ® (considering z—y as one term) 
= (c— y)*§—2(u—y)z + 2® 


4 
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Ge y?— 2az + 2y2+ 28 
wy? + 8 — Qry— Zize Qyz. 
The formule of Articles 39 and 40 may be applied to 
the simplification of algebraical expressions. 
Ex.1. Simplify (a+ y+ s)*+2@+y+2)(«—y—:) 
+ (u—y—z)*. 
Let a+7+2=a; and -—~y—z=5; then the given expression 
=a* +2Qab + b® = (a+b). 
=(et ytet c—y—s = (Qr)8 = 4e9. 
Ex. 2. Simplify (ab—bc + ac)* + (ab—be—ac)? 
— 2(ab—be+ac)(ab—br—ac). 
Putting « for ab—bce +acand y for ab—be—ac, we have the 
given expression = : 3+ 4? — 2ry- 
=(a—y)®*¥= { (ab— be+ac)—(ab—bce—ac) } * 
s=(2ac)? =4a*%e?, 


EXERCISE 9. 


Find the square of each of the following expressions :— 


l. 4e+3. 2. Lle+8. 3. 38a+8d. 

4. 4Am-+6n. 5. act aby. 6. 3abe+c?. 

7. axt bey. 8. mpt+qn- 9. 3a% + 7b?. 
10. 3p*+q?. 1l, abtact+be. 12. a+3b+ 4. 
1B. wtty242%, 14. 2m+3n+4p. 15. a?+b>+c*. 
6, at+6+2e+3y. 17. 4a+3b + 2c+d. 

18. w+ 2y+32+ du. 19. 4+ 3n + 2p + 3¢. 


20. py +2q2+3m2+4n?. 
Wimd the square of each of the following expressions :— 


21. 52-3. 22. 9u—?7. 

23. ab—ac. 24. —da—4b. 

25. 4p—3¢.- 26. —ab—cd. 

97. b%c—a*d. 28. p*— 2qr. 

29, —abe—de. 30. 4a5—9dc. 

3). a—3b—4e. 32. 32—4y— dz. 

33. 4p—3m—n. 34. a*—22b*—3c*. 
35. a—b—2z—y. 36. 2a—3b— 4e+ Sy- 
37. at*—a—l. 38. 1000—2. 


39. 500-7. 40. 3000-18. 


v.] MULTIPLICATION. 25 


Simplify :— 
41.- (a+b)*+2(a+b)(a—b) + (a—b)?. 
42. (a—b+c)®+2(a—b+c)(b + c—a)+ (b+ce—a)?. 
43. (4a—380)? + 2(4a—3b)(3a—4b) + (3a—4b)*. 
44. (ab+ac—lc)* +2(ab + ac—bc)(be-+ab—ac) 
+ (be +ab—ac)?. 
45. (2a® —b? —¢-2)® 4. 9(2u2 — hb? ~3)(262 —a? —c*) 
4+ (2b? —a? —c?)?. 
Find the value of :— 
46. 4a*+289+ 49 when a=— 4. 
47. b3¢%—12abc+ 36a? when a=4, b=18 and c=2. 
48. 16p*—24q+9q? when p=8 and q=4. 


49. 25e+y)* + 20(0r+y)z+ 4c? when a= —2, y= —3 
and z=12 


20. I(at b)?—30(a+t b)c+ 2dc* when a=4, b=3 and c=6. 

43. The sum of the squares of the sum and difference of 
auy two quantities is equal to twice the sum of the squares of 
the two quantities. ; 

Formula (a+b)* + (a—b)* =2(a* +b’). 

44. The difference of the squares of the sum and dif- 
ference of any two quantities is equal to four times the product 
of the two quantities. 


Formula (a+b)? —(a—b)* = 4ab. 


EXERCISE 10. 
Simplify :-- 
lL. (3a+7)? + (8a—7)?. 2. (a? +b#)*?+(a? —b9)?. 
3. (a? +63 + ab)? + (a? + b? —abd)*. 
4 (ue? — y? + 2ry)*® + (2? —y? —2cy)?*. 
5. (a~-b+c)? + (a—c+b)?. 
G. (a5 +58)? +(a3—b5)?, 7. (3a+8)?—(3a~—8)?. 
8. (p? +9?)*—(p*—q?)*. 
9, (w+ y? +ry)®§—(2 + y?—ay)?. 
10. (a?— 63+ 2ab)*—(a*—b? —2ab)*. 
WL. (e—y+ze— (e—z+y)*. 
12. (vi y3)®&—(et—ys)*, 
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_. 45. The product of the sum and difference of two quanti- 
ties is equal to the difference of their squares. 


Formula (a+ b)(a—b) =a*— b?. 


N.B.—Conversely, a2—b?=(a+)(a—b). Therefore the factors of 
a®*—b? are a+b anda—b, 


Ex. 1. Maltiply 4q+ 3b by 4a—30. 
(42 + 36)(4a— 3b)==( 4a)? — (3b)? = 16a? — 9b?. 
Ex- 2. Multiply a*°+0b* by a’—D*. 
(a8 + b®)(a3—b5) = (a5)? vs (Lb)? =q*—b’, 
Ex. 3. Multiply a+l—c by b+c—a. 
(a+ b—c)(b+c—a)== {b+ (a—c)} {b—(a—o)} 
= b*— (a—c)?=b?—(a?—2ac +c?) 
=)? —@? + 2ac-—c?®. 
Ex. 4. Multiply a? —ab+ b? by a*?+ab+ b?. 
(a? +alb+b*)(a?— ab + b*) = {(a? + b?)+ab} {(a? + b?)—al} 
=(a* +b2)*— (ab)* 
= at +207)? + 64 —a*h? 
=at+a?bh? + p+, 
Ex 5. Simplify (#? + ay+ y?)?#—(a?—wy+y")*. 
The given expression = {x2 +wy+y?+u?—ayty*} 
x fa? tay ty?— CF —eyty?)} 
= (2x? + 2y?) X 2xy 
= 4ay(4 a4 y*). 
Ex. 6 Find the value of (1000)?— (999)?. 
The expression= (1000+ 999)(1000—999) 
=1999 x 1= 1999. 
Ex. 7. Resolve into factors (« +y)? —(a -“)?. 
The expression= {(#+y)+ (a— b)} {("+y)--(a—)} 
=(e+ty+a—bie+ y--a+b). 
Ex. 8. Resolve into factors 4a? 6? — 2ic*. 
The expression =(2ab)? — (5c?) 
= (2ab+5c?)(2ab — de”). 
Ex. 9. Resolve into factors a® —16b°. 
The expression = (a*)* — (4L*)® =(a* +4b*)(a‘ — 40*). 
Again a*— 4b* =(a*)*-- (2b*)# =: (a* + 2b*)(a* —26*) 
-. the given expression = (a* + 4b*)(a? + 2b*)(a* —20°). 


v. | MULTIPLICATION. ot 


Ex. 10. Fiud the value of p*+q?+2pq—r? when p=2, 
qg=8 and r= —5. 


The expression = (p+ q@)*—~r?=(p+q+7)(p+q—") 
= (2+8—5)(2+ 34+ 5) =0x 10=C 


EXERCISE 11. 
Multiply together :— 
1, ab+cd by ab—cd. 2. 5a+7 by 5a~—7. 
3. aw+ty? by au—y?, A. wy+ys by ry— ys. 
5. 4r+5b by 4r—5b. 6. 3e?— 7b? by 3x? + 7b?. 


7. 4ey—5mn by 4ry+5mnu. 8. p?—d3gr by p*+3q7, 
9. a3+b?,a+banda—b 10. pt+1, p—1 and p?+1. 

Vl. at y—e by cm ytu. 12, «tyts by e—yte. 

13. p?+ pq-+q? by p?—pqt ¢?. 

14. at+a?+1 by a*—a? +1. 

15. w®§p2ry+y? by 29—Qey + y?. 

16. at+Vab+b by a—Vab+b. 

17. a*’—2a+1, a?+2a+1 and a'+2a*+ 1. 

18. 24/3143, 2? —32+9 and e—VW3:+3. 

Resolve into factors :— 


19. a*—(b—c)?. 20. (a+b)?—(c+d)?. 

21. 25a2—9, 22, 4a2.0?—Q5?. 

23. 49c2— 64d?. 24. at—B8ld*. 

25. (a+ b—c)?—(a—b+r)?, 26. 16p?—49q?. 

27. w®—(2y—3z)9. 28. (4a—3c)?—25a?. 

29, (Sat 4y)?—49-%. 30. (2a+ 7b)?—(4a—5d)?. 


31. (4p—59)?—(8p+ 7q)?. 32. (m—3n)? —(Br—)*. 
33. (a—2b + 3c)*— (8a— 2b +¢)?. 
34, (2.0c+-3y— 42)? — (4a—3y + 2z)?. 
35. (8p—4q+7)*§—(4r—3¢q+ p)?. 
36. (a9+b2—c*)9 —40*b?. 

Find the value of :—- 
37. wt +y? Mas 2ey—z* when «=3, y= 
38. a? +6*—2%ab—c? when a='1, b=" 
39, ( 19846)"— (49336). 
40. 3484 x 3484— 3432 x 34382. 
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46. The cube of the sum of any two quantities is equal to 
the sum of the cubes of the two quantities, increased by thrice 
their product multiplied by their sum. 

Formula (a+b)* =a* + b® + 8ab(a+b). 
Ex.1. Find the cube of 224+3y. 
(2c4+3y)> =(2x)3 + (By)§ + 3(2x)(By)(2u + 3y) 
= 85 +27y3 + 18xy(2e + 3y) 
= 825 + 27y3 + 36n%y + S4ay? 
== 8a:8 + 36 e%y + S4cy? + 27y3, 
Ex. 2. Simplify @+y)%+(#—y)? +3(u—y)*(e+ y) 
+3(a—y)(a+y)?. 
Putting afor «+y andb for e—y, we have the given 
expression =a + b3 + 3b%a+ 3ba* 
=a + 63 + 3ab(a+ b) 
= (a+ 6) = ity) + (e—y)}® 
=(2.)§ =823. 
Ex.3. Ifp+q=5 and pg=6, find p°+q°. 
(p+q)* =p? + 9° +3pq(p+q) 
 (5)§ =p? + g*+3X6X5 
-. 125 =p§ +3 + 90, oe pi +? = 125—90= 35. 


Ex.4. Ife+t=2, find +t. 
Zz x 


(++ =) =a gt8ex (e+ )aers 
a us x wv as 


+3/ e+ -) 


Bau 4+ l43x2 
et? 


o. S= a5 + Ed +6, 0% a8 +t 86x22. 
x we 


— 1 Lt 
Similarly »® + oS wit + ae 2, &e. 


The cube of the sum of three or more quantities can be 
«deduced from the formula of Art. 46, 
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(at+b+c)§ = {(a+b)+c}* (considering a+b as one term) 
=(a-+ b)® +¢5 + 3(a+ b)(c)(a+b+c) 
=a? +b5 +3ab(a+ b)+c3 +3c(at b)? + 3c*(atb) 
= a5 + 55 + 63 + 3a*%b+ 3ab? + 8ca? + 38cb2 + Gabe + 3c%a 

3 +308 

=a5 +05 +¢% + 3ab(a + b)-+ 3bc(b+0)+ 8ac(a +r) 
: + O6abe . (i) 

=a +68 +¢5 + 3a2(b-+c) +3b? (at r)+3r7%(a+t b) 

+ 6abc . (ii) 

=aS 43 +05 4 3a(b® + c#?)4 3b(a? +c?) + dela? + 68) 

+6abe . (iii) 

=a'+b34+c%+3(atb+c)(abtactb)—sabe ... (iv) 

=a>+b3 +¢5 4+3(atb\(b+e)(c+a) .- 2. + . « + (vy 


Note.— These five forms are very important. 


47. Thecube of the difference of any two quantities is- 
equal to the difference of the cubes of the two quantities, 
diminished by thrice their product multiplied by their differ- 
ence. 


Formula (a—b)> =a® —b°—8ab(a—b). 
Ex. ]. Find the cube of 2r—3y, 
(2e—d3y)*? = (2u)§— (By)? — 3(2x)(8y)(2"—3y) 
= Br — 2743 —18 .y(2u—3y) 
=B 8 — 273 — 361 2y + S4ey3 
=815—36 244 54ay? —27y3. 
Ex.2. Find the cube of a—b—r. F 
(a—b—c)* = {(a— b)—c} ® (considering a—J as one term) 
=(a—b)§—c —3(a—b)(r)(a—b—c) 
=a — $3 —3ab(a— b)—c® — 3r(a—b)? + 8c#(a— b) 
=q3—)8 —¢3 — 3a2b + 3ab9— 3ca?— 32 b? + 6abe+ 3cta 
—3¢2b 
=a5 — 63 —¢* —3ab(a—b)+ 3bce( — b — c)— 3ac(a— c) + Gabe. 
Note.—The same may be deduced from the expansion of (a+b+c)’ by 
putting—b for b and—c for c. 
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EXERCISE 12. 
Find the cube of :— 
1. 4a+3. 2. 3:14 2y. 3. 4b—5a. 
4. ab—cd. 5. 2p—B5q. 6. a9 +2Qy. 
7. ty tyst ze. 8. ab—be+uc. 9. a®—b?— 3. 


10. a+2b—c. Jl. p®+q*—14, 12. 4 +2043. 
Find the value of :— : 

13. 84 y® when .+y=7 and iy =6. 

14 «8 —y> when « -y=6and y=16 


15. a? + + whena+ }=3. 16 pe ae an 
re it a> u 


17, v8 +y% + licy when w+ y=5 
18. p%+q°3 +6pq when p+q4=2. 
19. v8—y—9c:y when «—y=3. 
20. 8:8—27y8—90:y when 2:— 3y=5. 


Simplify .— 
Ql. (at b+c)?—(a>+b% +¢'). 
22. (w—y)*+(y—2)§+(c—))° 
23. (2a—3b)* — (2b—3a)§ —15(2a —3b)(2E—3a)(a — by: 
24. 19 +3aty24 319444 y° when :=at bd and y=a—b. 
25. (a+b+c)*§+(c—a—b)* +6cf{c?—(a +b)*}. 
48. By actual multiplication, we can establish the follow- 


ing Formule :— 
(at b)(a?—ab+ b7)=a*>+b® 
and (a—b)(a* +abt+ b*)=a°—b°. 
Note.—Conversely, the factors of a*+b are a+b and a*—ab4+ 62 and 
those 01 a°—b* are a~b and a? +ab+b-. 
Ex. 1. Multiply v*—«0?+1 by a* +1. 
Putting p for a* and q for 1, we kave 
at*—a?+1=(a?)?—a?x1l+)?% =p?—pqg+q? 
“.(a*—a9 + 1a? +1) =(p?— py tg? ptq)=p* +4? 
=(a?)§+ le=a°+ 1. 
Ex. 2. Multiply 9u?+4 1204 16 by 3a—A4. 
9a? + 12a + 16= (3a)? +3a x 44 4 
=(2?* + cy+y?) (patting w for 3a & y for 4) 
& (9a2 + 12a 4+ 16)(ha— 4) = (0? + ay + y? (ey) = 8 —y5 
=(3a)§ —45 =2705 — 64. 
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Ex. 3. Resolve into factors a3 +27, 
a$ +27 =a5+38=(a+3) {a*—ax3+ 39} 
= (a+3)(a?—3a+ 9). 
Ex. 4. Resolve into factors «3 —125a3, 
(Sm 125.4% = 13 —(5a)§ =(4—5a) {uF +x 5at (5a)9} 


=(a—5a)(w*? + dax + 2503). 
EXERCISE 13. 
Multiply :— 
1, w8—Qe+ bby 7+2. 2. v%?—F3e+9 by w+ 3. 
3. 4a2—2a+1 by 2a+1. 4. a*b®—abct+c*® by abtc. 
5. 25x2?—lOay + 4y? by 52+ 2y. 
6. 16a?—28ab+ 49b? by 4a+ 7b. 
7. 1L+3e+92z9 by 1—3:. 
8. a® +2abce+ 4b3¢? by a— be. 
9, w2+2e+4 by w—2. 


10. m?+4mnp+16p?n* by m—4pn. 
ll. 4a%b* + 2ab*+1 bv 2ab?—1, 
12. a&+atb*+b® by a*—b*. 

Resolve into factors :-— 
13. v3 +8. 14. p> +64. 15. 27b5c8+a3, 
16. 8a8+343b5. 17. -125@3—1. 18. 1—3432°. 
19. 216b8c3—a’, 20. 64a°—2703d8, 


49. When two or more binomial factors have one term 
common to them all, their product can be readily written down. 
I. Formula (x+a)(x+b)=x?+(a+b)x+ ab. 
The following may be deduced from the above for nfula:-— 
i. (t—a)(c—b) = 2? —(a+b)a+ab. 
li, (r+a)(a—b)=2r? +(a—b)a—ab. 
iii. (z—a)(: +b)— 2? +(b—a)a—ab, 
Ex. 1. Multiply #+7 by 2+1] 
(2+ 7)iatly=ert(F 111) atx ll=2? + 18x24 77. 
Ex. 2. Multiply e—7 ly » +10. 
(2— 7)(0+ 10 = 084+ (—7 + 10. +(—7)(10) 


-— x? + ow— 70. 
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II Formula (x+a)(x+b)(z+ce)=x°+(a+b+0c)x? ’ 
+(ab+ ac-+ bo)x+ abe. 
Similarly (:+a)(#+ b)(v+c)(a+d)=:* 
+ (a+b+c+d).>+(ab+uct+ad+be+ bd+cd)a® 
+(abc+abd + acd + bed)a + abed. 
These results can be got by actual multiplication. 
We observe the following laws in Formule I and II :— 


1. The number of terms in the product is one more than 
the number of binomial factors 


2. The index of the highest power of 2 is the same as the 
number of factors, and the indices of + decrease by unity in 
each succeeding term. 

3. The co-efficient of the highest power of @ is unity, and 
the co-efficient: of the succeeding powers of x are the sum, the 
sum ot the products in pairs, in threes, &c., respectively, of the 
second terms of the factors, and the last term is the product of 
all the second terms of the factors. 


Ex 1 Multiply together :+1,2+2 and #+3. 
(a+ 1)(e +2) (0 +3)=a? + (14+ 243)? +(1.2 +1.342.3)r 
+123=7°+6:2+11,+4+6 
Ex. 2. (#—2)(:—3)'a - 4) 
(7—2)(1 —3)(w— 4) = 8 + (—2- 3 - 4)a9 
+ {(—2)x(- 3)+(— 3) x (— 4) +(—- 2) X(—4)} 2 
+ (—2) xX (—3) x (—4) = 3 — 9x? + 267—24 
Ex 3 (#+1)(:—2)(a—4) 
(a+ l)(e—2Xe—4)=- e584 (1—2—4)23 
+ {Lx (—2)4 1x (—4)4(—2)x(—A}e 
+1x(—2) x (—4) = 23 —5u?+2e+8 
Ex.4. (a+ b)(b+c)(( +a). 
(a+b) b+e)0 ta)= {(a+b+c)—c} {(a+b+c\—a} 
{1 +4b+ce)—0} 
= (a bs) 3+ (—c—a—b)(a+b+c)?+ {(—¢)(—a) 
+(—) —b) + (—a\(—b)} (a + b+) + (—c)(—a)(—8) 
=(a+ b+ 1)? —(ut b4+¢)2 + (uctbe tab)(at+b+c)—abe 
== (ab-+ar+bc)(a+b+c)—abe. 
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EXERCISE 14. 


Write down the product of :— 

Ll. (@+7(@+ 5). 

3. (x*—3)(4*—5). 

5. (2a—3)(2¢+5). 

7. (a@+2)(e+ 3)(a+ 4). 

9. (Qe—1)(2a—3)(2a+ 4°. 
10. (e—-I)(@+Dws+3)(e—3). Ll. (et+d)Qr+ (e+). 
12. (1+a)(1+0)(1+ c)(1+4). 

13. (b+c—a)(c+ a—b)(a+ b—c). 
14. (2a+b+.c)(2b +c+a)(2ct+at b). 
15. (et a—b)(w + b—c)(e+c—a).. 
16. (y+2z—2e)(z+4a—2y)(a+ y—2z2). 
50. By actual multiplication we can get the following :— 
Formula. (a+b+c)(a* +b? +¢*—ab—ac — be) 
=a°>+b°+0*—8abe. 
Note.—Converscly, the facturs of u?+l%+c¢%—3abe are (a+b+c) and 
(a2+b2+c?2—ab—ac—be), 
Ex. 1. Multiply 2*+y?+2?—wyt+azt+yz by x+y—2 
Putting p for 2, g for y and r for —z, we have 
(a+ y—z) (B® + 4? + 29—sytazt yz) 

=(ptqtr)(p? +a? +r? —pq—pr—qr) =p? +9? + 1° — 3pgqr 

= py + (—2)§—3ey(—2)=a8+y3 — 23 +3eyz. 

Ex. 2. ae a* + 4b? + 9c? —2ab— 3ac—6be by a+2b 

+c. 


(e+ 2)(s—3). 
(w—d3y)(a + 4y). 
(aw+ 12)(ax— 18). 
(«— 5)(a+6)(a—7). 


na & & 


Putting p for a, q for 2) and 7 for 3c, we have 

(a+ 2b + 3c)(a? + 4b? + 9e? —2ab— 3ac— 6bc) 
=(pt+qtr)(p? +9? + 1° —pq—pr—qr) =p* + 9° + 7° —3pqr 
=> +(2b)8 + (8c)? — 3a(2b)(3c) =a5 + Sb* + 27 * — 18abc. 


| BXERCIS’. 15. 
Multiply :— 


l. w+ y* +24 —ry? —y?z% — 73 a2 by ue 4 y* + 22, 

2. a* +b2+c¢*?+ab+ ac—be by a—b—c. 

3. 40 + Qy? +2? + 6ry+ 2xz--3yz by 22—3y—z, 
3 
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4, Qp?+25q* + 164+ 1ldpq+12p—20g by 29p—5q—4, 
Dd m+n? 1+ mn—m+n by m—n+l. 
a | l 
ar +a? get atk 
8. (a+b)? +(b+c)?+(c +a)? —(a+ b)(b+c) 


—(b+c)(c +a)—(c+a)(a+b) by 2(a+b-+0). 


a® 0b? ¢2? ah e@ a be 
Oe ee ee hy Fae”. 
b? cc? a? e a b le a 


51. Formula. (a+b)(b+e)(c+a) 


=a(b* +c*)+ b(c*+a7)+c(a?+b*)+2abe . - . ~~ (i) 
=a(b+c)* +b(cta)*+c(at+b)*—4abe . . . -) (iD 
=a(b—c)* +b(c—a)*+c(a—b)*+8abo . . . . (iii) 
=a*(b+c) +b'(cta)+c%(bt+a)+2abo . . . . (iv) 
=ab(a+b) +be(b+c)+ac(at+c)+2abo . . . - (y) 
=(atbt+c)(abt+actbe)—abc . . .... . (vi) 


Notee—Conversely, the factors of an expression of any one of tho six 
forms are (a+b), (b+¢) and (¢ +a). 

Ex. 1. Multiply (2+ 26+ c)(b+ 2¢+a)(c+2a +b). 

Putting p for a+), q for b+: and r for c+ a, we have 

(a+2b +c)(b+2c+u)(e+ 2a +b) = (pt g(qt+r)(ptr) 
=p(q? +r?) + g(p? + 7%) + 9(p* + 9?) + 2pgr 

=(a+ b){(b+ c)?+(¢+a)*} + (b+ 0) {(a+b)? + (c+a)?} 

+(c+a) {(at b)*+(b+:)?} +2(a+b)(b+¢)(c+a). 

This cun be expanded by Formalm. 

Ex. 2. Multiply (ct y+) by (vy + ys+ 22), 

The product=(a+y)(yt+ set J+ays 

a= r(y? +27) + y(s? +27) 4+2(e* + y*) + dzyz. 

52. Formula. (a—b)(b—c)(ce—a) 
=a(b*—c*)+b(c?—a*)+c(a®?—b?)- - - - (i) 
=a7(c—b)+b*(a—eit+ c7%(b—a). - «© - - (id) 
=ab(b—a)+be(e—b)+ca(fa—c) . . . . . (iil) 

Note. Conversely, the factors of an expression of any one of the 

three forms are a—b, b—c and c—a. 
Ex Multiply (c?—y*)(y?—s7)(@? + a?). 
The given expression=(a—b)(b—c)(c—a), putting a for 
z?, b for y? and « for z? 
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=: {a(b* —c*) + b(c*— a*) + c(a*— b*)} 
= fatlys—st) + yout) tat —y9)] 
=x pty? —an?s* + y8a*— y*s:* + 0ts8§—y*s?, 
58. Formula. (a+b+c)(a*+b*+0*) 
=a°+b>+o%+a*(b+o)+b*(c+a)+c*(a+b). 
(a+ b+c)(a? + 6? +0c*) =(a+b+c)(a3+b% +c3 — ab—ac—bde) 
+ (a+b+c)(ab+ ac-+- be) 
=> +b3+4+¢3 —3abce+a?(b+c) + b2(c+a) ® 
+ ¢3(a +b) +3abe 
=a5+b5+c> +a*(b+c)+b?(c+ a)+c%(a+5). 


Note.— Conversely, the factors of a! + b3 +c > +a2(b +e) +536 $a) 
+:4(a-+b) are a+b+c and a2 +b? +c?, 


Ex. Multiply (c<+y+2) by (:®+y? +4). 
The product =z§ +3 +25 + a*(y+2)+y?(% +2)+27(%-+y) 
=28 +43 + 8+ oty + y2xt2i? + dy? + dort dy. 


EXERCISE 16. 
Simplify by formule -— 


1 (I+a+b)(atb+ab). 2. (/+4+2) (z+5+4), 
a t s v 


3. 2etyt=)iCi+yer2) + (a@tz)(st+y++yery. 
4, (.—2y +2)(y—2a+e\(e—2+ y) 
Dd. (a+b)8(h—a)+(b+6)8(c—b) + (c+a)#(a—r) 

+ (b—a)(r—b)(a—c). 
6. (a+2b+dc)?(a— 20+c)+(b+ 2¢+ 3a)*(b—2 +a) 

+ (c+ 2a +30)? (¢— 2a + b) + (a—20+ c)(b—2c +4) 
X (c—2a+b). 
7. \l+a)aty(y+)).- 8. (2b +c)(b+c)(2c + b). 
9. (2a+ 26+ ¢)(b +c) (2c+ 2a +d). 
10,  (a* + 4y8 4 9r®)(. - 2y— 3c). 


a,b bie ¢, a 
a Gt) 
(a— b)(b —r)(a—2b+c) + (b—c)(c—a)(U—2c+a) 
+ (c—a)(a— 6)(e— 20 + 5) 


LL, 
1 


~S 


CHAPTER VI. 
DIVISION. 


54. Division isthe inverse of Multiplication. In Multi- 
plication we determine the product of two given factors ; in 
Division we have the product and one of the factors given, and 
our object is to determine the other factor. 

When one quantity is divided by another, the former is 
called the dividend, and the latter the divisor; the result is 
called the quotient. 

55. Rule of Signs.—‘‘ When the dividend and the divi- 
sor have the same sign the quctient is positive, and when they 
have different signs the quotient is negative. More briefly, “ like 
signs produce + and unlike signs —.” 


Thus dL alae pee ee 
+a —a 


+a 





56. There are three cases in Division :— 
First Case. When the divisu: and dividend are both simple 
quantities or monomials. 


Rule.—‘* Write the divisor under the dividend in the form 
of a fraction and divide the two terms of the fraction by all 
the factors which are common to both and prefix to the result 
the proper sign.” 

Ex. Divide l6m?np by —6mn?p. 

The dividend =2x 8x mXmxux p. 

The divisor = —2x3XmXnXnxX p. 
8xXm _ __8m 
—3 x 3n, 

When the dividend and divisor are powers of the same 
letter or quantity, we subtract the index of the power in the 
divisor from the index of the power in the dividend, or vice versi, 
according as the forme: index is Jess or greater than the latter. 

2 
Thus A” = q5-8 = y! sigh ee _} : 
a® a* a*~4 a? 
Generally, when ™ and n are positive integers, 


> =a"-* when m>n. 


-. the quotient = 
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For 2 at% axa... - to m factors 
a” axXaxXa.... to m factors 


(m—n) factors =a"—*. 


Also == = when n>m. 


For @ =2%a%a .. - to m factors _ 1 a 
a" axaxa... to nfactors axaxXa to(n—m) factors 
= ome 
To prove that a° =I. 
aq” a” 
In — =a"~", let n=n. Then © =a"; or l=a°. 
a a 


Note. — Any expression raised to the power of 0 is=1. 


EXERC:SE 17. 


)ivide :— 
}. axby —a, 2. abeby —b. 3. aSb8x* by —3abza. 
4. —Il4a5b%e? by 2804552. 5. a&(b—c)® bya%(b—r)§. 
6. az™y" by ba™tty"*s. 7. e™ try" by ary"t?, 
Ba. Berge by ages 95. er Kee bye 
57. Serond Case. When the divisor alone is a simple 
quantity. 


Rule.— Divide each term of the dividend by the divisor 
and add the quotients.” 

Ex. 1. Divide ab+ac by a. 

Quotient = ab, ae =b+e. 
a a 
Ex. 2. Divide 14a*y—8z5z+6:° by 2: yz. 
: l4a?y 8r8z, 628 
tient= ——"—-— 4 
oe 2rys Dryz Bayz 
3 9,8 
oe Yy 

58. Third Cause. Wlien both the divisor and the divi 
dend contain more than one term. 

Rule.—‘ Arrange the divisor and the dividend according 
to descending or ascending powers of some common letter, 
divide the first term of the dividend by the first term of the 
divisor, the quotient obtained is the first term of the required 
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quotient ; multiply the divisor by it, and subtract the product 
from the dividend (bringing down only as many terms of the 
dividend as are necessary); repeat the operation, using each 
new remainder as dividend, till all the terms in the dividend are 
exhausted and the remainder vanishes; orif the remainder 
does not vanish till we have as many terms in the quotient as 
we require, then set down as the last term of the quotient the 
remainder over the divisor in the form of a fraction.” 
Ex. 1. Divide 14+ 32?2+25 + 32 by v+1. We first arrange 
according to descending powers of a, thus :-— 
Divino Dividend. Quotient. 
r+ 1)x +32? + 3a+ 1(22+ 2741 
a 3 + Fo 
2x? + 3a 
2a? + Qe 
2+1 
e+ 1 
Ex 2. Divide 2* +64 by .?7+4a+8, 
2? +414 8)a* + 64 (12? — 4r 4+ 8 
2* + 4 2 + Bi? 
—Ar>— 822 + 64 
—4e3— 1622 — 32x 
Sax* + 32a + 64 
Sx® + 32x + 64 
~3. Divide 13? —(a+l + c)z? + (be +cat abe 
Ex: 3 ( ) —abe by x? —(b+c)at be. 
gt—(b+e) + beje? —(a4+b+c)a? + (be+ca +ab)x—abe(a—a 
o> —(b4--)2* + ber 
— au? + (ca +ab)x—abe 
—anx*® + (ab+ ac)a—ab- 
Ex. 4. Divide a*+ b8+c¢% —3abe by at+b+c. We first 
arrange according to descending powers of a, thus -— 
a+(6+ ¢))a’ —3abe+(b3 +0¢3)(a? —(b 4+ c)a+ (0? —be+e7) 
a>+a%(b+ce) | 
—a*(b+c)—8abce+ (b3 +c) 
—a*(b+c)—(b+c)%a 
“et = bot 8+ Be?) 
(b? —be-+0?) a + (65 +063) 
Note.—The quotient may be written from the formula a'+5*+c? 
Babess (a+b +c) (02+ b? +07 —ab—be—ac), 
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Ex. 5. Divide 162+ + 36a? + 6+86 by 412+ 6¢+9. 
49462 + 9)16x* + 36x" -+ 6x + 86(4e* —6e-+ 9 
16 4 + 2403 + 36x? 
—Z4r> + 62+ 86 
— 2493 — 36 r2?—5de 
3622 + GUx + 56 
362? + 544+ 81 
6r+5. . Hemainder. 
6a +5 
Az? + 62+9 
Note —If in dividing M by N, we have Q for the quotient and & 


Thus the quotient is 4¢7—62+9+ 


R 
for the remainder, the, N=Q+ qe bee A= NQ +R. 


EXERCISE 18. 


Divide - — 
1, 2? +2743 by @. 2. ae? —er> +21? by —w?, 
3. utat—aeat by atet. 4. abe®*+ab8e +a*be by al. 
5. 9u?#b+ 27a3b? —8lah® by —2712b?. 
6. ert et pamttaa” by 7. £294+30+2 by «+1. 


i2—7T+10 by r—9d, 9. 622—132+6 by 2:—.. 

10. 7§—37?430—1 by w2?—2:+41. 

Ll. 3” —1002+04+6 by v?§—4a 4 3. 

12, a%—a® by v3 —2Zaw? + Qe2w—a. 

13. 2° —2a8e? +a by 2? —Bav+ta?. 

14.) 21 +64 by w?— 4e+8. 

15. wt—256 by a* + 4x? + 162+ 64. 

16, « +2187 by z+3. 17.0 » —138a@—30 by «2? —2r4+ 3. 

18. 1—5r*4+ 4° by C(l—«)?. 

19, 3% —10ety + 16.0342 — 12e2y3 + ay* + 2y® by (a— y)?. 

20. Yla®—Qet*—7015 — 23842243380 +27 by 77? + 4a—9. 

QL. Lp putt cd tt eS pee pd $e? tt ® by L—wee +08. 

22. rt — Dau? +(a?—ab—b*)a+ a2?b+ab? by «—a—b. 

23. a (r— Loa? + (3 + 2e—2)0? + (B02?§— 2 Ja—at by a*a 

+2a—2?, 

24. (a2 —y3)a> — (8 8 + y? — ya? — (40? + dry + 2y*)a 
—3(%+ y) by (w—y)(a?—a)—3. 

25. 3(c— Wa? —(c* — b?)a + 2 (c—- 3b) + 632(8c——b) by 3a? 

—(b+c)a+(b-c)*. 


40 


27. 


28. 


29. 
30. 
31 

32. 
33. 
R4. 
35. 
36. 
37. 
38. 
39. 
40. 
4. 


42. 
43. 


44. 


40. 
46. 


47. 
48, 


49. 


ol. 
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a*(b+c) +b*(a+c) +c72(a+b) +3abe by at+b+c. 
a*(b+c)—b*(a+c)+c*#(a+b) tabe by a—bte. 
as +55 +c%+a%(b+c)+b%(u+e)+c%(a+b) by at*+b* +c?. 
B+ y3—1+ 3ey by uty—l]. 
a® —8b3 —27c5 —18abe by u — 2b— 3c. 
wi—ys + 25 + 3eyz by w—y+2. 
8a* — 2765 —c3—I18abe by 407 +9b* +0? + 6ab + 2ac— 3dr. 
a(b-+-c)* + Bc +a)? ++(a + b)?—Abe by at b. 
a(b—c)* + b(c— a)* +¢(a—b)? + Babe by b+r. 
ab(at b) + be(b +c) + ra(e-+a) + 2abe by ¢ +a. 
a(b* +c?) + b(c? + a*) + cla? +0) + 3abe by ab + act be. 
a*(b—c)+b*(c—a* c#(a—b) by a—b. 
ab(a—b) + be( ~ -)-+-calc—a) by b—-e. 
a(b* —¢*) + b(c? —a*)+c(a*—b?) by c—a, 
a*(b—¢) + b3(e—a)+e38(a—b) by a+b+ec. 
a*b*(a— b) + b2c2(b—c) +: 2a3(1—a) by a®2b—bi? 
—ac?+ar. 
a*(b? —c*)+b3(c® —a?) + r3(a*—b*) by ab+ar+br. 
(ay— bi)? +(bz—ry)? + (10 az)®+(axr+ by+cz)? by 
a? + 6% +¢? and by :2+4+y?+2?. 
4a*b? —(a? + b3—¢?)¢* by the product of a+ b+-r and 
a+b—c. 
(a—b)wz* + (b'—a*)x+ ab(a* — b*) by (a—b)a +a?—b?. 
eo (a® $b 4 Dat + (a2b? +0? +b*)22—a2b? 
by «2—(a—b):— ab. 
(D812) 04 + We(b—a)a’ + (r—a)(e + a—2b):? 
+ 2a(e—b)e+a?—b* by (b—c)u*? +(c—a)a+a—b 
a*(a*—15b?) + 5a4b*(17a? - 455?) + 2b5(137a?— 60d?) 
by a¢— 12a*b2-+ 47a*b* —606°. 
ay®+(a+b)yt+(atb+cy+(atb+cy*?+(Utecjyte 
by ay* + by+ . 


l 1 1 l 
av* + aod 3 (#*-3)+ 4, (= + ) by e+ -. 
(42° —3a7x)* + (4y3— 3a%y)*—a® by «* +y*%—a?. 


ee ee _—_— — ow 


CHAPTER VII. 
DIVISION.—Continued. 


59. Remainder Theorem. When an algebraical expres- 
sion in #18 divided by w—a, the remainder 1s obtained by 
substituting a for z in the expression, 

Dividing px? +9xz+-r by x—a, we have 

z—a)pr® +qu+7r(pe+ap + q 
pa* — ape 
Laprgy rr 
“(ap+q)—a(ap + 9) 
pa*+qa+r 

The remainder is the same as the given expression with a 
written instead of w. 

If we divide e+ + pa>+ qe? +re+s by u—a, the remainder 
will be a* + pa*+ga?+ra+s. 

Note.—When an expression in ¢ is divided by ¢+a, the remainder is 
obtained by substituting—a for 2 in the expression. [°* 2+a¢=2—(—<)]. 
lf pe? + px+r be divided by +a, the remainder will be pa?—~qa+r. 

If we divide pe®-+-qe* +103 +:0?+te+u by «+a, the remainder will 
he — pa® + qga*—ra® + sa*—ta+u, 

60. In order that one expression may be exactly divi- 
sible by another, the remainder arising from the division must 
=Q. Hence, the rule for finding the condition of perfect divi- 
sibility is “divide as fur us possible in the ordinary wuy, and 
then put the remainder=0, und dedtre the necessary condition 
from this.” 

Ex. What value of x will make 23 —5daz? + 4e— 16 exactly 
divisible by 2*—32—7 ? 

Dividing in the usual way we get for the quotient «—2 
and for the remainder 5z—30. For perfect divisibility, this 
remainder 5e—30 must=0. .. 52=30; or «=6. 

61. An expression such as pet +pes+re?+seté will 
he exactly divisible by «--a ifthe remainder arising from the 
division, viz, pa*+ga*+ra*+sa+t=0; and by «+a if the 
remainder, viz., pa*— ga’ +ra*—sa+t=0. 

In other words, antexpression inz is exactly divisible by 
ca, if it vanishes when a is substituted for 2; and by «+a if 
it vanishes when —a is substituted for «. 
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Kix. 1. 23—a? vanishes when w is put for «+ and also 
when (—a@) is put for .:;theretore #4—a® is divisible by 
x—a and w +a. 


Ex. 2. 2z°—a® vanishes when a is put for; therefore 


it is divisible by «—a. When (—a) is put for 2, it does not 
vanish ; therefore it is #of divisible by «+a. 


Ex. 3. To prove that .”—a" is divisible by z—a. Since 


u”"—a" vanishes when a is put for ', .. 2"—a" isdivisible by #—a. 


Ex. 4. To prove that 2“ +a" is divisible by e+a when 1 is 
au odd tnteger. 


Since ."+ a” vanishes when we write (—a) for., .% it is 

divisible by u+-a.. [a"+a"=(—a)"+a"=—a' +a"=0. 
(—a)"=—a", *%* nis odd} 

Ex. 5. To prove that z'—a is divisible by +a when x is 
an even integer. 

Since z"—a" vanishes when we write(~«) for :,.. itis 
divisible by «+a. [a"—a"=(—a)"—a"=a"—a'=0. °° u is 
even |. 


Ex. 6. To prove that .”—a" is not divisible by «+a when 
2 is odd. 


The expression .”—a" does not vanish when we write (—w«) 
for , therefore it is not divisible by w+a. [1° —a =—2a’]. 


In the same way it can be shown that «"+a’ is not divisible 
by «+a or by x—a, when n is even 
The results arrived at in Examples 3, 4,5 and 6 may be 
stated thus :— 
x"—a" is divisible by x—a, when % is odd on even. 
<"— qa" is divisible by x+a, when ~ is even. 
x"—3” is not divisible by x+4, when x is odd. 
x" +9" is divisible by x+ 4, when 2 is odd. 
xX’ +9) is zot divisible by x+ 4, or X—a, when % is even. 
273 gs —~ 7% 


° x © Hf 9} 
62 I. By actual division, e =r 
ed —*ifl w—a 








w* 


—_ 7 * 
=19+ ga-a2s 2" =93 4420+ wa*+a*; &e. 
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We observe that the number of terms in the quotient is the 
same as the index of the power of z or a in the dividend ; that 
the terms are all positive; and that while the indices of the 


 aibpheal of x decrease by unity, those of the powers of uw increase 
y unity in each succeeding term. 


a” 


u 
al — i—_ — 
Therefore - ae 1+" Fata" Sq*+...... tera” 
+.a"~2-a""?. 
a a ge +a} ad 5 
II. By actual division, =27—ia-+a?® ; le 
era eta 


= pimps q+ i%q?#—aaita*; &. 


We observe that the terms 1n the quotient are alternately 


positive and negative ; and that in other respects they obey the, 
same laws as those of I. 


an" a" 7 = 
+ seg" laa" 2g tae %a24 oo... tea 3 
a 





Therefore 


—aa"~3 +a” *, 








. eet —ed 
ITI. By actual division, — =v; 
w+a 
y 1 
2” —a 
=(3— 7% q+ra? —a’ ; 
w+ a 
c&—a® 
= 75 — tatata?—47at + wut—a’®; &e. 
wea 


Here also we observe the same laws ag in II. 


n 


wu'—a 
+a 
— £2q"-3 4 ¢qQ"-2—n" 1 





Therefore xu" — "2a te" 3at—. wo. 


Ex. 1. Write down the terms in the quotient of — 
wei +y?? 
ety’ ’ 
ttity?! (07 )P + (y*)* 7\32 7 947 743 
ih aeiecte feet LOR, panier a a | — 7 4 
vty’ ei+y’ (x’) i] +(y’) 
a git—pty’ yt. 


44, ALGEBRA. [CHAP. 


Ex. 2. Shew that (a* +bc)*—a"(b+c)" is divided by 
(a—b)(a—c). 
Let a?+bc=. and a(b+c)=y; then 
w—y =a? + bo—alb+c) =a* + be—ab—ac =(a—b)(a—c) 

-and (a? + bc)" — a"(b+c)" = (a8 + be)* — fa(b+c)} "=u" — y" 
-. It is divisible by z—y, t.¢, by (a—b)(a—c). 

Ex. 3. If a?"t? +06°%"*? be divisible by a*+5*, shew that 
n—1 isa maltiple of 3, 


avt) an+y 





q2zrtr 4 B2t2 =(a*) * +(b*) * . Since this is divisible by 
a> +h%, pk 1; 18 an odd number 
ee se =2y+1 (general form of an odd number) where 


p has values 0, 1, 2, 3, &e. 
 2n+1=6p4+3, oe An —-2=—6p. n—1 = 3p. 
Ex. 4. 5"—4n—1 is divisible by 4° or 16. 

5° —4n—1 = (5"—1)— 4 = (5 —1) (5% 2 + 5" 2 + 

+ 5+4+1)—4n 
m4 fF" 15" 8+ 53H ww. + ]—7} 
= 4{(5"- 1 —1) + (5""? *y +(5"°9 —1)+(5—1)+(1—1)}. 
Splitteng n into n ones. 


=4(5—1){(5""274+ ,.... +14 (O34 ...... + 1) 
$6.25 se es +1} 
=4? or 16] do }. Since 4% or 16 isa 


factor of the given expression, it is divisible by 4* or 16. 


EXERCISE 19. 


Find the remainder i in each of the following without actual 
- division :— 
az’ + bv? + cr when divided by #—1. 
aw + bc? + cx+d by +p. 
pei+qrt +ret+4 by +a and by «—a. 
az* + bz> + cu* +de+e by x—2 and byz+2. 
ma* +2a* + pa* + qa? +ra+s by a—b and by a+b. 
3y5— Qy* + 3y3 + 443 —6y +3 by y+] and y—1. 


Cr oe B® wo po 
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What value of « will make each of the following expres- 
sions divisible by the divisor opposite to it P— 
7. 2° —2c8+2—3 by w*— 20+]. 
8. e8—5a9 + 4u+34 by «* —3e—7. 
QQ. Bo me QS me 5v* + 20.05 — 3327 + 202 +15 by 2? —Qe+ 3. 
10. «?—32?a+5xa?—9a* by a—4a and by e—2a. 
11. Find c so that 23+ 72+c may be divisible by « + 4. 
Shew that each of the following is divisible by the divisor 
opposite to it withont remainder. 
12. a*(b—c) +b3?(c—a)+c*(a— b) by a—b, b—c and e—a. 
13. a%(b+c)+b3(c+a)+c%(at+b)+2ube by a+b, b+c and 
C+ a. 
14. a(b*—c*)+b(¢? —a?)+c(a?—b?) by a—b. 
15. (a+ b+c)'—a> —b3—c® by a+b, b+c and c+a. 
16. #5 —32+2 by a—lL. 17. #43144 bya tl. 
18. ©2*—y?" by «+y and «—y. 
19. a*(b—c)+b'(r—a) +c"(a—b) by a— b, b—c and c—a. 
20. (@ty+2)'—2>—y%—z*® by x+y, yt+2, and z+2. 
Write down the quotients of :— 
21. #&—y® by 2?—y?. 22. wF+y25 by eo +y3. 
23. wit+yl* by at@+y?. 24. ott 24 yt2! by 874757, 
25. #20 —y?? by apy? 26. at8—yt8 by ud +y3, 
27. Shew that («5+y*)"+ {32y(w+y)}" is divisible by 
(e+y)* if x be an odd integer. 
28. Shew that (1 +4)°" —(7. + 22)" is divisible by («+2) 
X (+ 3)(w+ 7). 
29. Shew that (ab)"—(bc)" +(cd)*—(da)" is always divisi- 
ble by ab—bc+cd—ad. 
30. Shew that (a? +y*+29)?"t) +2.4%(ay+yct+zar)2"*1 is 
divisible by (7-+y+<)*. 
21. (a?-+-ab + b?)'+ (a? —~ab+ b*)" by 2(a* +5?) if 2 is odd. 
32. If at*"t? +52"! be exactly divisible by a?! + b?!, shew 
that »— 10 is a multiple of 21. 
33. If a*+6" be divisible by «+ 6", then n—m is a 
multiple of 2m. 
34, If a*+y" be divisible by a°+y’', then a—b isa multi- 
ple of 20. 
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35. Prove that = --4 is divisible by a—b. 
36. If «2"t> +52"t2 be divisible by a"+b", prove that 
n—™ 4 is a multiple of m. 


When » ia any positive integer, 
37. Prove that 4"—3n—1 is divisible by 9. 
38. Shew that 5(5"—1)—4n is divisible by 16. 
39. Shew that 11"—10”xn—1 ends in two cyphers. 
40. Shew that x” —(e—1)n—1 is divisible by (2z—1)?. 
41, Shew that 6%" —3®"is divisible by 32"*?. 
When 2 is an even integer, shew that 
42, 4’ +5n—1 is divisible by 25. 
43. 7"+8n—1 is divisible by 64. 
44, 9°+10n-- 1 ends in two cyphers. 
45. x"+(1+1)n—1 is divisible by (7+ 1)*. 
46. If «be any positive integer, prove that «"—zna""1z 
+(n— 1)a" is divisible by (:—a)$. 
47. Shew that 4.24" +27"+1'+ 1 is divisible by 9. 
48. Shew that (l—w)2" —(4—7a—.%)" is divisible both 
by 2:—1 and #+3, » being any positive integer. 
49, at +22"(2%+41)" is divisible by (r*+2)* if nis an 
odd integer. 
50. 3{(a+b)2"*1 —a2*t? —52"*1 } is divisible by (a+b) 
—a>—b’. 
51. (1+c)*(1 + 5)"(b+ ¢)"+ bc" is divisible by 
(b+e+1)(bc+l+c), x being an odd integer. 
52 (a+b)"(b+c)"(c+ a)" +a"b"c" is divisible by 
(a+b+c)(ab+ac+ be), x being an odd integer. 
53. (a+ b+c)8" —3*(a+b)"(b+c)'(" +a)" is divisible by 
a> +b5 +0%, 
54. lf a8**) +b2"*? be divisible bya™*' + b"+', then le 
; : m+-1 


iS even. 


CHAPTER VIII. 
FACTORS. 

63. From Chapter V itis seen, that a product is com- 
posed of factors, one of which is the multiplicand and the other, 
the multiplier. A product may, therefore, becalled a compound 
of elements which are its component factors. When these fac- 
tors have to be found out, we have to resolve or decompose the 
product. The process by which this is effected, is called the 
Resolution of Expressions into their component factors. 


Hxpressions of the form a*—-b* or those which can be put 
into that form. 
We know that a*—b* =(a + 5)(a—b). 
Ex. 1. 2° ~ 6° =(a*)*—(b')* =(a* +b*)(a* —b*). 
Again at—b* =(a?)* —(b?)? =(a3 + b* (a? —b?) 
=(a® + b?)(a + b)(a— b) 
. the factors of a&— b* are (a* + b*)(a? + b*)(a+b)(a—b). 
Ex. 2. a*+a9b? +h* =(a' + 2a7b? + b*)—a*b* = (a9+57)8 
— (ab)? =(a* + b? +ab)(a? + b?— ab). 
Ex: 3. at + 4=(at + 4c? + 4)—4049= (08 + 2)* —(22)* 
= (4242 +2x)(a9 + 2—2z). 
Note.—In the 2nd and 3rd exaniples, the given expression is made a 
perfect square by adding a perfect square to it. 
Ex. 4. a?—b?—2be—c®9 =a? — (b? + 2bc+ c*?) =a? —(b +c)? 
=fat(b+c)} fa—(b+c)} =(at+b+c)(a—b—c). 
Ex. 5. 4a7b2—(a? + b8~—c*)* =(2ab)*— (a? + b?—c?)? 
= {2ub+(a? +b?—c*)} {2ab—(a* + b?—c*)} 
= {(w?+b?4 2ab)—c*®} {c*—(a? + b?—2ab)} 
= {(a+ b)*—c2} fo*—(a—b)*} 
={(atb) +c} {(atd)—"} for (a—b)} fo—(a—b)} 
=(a pb+.)(at+b—c)e+a—b)(c—a + D). 
Ex. 6. vt—18m2y3 + y4 =2t*—Qu?y* + y%*—16:4y* 
= (8 — 42)? —(4ey)® =(@? —y? + dry)(a?-- yy? — dary), 
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EXERCISE 20.—(See Bwercise 11). 


Resolve into factors :— 


. ateu td. 2. 28 tutt 1. 3. ut + w8y2+ y4, 
4, a&—8]. 5. v16®—256. 6. wi tutyt+y?, 
7. 2% +64, 8. 4a*+ 8], 9, at+4bd*. 

10. w*+223+9. Ll. w*—7v*+9. 12. 4a*+3a?+4+9. 
13. 9a*—33x2+ 16, 14. wt + 8x24 144, 
15. 9at—a? +16. 16. 9at*—19a?x2 + 25.+. 
17. 9e*—252? +16. 18. 46*+625, 


19. 23 + 4y? —9z3—4ary. 
20. 16a*b*#—(a* + 4b?—c?)?. 
21. 4(ab +cd)*§—(a? + 6? —c?—d?)?. 
22. a*—2ab—c?* + 2be. 
23. a*—b*—c* +d9*—2(ad—lc). 
24. at—bt+ct —2a2c?+ 4ab2c. 
64. Expressions of the form a°+b* or a*—b°. 
We know that a° +b° =(a+ b)(a? Fab+ b?). 
Ex. 1. a*—b*=(a*)*—(b5)* =(a°+b*)(a®—b") 
=(a+b)(a? —ab+ b*)(a—b)(a? +ab+ b?), 
Ex: 2 840° =25 4 @3=(2+ %)(2*—2a + 2?) 
= (2+.v)(4—2e+4+07). 
Ex. 3. 27-3 =38— 2 =(8—)(8? +3. + wv?) 
=(3—#)(9+ 32+ 27), 
Ex. 4. a°+3a9b+3ab? + 265 =a? +b? + 3ab(a+b) 
+ b?=(a+b)> +b8 
=(a+b+b) {(a+0)?—bla+b)+ b*} 
==(a +2b)(a? + ab + 5). 
EXERCISE 21.--(See Exercise 15). 


Resolve into factors :— 


1. wt*—8, 2. a5 +27. 3, aaty+2Q7x%y4, 

4. 2t—2ry>+y*. do 2—Qey+3ey?. 

6. (a?—be)* + 8b%c?. 7. 29+ v8 —2, 

8. a?—3a? +3a+ 7. 9. (a+b)?—(b+c)5, 
10. 8la’—37.. ll. a3 +3a? + 3a—26, 


12. 2a%+3a* +3a+ 1, 13. (c«tyts)§—2?. 
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65. Expressions of the form x* +px+q. 

We know that («+a)(«+ b) =? + (a+b)r+ ab. 
(c—a)(c— b) =? — (a+b) + ab. 
(u+-a)(a—b)=417 + (a—b)a—ab. 

(w— a)(0 + b) = «3 —(a—b)e—ab. 

T'o resolve an expression of the form «* + p:+q into factors, 
we have to find by trial two quantities a and b such that a+b 
=p and «tb =q. 

Ex. 1. w?+72+10, Here at+od=7 and ab=10, therefore 
a=9d and 6=2. 

22+ 7+ 1lO=2* +(5+ 2)e+ 5x 2=(e4+ 5) (142). 

Ex. 2., «0? —12¢°+35. Herea + b=—12 and ab =35, there- 
fore a= —7 and b=—5. 

vo VP 124 Bho *§— (74 O)at+ 7K 5 =(t— 7 )(w—S). 

Ex. 3. «2 +3c—40. Herea+b=3 and alb=— 40, therefore 
az& and b=— od. 

ve t+ Be — 4D Hn? + (B— 4) — BX OHV + BYU — 5), 

Ex. 4. «?—5r—36. Herea+b=—5 and ab =~ 36, there- 
fore a= —9 and b=4. 

LP? —5a— 36 = 12? —-(9—4)—-9 xX 4=(4 —9)(w + 4). 

Ex. 5 %«7+(c—a)e+(a—b)(b—c). 

Here the sum of—(a—b) and —(b—c)=c—a and their 
product = (a—b)(b—c). 

7. 894 (c~a)e+(a—b)(b—c) = x?— (a— 6+ b—c)z+ (a—b) 
x (bv) = f{u—(a—b)} fx—(b—c)} =(e—a+b)(a—b +0). 

Ex. 6. (18)? —(c?—2)—6. 

Patting y for 2*—2, we have y2—y—6=y?—(3—2)y— 
3X 2=(y—3)(y + 2) = (we? — e@—3)(u ?— B+ 2). j 

66. Expressions of the form ax*+bx+c.— When a is 
a perfect square, the factors may be found by the method of the 
previous Article, or by writing the given expression as the 
difference of two squares. 

When a is not a perfect square, if we multiply and divide 


az? +hi+c by a, we get LU faxac?+abi+ca} = : (a*2? + abs 
a 


+ac)= ; {(ax)* + U(ar) + ac} = (y* + by+ac), where y=a~. 
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Now the expression y*+ by +ac may be resolved by the method 
of the previous Article. 


Ex. 1. 4c%+ 140+ 12 =(2u)* + 7(22) +12 
= (20)? + (4+ 3)(2)44% 3 = (20+ 4)(2e+ 3), 
or thus 4a?+l4e¢ 12=4e84 Moet o. 2-2 = (2047) ; 
1\3 71 7 1 
~(5) = (2.4243) (2:+3—-3) = (@e+4)2e43). 


Bx. 2. 91? +3024 24=92? + 30u + 25—1 
=(3e+ 5)8—1? =(34+5 + 1)(382+5—1) 
= (32 + 6)(32 + 4) =3(c + 2)(80 + 4). 
Ex. 3. 2u%+52+2. Multiplying and dividing by 2, we 
have 2e* + 50+ 2=2 {2X 202? +2X 5+ 2X 2} 
= 1 {(2xr)?4+5(22) +4} = 3(y?+5y+ 4) where y =2r 
x= (yt 4)(y+ 1) =3(2¢ +4)(2e+1) =(e4+ 2)(2z+ 1). 
Ex. 4. 8¢?—26:+15. Multiplying and dividing by 8, we 
have 872 —262+ 15=4{8 x 82* —8X 26+ 8x 15} 
= 1{(8v)? —26 x 8u+ 120} = §(y? —26y+ 120), where y = 82 
= 1(y—20)(y—6) = 3(8 -— 20) (8% —6) = (2e—5)(4e—3). 


Note.—See the Chapter on Quadratic ‘Equations for the (reneral 
method of resolving quadratic expressions. 


EXERCISE 22. 


Resolve into factors :— 
lL «2+ u—6, 2. 22° +257+144. 3. w?— 6:45. 
4. 22—82xy+ 12y?. 5. 49x79 + 4927 + 6y?. 
6. L41L50+ 14%. 7. @2+(a+ 2b)x+ 2ab. 
8. wt—(2a +b) c+ (2* + ab). 9. «8 —2bet+b2—a?2. 
10, «?—2(a? + b*)c+ (a? —b*)?. 
Ll. «?—(a+b+c)z+ab+tac. 
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12, 2+ (3+2) wel, 13. 8 +2aa+a*%—(b—c)?._ 


14. 9(e+1)*—3(#+1)—6. 

15. 2% +c(at b)e—ab(a—c)(b+c). 

16, 22 +4(a+b—c)e—ac— be. 

17. (#*+4+52z)*—S(a*+5v)—84. 18. 20z* + 2210+ 600. 
19. Qa? +x2—1. 20. 6x%—13e+6, 

21. Qa*% + 5ry—12y’. 22. 62?—19a*x+10n* 
93, 24a2x* —l4ax8—3.u*- 

24. (a*—3a)*—3(a? —3a)—4. 


25. (x* + Qa)®—(x? + 2r)— 2. 26. m* +mn—30n3, 
27, a*® +ab—126%. 28. 2*+32z?—28. 

29. «®—10a?+ 16. 30. «a&—Lla+—80. 

3). «8 +7a3—8. 32. Qx?+2—15. 

33. 6a%—a— Lo. 34. 8x*—62—9. 

35. 10u*—41lab+ 210%. 36. 12m3—mn—20n3. 


37. 2? +(a+b)?e+ab(atb)?. 
38. 22+ (a—l)?a—ab(a—b)?. 
39. «®+(a+b)e+ (a—2b)(b—2a). 
40. (w—y)* + 3(y—z)(e—y) — (2y—5)(2z—y). 
67. Expressions which contain a Single Power only of 


some Letter or Quantity.—Such expressions can be arranged 
in two groups, one gronp containing all the terms in which 


this letter occurs, and the other group containing the remaining 
terms. 

Ex: 1. ab+cd+ac+bd. Arranging the expression in two 
vroups, one containing the terms in which 6 occurs and the 
other containing the remaining terms, we have ab+cd+ ac + bd 
=(ab-+ bd)+(cd+ar)=l(a+d)+c(d+a)=(a+d)(b+c). 

Ex. 2. a?bx—a?c—b3cz+be*. Here « occurs in the first 
power only; hence we have the expression =(a*bz—b?cr) 
— (a%e—be*) = ba(a* — be) — c(u? —be)=(a? — be)(ba—c). 

Ex. 3. ax+br—ay—by. 

The expression =a(a+ b)—y(a+b) =(a + b)(u—y)- 
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EXERCISE 23. 
Resolve into factors -— 
1. ac—ad + be—bd, 2. abs? + (b—a)ay—y*, 
Qe2+ 40x4+6b0+12ab, 4. 2a2~u2b+ 4ube— 2)? z, 
(2e? — 3a? )y + (2a* — 3y*)a. 
az® + (a+ b)e*+ (a+b)u+a, 
J~u—y+ ay 8. awm+tape+l. 
a*—ab—ac + be. 10. p? +pq + pre rq. 
ll. 4a—by—-4ty+ be. 12, a®tatb+ub. 
68. Expressions which, when arranged in groups of two 
or more terms, have a factor common to all the groups. 
Ex. bw —u?ytay'—y® = (@—y? )— yy) = (ey) 
{ae + ayty?—uy} =@—y)(u* +y?), 
u: thus : the expression =(#'—e*y)+ (#y?— >) =a2(1 —y) + yy? 
(ey) =(e—y)(@* +"). 
Bx. 2. abit + y?) + ey(a? + 69) abe? + aby? + ryu? + ayl? 
=(abx? + aya?) + (aby? + wyb*) = a(be + ay) + by(ay +bz) 
= (ba + ay)(a t+ by). 


Sa a 


EXERCISE 24. 


Resolve into factors :— 
1. (34%? —409)a+(8a2?—419)b. 2 att aty?—y2s?@— 24 
3. et —yimartoyrt eae tyms. 4 Pm Bry ty? — ety, 


5, a(atc)—b(b+c). 6. 11+2:8a—2ias—at 

7, wt Qa 2 y+ 2cy3—y*. 8. ba—ac—e:+ab, 

9, a8§—b%*—c*—2Zbr+a—b—c. 10. at +a*b+ab? + b3. 
ll. a3? —2a*b+ab?—2)5. 12. xy(L+ 29) +2( 0? + 73). 


13. a(b? +c% —a*)+ b(c* +a*—~b?). 
14. a(ayt+ 2+ 1)—y(xy+y+1), 
15. a(at1)+2ab+d(b+ 1). 
16. Ba? +c? —b*) + c(a? + b*—c?) 
69. Expressions of the form a° + b> + c° —dabe. 
. We know that a? + 59+ c®—33abc=(a+b+c)(a? +6? +c! 
—ab—ac—~bc). 
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Ex. 1. a°— 3 +03 + 3abc=a5 +(—b)? + 63 —3a(—b)(c) 
=(a—b+c){ a? +b3+c?—a(—b)—ac—c(—b) } 
= (a—b+c)(a? + b* +c? + ab—ac+t bec). 

Ex. 2. m'—n* +14+3mn=m5 + (—n)§+13—3m(—n)(1) 
= jm+(—n) +1} {m9+ (—n)? +19 —n(—n)—m(1)—1 


n 
=(m—n+1)(m? +n? + 1+ mn—m+t 2). 


EXERCISE 25. 


Resolve into factors :— 


1. b8+c¢%—a3 + 3abre. 2. c3 +36c+37. 

3. 28b7—9b2c-+c?. +. 9a3+6a?b—b3. 

D. a b3 —c3 —3ube. 6. 2° +y°—2° +3x8y?2? 
a 

7. valence 

rs a+: er 3. 

8. cui ha +(c+a)? —3(a+ b)(b+c)(c +a). 
] ] 

9 «t+ ——2. : 3 —2. 

+ es 10. »p 27 2 


70. Ifthe algebraic sum of the co-afficients of an expres- 
sion in x be equal to 0, then it has a factor x—l. 
Bx. 1. uz? + b2+¢ will have v—1 as a factor if a+b+c=0. 
ai*+bv+c=an? + be+c—(atb +e) 
=a(v?—1) + b(e—1)=(a—1)(az+a+ bd). 
Bx. 2. 40° +3c2—7, Here the sum of the co-efficients 
=4+3—7=0; therefore it will have s—1 as a factor. 
Now 42° + 3c? —7=43—4 + 3x?—3= 4(c3 —1) + 8(2?—1) 
=(w—]) {4(e8§+04+1)4+30e+))}. ¢ 
71. Ifthe sum of all the odd co-efficients of an expression 
in terms of x=the sum of all the even ones, then it has a factor 
z+]. 
Ex. 1. «xv? +bzxe+ce will have +1 asa factor if a+c=b, 
z.e.,1f a+c—b=0. 
Now az? +betc=au? + be +ce—(atc—b) 
= (2®—1)+5(a+1)=(8+ 1)(ux—at Bb). 
305 +52%+6c+4. Here 3+6 which is the sum 


x. 
of the odd co-efficients= 5 + 4 which is the sum of the even ones ; 
therefore x +] is a factor of the expression. 
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Now 303 + 5a? + 60+ 4 == 3n3(@+1) + Qe(# + 1) +4(r +21) 
= (x + 1)(8a* + 22 + 4). 


Note.—(1) If any powers of # are missing, they must be considered as 


present with zero co-efficients. 
(2) An expression in @ will have #*—1 for a factor, if thesum 
of the odd co-efficients and the sum of the even ones be each equal to 0. 


‘EXERCISE 26. 
Resolve into factors :-— 

J. 3a? —2a—1. 2. Qxri —5a? + 70 — 4, 

3. Qe 4? —2r— 1. 4. 3x21 —Tr3 +9a? — 127+ 7. 

5, poe 58 + Ha? —1. GO. e8—3u2 4+ Br —). 

7. 8a3—5a? +50—). 8. a&+3a?—4, 

9, 38et*—21343e2—8, 10. 4a3—60? + 5a—3. 

V1. lla? +72? —5r— 1. 12. Fat + 43 —2r? — 7— YB. 
138. 2—a—ca3. 14, ¢3 +436¢4+ 37. 
1s, a8 —a?+a—]. 16. av + bx09 + cx—(a+b+r) 
17, at—ete 7a +5. 1 6r8 — 712 41. 
WD. 2 + Bu? + Sat 3. 20. «8494+ a2—3. 


72. Expressions of the form (a+b+c)*—a*'—b*—c’. 
(a+b+e)?—a’—b§—c3 =(a+b+¢)3—ai—(b3 +¢3) 
=(b+c){(a+b+c)? +a(a+b+e)+ a®?—(b?—be+c*)} 
=(b+c) {a2 +b27+¢? +2ab+ 2be+ 2act+a? +ab+ac+ a2 
—b? + be—c?} 
= (b+) {8a? + 3ab+ 3be +3ac} =3(b + ¢) {ala +b) 
+c(a+b)} 
= 3(b+¢)(a + b)(at+c)=3(a + 6)(b+c)(c+a). 
Ex. 1. (2+ 2y+2z)®—(+y)°—(yts)*-- 2°. 

Putting a for z+ y,) for y+< andc for =z, we have the expression 
=(at+b+c)§—a'—b§ —c§ = 3(a+ b)(b+c)(c+a) 
=3(atytytzlytst2ete t+ y)=B(et+ 2y+2)(y + 22) 

X(#+y+z). 
Ex. 2. (a+ 6+ c)® —(b+c—u)§ (c+ a—l)?>—(a+b—r)3. 
Putting « for b+c—a, y for c+a—l and z for a+ b—c, we 
have the given expression=(«-+y+ :)* —a> —y3—g> = 3(2+y) 
X (y+ zat 
= 3(l+ Aas c+a—b)(c+a—b+ at b—r)\tb—c+b) 
+ CU )e 


= 3(2r)(2a)(2b) = Babe. 
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73. (a+b)(b+e)(c+a) 


_ =(a+b+c)(abt ac + be)— abo we. deze: “DD 
4  =a(b?+c7)+b(e*+a*)+ce(a*+b?)+2abe ... 2... (AD 
o> =al(bt+c)?+b(o+a)*+c(a+b)? —4abe sig eve (iii) 
SB & =a(b—0)* + b(c—al* + o(a— b)* + Sabe ws wee (19) 
‘& B.=ab(at b) + be(b +c) + ca(c+a) + 2abe ewww (Y) 
aig = a7(b+c)+b*(c+a)+c"(a+b) + 2abe ve wwe (VI) 
) =3{(a+b+e)*—a°—b—c8}. 


74. Symmetrical expressions :— 
Ex. 1. a?(b—c)+ b?(c—a)+c¢?(a— b) 

=9(b--c)+ h?(e—b+b—a) +c?(a—b) 

=? (b—c)—b?(b—c)—b?(a-- b) + c?(u—b) 

= (b—c)(a3—b*)— (a—b)(b* —c?) 

=(b—c)(a—b) {(a+b)—(b+c)} =(b—c)(a—b)(a—c), 

Note —The letter b introduced in the binomial factor of the middle 

term is the one which is not found in it. We may introduce the letter « 


in the first term or the letter c in the last term and resolve the expression 
in the same way. 


The expression may be arranged according to powers cf a, 
or }, ov ¢ and resolved into factors. 


Ex.2. a*b?(a—b)+ b?c2(b—c) + c2u*(c—a) 
=a*b? (a—b)+ b*c?(b—a+a—c)+c*a?(c—a) 
=a*bh?(a—l)—b*c*(a—b)— b?c? (c—a) + c2a*(c—c) 
=(a—b)(a?b?*— b3c*) + (c—a)(c?a?—b?c?) 
= b* (a—b)(a? —c?)—c*(a—c)(a? —b*) 
= (a—b)(a—c){b?(a+c)—c* (a+ b)} 
= (a—b)(a—c) {a(b?—c*) + be(b—c)} 
= (a—b)(a—c)(b—c) {a(b + c)+ be} 
=‘a—b)\b—c)(a—c)(ab+ac+ be). 


Note.—See the Chapter on Miscellaneous Theorems and Examples for 
more information about Symmetrical expressions. 


EXERCISE 27. 


Resolve into factors :— 
l. 8(a+6+c)§§—(a+b)'—(b+¢,5—(c+a)*. 
2. (8+at+b+c)'—(1+a)§—(1+ b)§—(L+c)>. 
3. (a® + b9 +0? —ab—ac— be) —(a* —be)> —(b? —uc)° 
—(c®*—ab)s. 
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9. 
10. 
11. 
12. 
13. 
14. 
15. 


16. 


17. 
18. 
19, 
20. 


21 


22. 
23. 
24. 


25. 
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(8—1—y—z2)§—(l—1) § —(l—y) S —(L—2z)3. 
ab(a— b)+ be(b—c)+ca(c—a). 

a(b*? —c*)+ b(c*—a*) + c(a* —b*). 

a’(b—c) + b°(c—a)+c8(a—bd). 

ab(a*— b*) + be(b* —c)+ca(c®—a?*). 
a’(b*—¢*) + b> (c?—a*)+c3(a2—b?). 
a*(b—c)+b*(c—a) + c*(a—b) 

a2b2 (a t= hb?) + b2¢9(b2 —¢?) + c?a®(c?—~a*). 
a(b§ —c®)+ b(c& —a®) + c(a5—b8). 
a®(b*—c*)+ b?(ut—at)+c2.at—b*), 

(a+ b)?(b—a)+(b+c)*(c— b) +(c+a)2(a—c). 
b9(1— b?) + b209(U2 — c?) +. 2(c9 -~1). 


afa b bfb c (fe a 

Ga) +3aG-2) +5(5-§)- 
a5(b—c)+65(c—a)+c*(a—b). 

a(b—c)5 + b(e—a)* + r(a— b)*. 

a*(b* —: *)+ b*(c®—a*)+ ¢*(a2— 2). 

at(L3 +1?) +b*(c?+a*)+c' (a? +b?)+ 2atd?c?, 
oF (y? + 2*)* py? (29 4+ 7?) 9 22 (02 + y?)P— Se? y22?, 


pare) (Sete F) —1 
5b ria c ba 


(2+ 5+ (= + 2? +5)-1. 
es 2? i* 

4¢7(a + b—c) + 4b? (c+ - b)+4a?(b +r—a) 
—+(a+b—c)(b+e—a)(c+a—b). 


g3—(s—a)?—(s—b)> — (s—c)3, if 2s=a+ b+c. 


45. The following method may be applied to the resoiu- 
tion of homogeneous expressions af the second degree involving three 
or more quantities. 

Bx. 1. 7Va?—al—Sar—6b?—8bc—2e?. 

First, suppose a=0; there remains — 6b3—8be— 2c? 


= (6b + 2c)'— b—_).. ee 


Second)v, suppose b=0; there remains 7a*—d5ac— 2c* 


= (7a+2e)(a—c)..... I. 


Thirdly, suppose c=0Q; there remains 7a*—ab— 6p}? 


= (7a+6b)(a—b)..... LIT. 
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Combining the results of 1, II aud III, we find that 7a, 2c 
and 60 go in one factor, and a,—band—c goin the other. There- 
fore the required factors are (72+ 6b+2c)(a—b—c), 

Ex 2. a7+42b3+42c? +3ab+3ac+t dhe. 

First, let a=0; there remains 2b + 2c* +-5bc 

=(b+ 2c)(c+ 2d). ae ree 
Secondly, let 6=0; there remains a* + 2c* +3ac 


=(1+2c)(a+c)........ II. 
Thirdly, let c=0; there remains a* +2b* +3ab 
=(a+26)(a+b6).. . IT. 


Combining the results of J, [I and IT], we find that a, 6 
and 2c go in one factor, and a, 2b and ¢ go in the other. There- 
fore the required factors are (a+5)+2c)(a+ 26+c). 


Note,—If the expression involves four letters, suppose two of them at « 
fume to be vero; if it involves five letters, suppose three of them at a time to 


be zero; and s90n 
EXERCISE 28. 
Resolve into factors :— 
Ll. 6e9 + 2lay + 18y? + 2822 + 45ys+ 26uz. 
2. 6a? + 13ab—dac— 562+ 13c—6c*. 
> 


3. 287 + 7cyt+7is+ 6y? + Llyc+3z?. 

4. 10a?—8ab—1llac—24b2 — 58bce—35c?. 
», @2—2b2 +¢67+e5b4+2act be. 

6. a2? +b? +¢242ab + Bac t+ 2he. 

7, a? +2y?—23 + Say +as—yz. 

9. 2a? +208 +624 5ab + Bact 8be, 

9, 2a?—b2+ 22 + 4b+ 5ac—br. 


10. 3.9 +45? —62y— Barz + 8ys + By". 
Resolve into factors, applying the same principle :— 
Tl, 2:9—9ax+ 10x— 18a? + 45a—28, 
12. Sat + 7ay— 40+ 4y? — 7y—1Lo. 
13. 602+ llab— 13a— 10b2 +346—28, 
14. 3: 3 Bay + 25.—6y* + 40y—50, 
15. 2u* + 204— 9+ 5ab— 3a4 36. 
16, 1l4c* + 38ey +462 + 187? + 42y + 12, 
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Resolve into factors :— 
17. 3¢%—2y?— 6s? —52y—3e2— 8yz. 
18. ey + 2e*—3y3 + 4ye + 2—27. 
19. 2x? —9x2— day + 42% — 8yz— 12y?. 
20. a? +b2+¢%+d? + 2ab+ Yac—ad+ 2he ~ Bhd — Ac. 

76. A great many apparently difficult expressions can be 
readily factorized, when arranged acrording to powers of some 
contained letter or quantity. This is an extension of the method 
employed in Articles 67 and 68. 

Ex. a°(b—c) + b8(c—a)+c3(a—b) 
=a*b—arce+ b> c—b8a+c3a—r3h . 

arranged according’ to des- 
a aes at ine be(ue=e*) ( cending powers of «a ) 
b—c is common 


=(b—c) {a8§—a(b* + be +c7) + be(b+¢) } 
=(b—r) {b*(c —a) + beve—a) —a(c? —a*) } ( 


c—a is common 
=(b—c)(c—a) {b* + be—alc+a)!} 


=(b—c)(c—a) {c(b—a)+b?—a?} ( 


== (b—c)(c— a)(b—a)(c+ +2). 
Ti. To prove that a°+b*®+0c°=Sabe, when a+ b+c=0, 
Since a-+b+c=0, a+b=—r 
(at 5)5 = —e5 
or a5 + 6° 4+ 3ab(a + 6)=—c$ 
7. a? + 63+ 3a0b(—c)=—c3, since a+b=—e 
7 a°+b'—S3abe=—c® 2. a8 +68 +9 =3abe. 

Hence, when the sum of three quantities is zero, the sum 
of their cubes is equal to three times their product. 

Ex. Resolve into factors (a— b}°+(b—r)>+(c—a**. 

Since a~—b+b—c+c—a=0, (a— b)* + (b—c)> + (c—a)’ 

= 3(a— 6)(b—c)(c—a). 

Putting « for a—b, y for b—c and z for c—a, we have the 
expression =2z'+y°+2%; and 2+y+z=a—b+l—c+c—a=0 
o, BF + y? +25 = Szryz, 

t.e., (a—b)® +(b—c)* + (c—a)®? = 3(a—b)(b—c)\(c—a). » 


arranged according 
to powers of U 


arranged according to ee 
ofc 
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EXERCISE 29. .« 


Find the factors of :— 


1. 
2. 


jad 
POO NTN Ao ew 


11. 


12. 
13. 


(a? — b?)® + (62 —c?)5 +(c* —a?)5. 

(b+ c—2a)* + (c+ a—2b)> + (a+ b— 2c). 
a®(b—c)§ +03 (c—a)* +c3(a—b)5. 
(a—a)*(b—e)8 + (1 -b)8(¢—a)® + (2—c)*(a—h)?, 
(4a) — (1 —b)5 —(a+5)$. 

(s—a)§ + (s—b)5—c*, where 2s=a+b+c. 

a? (2-5) +b ee rer(G—z)’. 

c b ac ba 
a®(L—r)3 +b°(¢—a)> +09 (a— 6)5, if a+b+r=0. 
(2a - b)3 + (2b—c)§ + (Qc—a)’, ifat+b+er=0. 

(4 — 2y)8 + (Qy—1)§ + 1 —w) 8. 

(ax— by)® + (by—ez)*® +(cz—ax)>. 

(38a —s)§ +(38b—s)§+(38c—s)*, if s=at+b4+:. 
aS (be—cy)® + 8 (ec —0z)?+c8(ay—bs)8. 


CHAPTER IX. 
EXAMINATION PAPERS. 
FIRST SERIES ON CHAPTERS I—VIIL. 


I. 

1, State the rule for the removal of brackets from algebrai- 
cal expressions, and simplify 2[4a— {2y+(2x—y)—( 

2. Sum up 3a?—4ab + 7a*b* + 2ab’, 2b(a—b)—a*(b? + 4ab), 
ab— 2a8 + 69(2 +24) and —b(6a*b—b—2a— 2a). 

3. Multiply (1) 2%5—3.2+4e2—5 by 72+9 and (2) 3a 
—ta?w— 3a by }a—2z. 

4. Find the continued product of (1—a)(«—b)(@—c) and 
hence deduce (;m— in)5, 

5. Tfa=-05, b=-06 and c=—'11, find (1) a*—b*—2be—c? ; 
(2) a3 +63 + c?—3abe. 

6. Divide «§—(a+b+c)c* + (ab+ac+ be)e—abe by x—c and 
the quotient by «—0d. 

7. Find the co-efficient of «* in the product of (:*—aa> + br? 
—ce%+d) and (v* + px+q). 

8. Resolve info factors (1) 2$—3r—70; (2) #3 +a+2. 

9. Write down the terms in the quotient of sae 
10. Divide 1 by ]—< to six terms. 


I. 

l. Define a fuctor,aterm anda co-efficient ; and find the co- 
-efficient of © in (1+ +2? + .c5)*, 

2. Find the value of (2b +c)(b—c)+(2c+a)(c—a)+(2a+5) 
x (a—b) when a=1, b=2 and r=3. 

3. Remove the brackets and find the value of— 
u—[2a—3b— {4a—~—5b—6e—(7u —864+9c+10d)}] when a=l, 
b=3,r=8andd=}. 

4. Find the continued product of (1) «+ /2+1, z8-—2—1 
and w«—./u+1; (2) a?+2a4+2, a*—4 and a? —2a+ 2. 

5. Divide the difference between (z+p)(a+ q)(#t+7) and 
(y+Py+ My+r) by a—y. 
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6. When is .?+y? divisible by #*+y1? Write down the 
first four terms in the quotient. 
7. Resolve into factors :— 
(1) a®+a*+1; 
(2) Ay—a) +y"(e—u)-+2%(@—y), 
(3) #*+(a*—c*®):? + (6? —c?)(a?—b*). 
8. Collect the co-efficients of the different powers of x in 


(pee + qi? +7x-+s)(sa> + rx*+q2+p) and shew that the sum is 
a perfect square. 


9. Shew that (a +2b)?"—(b + 2a)*’ is divisible by (a+b) and 
by (u—6). 


10. From the relation a"~—a =a’~ , deducea =1. 


Il. 


1, What is a homogeneous expression? Shew that the pro- 
duct ot two homogeneous expressions will also be a homogeneous 
expression. 

2. Add together the squares of a+6—2c, L+c—2u and 
c+a—2b, and subtract the sum from the ae of a+b+c. 

; ; a? b? ¢? a b b 

3. Maltiply (1) ta eacenr eaas 


by p+ +5 
eeu ag oda 


(ti) (a+ b—e)(b+e—a)(o+ a—B). 
4. Wivide (1) a —b8 468 + 38abe by u—b+c, 
(ii) 5(8u4 + 2) — 9u(1— 38a)— Le 8, + 6a? by 





da? + 2—a. 
5. Ifa=l1, 6=2, c=—}3, d=0, find the value of— 
a—b+c  ad—br _ bF a? ; 
a—b—c bdta VY \a? =) 


6. Show that (a+ b+c)(atb—c)(b+c—a)(r+a—b) 
=4q%b? if a9 +b2= ¢?. 
7. If a2"*™+4 b9"*™ be divisible by a”*?°+b"*)°, prove that 
rae 

m+10 

8. Shew that 5.25” {11.121"+9.81'} is divisible by 100 if 
” is a positive integer. 

9. Resolve into factors: (1) a(b® — c*) + be(c? — b*) + a5 (c—d) 

(2) (a—b+c)§—ai—c3 +b. 


is an integer. 
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10. State the remainder whon (#—a)(2—b)(e—c) is divided 
by c—p. 
IV. 
1. State the rule for subtracting one algebraical expression 
from another. 
Prove that a—(b—c)=a—b+c. 
2. Ifa=3, c=—4, find the value of — 


‘i fea - re) 


-19[ P52 fete l(a se) hy]. . 


3. The product of two expressions is 10c*+14%5— 1lle* 
+ 152—3 and one of them is 2c? +4v—1; find the other. 

4. Prove that («—y)*® + (y—=)5 +(z—.)® is exactly divisible 
by (z—y). 

5. Divide without removing the brackcts (a+b)(b+c)u* + 
{(b+c)® +(a+b)?® fut +(b4+c)(a—b) 9 + (a+b)(at+c)x—(atc) 
x (b +c) by (b+e)2?+(a+ b)e—(b+¢). 

6. Find the co-efficient of a® in the square of — 

1— 2a+3a? + 4a*—a’. 
7. Mf w=a—b, y=b—c, s=r—a, find the value of > +y3 +25 
—3zxyz and of y+ zyty*(at c+ c8(ct y)+ days. 
8. Divide l—.« by 1+ 2 to 5 terms. 
9. Resolve into factors :-— 
(i) a’—(b—c)®; (ii) 10229—7c—3; 
(iii) a*(b8—c?) + b*(c? —a*) + c* (a? — de®). 
10. Shew that (“+a+b)*+(2+a—b) is divisible by 2+a. 


V. 

1. State the “Rule of Signs” and from it deduce (—a) 
=—a’ and (—a)?*=+a'+t. Shew that a?’t? + 6*t'=0, if 
a+b=0. 

2. If a=), b=2 and c=3, shew that 

ait atthe OT - 20 : 
beta pte” able® a’ +b’ +c" 

3. Divide «* + 8y$—2725 + 18zyz by x+2y—ds. 
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4, The product of two expressions is (“+ 2y)* + (32+) and 
one of them is 42+4+2y+-; find the other. 


5. Ifax02, b="08,c=:l, find the value of a* + 63 + 3abe 
—c, 
6. Resolve into factors :— 
(i) x2*a—(a—b)s— u*b; 
(ii) e+ 105 + 35.4? + 502+ 24; 
(iii) (et yts)\(cy + ys+ 22) —ryz. 
7. Shew that a*—(—1)"b" isdivisible by a+b and thence 
deduce that 49"-+ 16n—1 is divisible by 8*. 
8. Find the continued product of a—-a+WV.?—b9, xz+a 
— AF 453, ¢ —a—V 0? — b? and 2+a+ Vx? +b?. 
9. Ifa*+?=1, shew that a*+ b°—& (a*+ 6*)+4=0. 


10. If 2*+az° + be?+av+6—1 be exactly divisible by 2—1, 
shew that a+)=0. 
VI. 


1, Prove that (i) a”xa"=a"""; (11) a*"+a*=a™™ when in 
and z are positive integers and m>u. 


2. Simplify 2! [3(2a+ 4y)—}(4e—y) ]—24[4(2c—y) 


1 lfe 5e— 
= oo"? )}] 
3. Multiply (6+c¢)«+(c+a)y+(a+b)z by (b—c)xe+(c—a)y 
+ (a—b)z, and write the product as the difference of two squares. 
+, Iixpress in words the formule :— 
(i) a? —b?=(a+b)a—)); 
(ii) a&+b*+3ab(a+ b)=(a+b)$ 
2 Hind the co-efficient of 2'° in the quotient when 1 is 
divided by 1+ @+.?. 
6 If b+c—3a=2z, cta—3b=2y and a+b—3c=2:, ex- 
press (a+ 2a)(y + 2b)(2 + 2c) in terms of a, b and c. 


7. Tf 1? +2ax— 3b? is divisible by .—a, without remainder 
shew that a? —b* =0. 


8. If a#"t1+ b2"*1 be divisible by a? +67, shew that n—3 is 
a multiple of 7, 2 being a positive integer. 


9. Resolve into factors: (i) a2 + (a—b)a#— 6; 
(ii) 4abe? — 2(a? + b9)zy+ aby? ; (iii) abst— (a? — b*)a—ab. 
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10. Shew that (»* + y*)(a* + 6?) =(ax+ by)* +(6c—ay)*, or 
=(ax—by)* + (b+ ay)*. 
Vil. 


1. Explain the following symbols: +, ‘%~, >. <, >, < 
| i] 


and =. 

2. State the rules for the insertion of brackets in an alge- 
braical expression. 

Enclose 3a—2b—c—2d + e—4f—3q—5h in brackets taking 
the terms three together. 

3. Divide y*+ay® +(a?+4)y2 +(4a4+1l)y+5a? by y?+4 
and find the value of y for exact divisibility. 

4. Find the co-efficient of z* in (e—1)(c28—2—1)(4?~—2%—-—2) 
and in (a—)(b— e)(cmua)(d—-). 

d. Multiply a°—3atz+ 9a5.23§—27a%e + 8lac!— 2432" by 
a+2vand divide the prodact by a—3z. 

6. Shew that a+b" is divisible by a+6 when 1 is an odd 
integer and a"—b" is divisible by a+ b when n is an even integer. 
Shew that 5?”—] is divisible by 24, » being a positive integer. 

7. liv=4,y=_ and z=], find the value of 2u9y? + 2y?z* 


4 


t 22218 — 7t — yt — 24. 
&. Resolve into factors : (i) 4+ z . (ii) 8a + b8—c3 + Gabe ; 
ad 
(ii) 4b27? —(b? + c2—a?)?, 


9. Shew that at= (+32) rs («*~ ja . 


10. Shew that («+ ) (+ LV +(*- '\(a- 1) 
xv y x y 


== 2 («vt =) ; thence find the value of wy + is » if w+ 1 Om, 
wy : LY al 


yt (mine = 2a and y7 =. 


Vint. 


1. Find the continued product of (2#+a)(1+ b)fe+c)(a+d) 
and state the laws that hold in the products of similar binomials. 

2. Find the difference between (2—a+b)(c—b+ c)(x—c+a) 
and (w+ a—b)(«+ b—c)(z+c—a). 
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3. Find the value of m for which 2* + 52° + fz? + ma—2m is 
exactly divisible by 29+ 3xz+ 2. 

4, Simplify [—{—1—(—1—1—1) —1—1} — II}. 

5. Shew that (v?+yz)"—2"(y+<)" is divisible by (r—y) 
< (w@—z). 

6. Shew that (a+b+c)(b+ce—a)(c+a—b)(a+b—c) 

= (a? + b2)?—(a2—b?)2— (a? +49—¢2)3, 

7. Divide (a+b)®—(b+c)5 + (c—a)® by (4+ 6)(b+c). 

S. Find the co-efficient of c! in (1+2z+ 322+ 427)?, 

9. Resolve into factors :— 

(Gi) w® te 4+a541; (ii) 4a? +2b2?—6c? + Calb—2ac + be; 
(iil) (w+ D(y? tyt DQyt D—(y? +L? +o 41)(e4+));5 
(iv) 2*+229+9; 

(v) (a+ bt+tc+dtet+f}i—(atd)?—(b+e)3—(c+f)5. 
10. Find, without division, the remainder when 7? + 2? (a+ b) 
+ 2x(a+ b)2+(a+b)* is divided by r—a—b. 


IX. 
1. Define positice and negative quantities ; odd aad even nuni- 
bers; and like and unlike terms. 
2. Prove that a—b—(c—d)=a—b—cti. 
23>. If a=,/2, b=./3, c=4 and d=0, find the value of 
r/ {(a9 +b? +03)( 02 + c2)(b? + d?)}. 
4, Find the continued product of (#+m)(x+n)(x+ p) 
X (x+q), and thence deduce the expansion of (a+ 8)*, 
5. Divide, without removing brackets, (a+ b)x* + (a2—1+4+ b? 
+ 2ab)r3-— (a+ b)(1—2ab) 23 + (a —2ab+ b)a—1 by (a+b)a—l. 
G. Simplify (a+y+2)3 + (at y—s)$ + ly ts—2x)i+Gta—y)' 
and shew that (a? +b? + c3)(v?+y? + 27)—(az+t by + cz)9=(ay 
— bx)? + (cx—az)? + (cy —bdz)?. ; 
7. Resolve: (i) a? +65+3ab—1; (i) a2b?—a?—37241; 
(111) 3(a + 6)8—2 a2—b?)—a(at d) ; 
(iv) a? —b3+ 6bce—Qc? ; (v) 28+29—r—1; 
(vi) 22 + 2ry—a? + 2ay ; (vii) l4e?—372 + 5. 
8S. Shew that (a +b)? — (b+ c)?_+ (ec —a)' = Ba + bXb+0) 
X(a—c). 
) 
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9. If a=25, b=1 and c=, prove that 
(a—/b)(/e+ Va b= 2° 


a—c* 
10. Shew that (a +y)(ytsG+0)—(atyts)(eytyztcx= 


—zxy:; and thence simplify (G* :) (++ :) € *') 
a 
_ (te + “) (S45 +o + :): 


1. Define a power of a wit. and the iudex of the power. 
What does a” stand for? 
Prove that (a”)"=a” when m and » are positive integers. 


2. Substitude at+2 for gin 274+ Cz%+122%+8, and simplify 
the result, 

3. Find the value of :— 

2a3—b> +05 + a2(b—c) + b2(2a—c) + ¢2(2a + b) oe 
a3 —b3 +63 +a3(b—c)—b?(2a—c) + c2(2a+ b) 

a=], b=5 and c=05. 

4, Multiply %a?+ab—b? by a?—2ab—3b? and divide the 
product by a+b. 

5. Write down the terms in,the quotient of— 

(28 —y) (a2? —y?) 5 (et ty!) +(e ry?) and (#° +") 
(a? +y°)- 

6. Shew that the following expressions are divisible by » + 1 
and r—1:—(i) 4%°+ 3a*—2x73 —2a?—2r—1; 

(ii) Ev5—4z4—2Qe3 + 2a?—Ba 4 2. 
7. Resolve into factors :—(i) 162*—57z2 +9 ; 











0 
(i) Fue —10— i (iii) w(x + 1)(#+ 2)(@+3) 41, 
8. Shew that eo tute)? + (at b—c)?—(a+c—b)? 


—(b+c—a}? = Sab. 
Y, Tf a2"'?4+-b2'") be divisible by a°+b°, shew that 2—2 is 
a multiple of 5. 
10 If av? + br? +¢ be divisible by «+c, then ac?=bc+1, 


CHAPTER X. 
IDENTITIES. 


78. When two quantities are equal to each other for all 
values of the letters involved in them, they form an identity ; 
‘the sign Sis placed between them. 

For example, 7? —)? = (a+ b)(a—b), (1+ y)> Sx? + y? + Bay 
(e+), and 2° +68 + ¢3—3aleZ(ut+ bt c)(a? +b? + c29—ab—ac 
— bc) are identities. 

But a+ b3 +c3=3abe when atb+c=0 is a conditional 
identity ; for itis true only when the condition a+ b+c=0 is 
given. 

To prove that an identity is trne, take the left side expres- 


sion and show by successive transformations that it is equal to 
the other, 


The following are the aviums on which the operations with 
identities are based. 

1. Jf equals be added ¢) ov subiractel frou equals, the sums 
or the remainders are equal. Thus, ita=6, c=d, then a+c= 
b+d and a—c=b—i. 

2. If equal quantities be w/tipliad or divide l by the same 

yuer 4 p Ny 
or equal quantities, the products or the quotients are ernal. 


Thus, if a=b,c=a, then ee=b land . =e 
Cc 
3. Auy quantity may be transposed from one side of ‘the 
identity to the other by changing its sign. This follows from 
(1); thus if a+b=c, then a=c—6 for (a+ b—b=c— 5), 
4. If two quantities are equal, their roots or their powers 
are also equal; thus, if a=b, then/a= /b and a*=6?, 


79. Examples worked out. 
Ex. 1. Ifa+b+c=0, shew that— 
Gi) (ab+ ac + bc)? =a2b?2 + b3c? +¢%a?. 
Gi) a®?—be=b*?*—ac=c*?—ab. 
Gi) a'+bt+ct=2(ab+acthbec)?. 


(i) (ab+ ac+ bc)?=a2b? + a%c? + b%c? + 22d(ac + bc) + 2acx be 
by formula. 
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=07h3 + 2c +128 + 2abe(a +b +c) 
= q2h? + azo? + b3-2 + 2abcxXO 


= 2242 + @3(2 + 4 9¢2, : 

Qi) Since a+b+c=0,a+b=—c, (a+ b\(a—b)= 
—c(a—b). a? — U2 = — act be. ot 2— Uc= b?—ac. 
Again, since atb+ce=u, b+c=—a, .(b+c)(b—cj)= 
—a(b—c).  .b8—c? = —ab +c. 2 U2 —ac=c?2—ab. 


But it has been shewn that u?— bc= l2—ac. 


ee a8 —be=b?@—ac=c?2—al. 
Gi) Sinceat+b+c=0, “A(atbe+c)?=0 
ve 34 02 +02 = —2(ab+ act be) 
ve (a2 + 6? +¢7)2?=4(al + act bc;® 
oe at tht +t + 2(a2h9 + L202 + a2c9) =4(a4 + ac + be)? 
o. att bt +c% + 2(abt act be)?=4(ab+ act be)? by (i) 
w ath t+ ch =2(aitact be)?, 
Ex. 2. If 3:=a+th+-e, shew that (s—a)' + (s—b)? + (s—c) 
== 3(s—a)(s—b)(s—c). 
Let s—a=27, samlb=y and s—c=cf} then rt ytc=s—a 
t+s—bts—c=H=3s—(athtcjsutbec—(atbeog=0. 
Ii aty+2=0, then ae ty? tee Sry (sae +(s—b)§ 
+ (se)? =3(s—a)(s—B)(s— 
Ex. 3. Prove that s*— (s—as* ~(s—b)*—(s—c)3 = 3ube, if 
Z=atb+e. 
gs Sem Qs= Ss— (at b+ecjH=s—ats—lbt+s—e. 
of. 838 — (s—a) 3 —(S—))i — (60) 9 = (6 + s— Db + 5—C)$ 
— (s—a)* —(s—b)?—(s—c)? 
=3f{s—a+s—b} fs—b+s—c} fs—c+s—a}. 
Because (t+ yt 2)P— wm ype H Oat y\(y 42) (2+ Z) 
= 3(2s—a— b)(2s—b—c)(2s—a—c) 
=3(ut+b+cma—b)(a+b+c—b—c)(a +b+c—a—c) 
= 3abe. 
Ex.4. fab +ac + ic = 1, shew that (1+a?) (1+ 6%) 
x(L+e2)= (a+b)? (b640)%(¢4+ a)* =(a+b+c—ate)?. 


Since alb+act+be=1. * l+a%*=a?+abtactbec=a(at b) 
+c(a+ B= (a+ b)(atc). 
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Similarly 1+ l9=(6+.c)(b+2) ; and 1+c9=(c+a)(c+b) 
oe (1+ a?)(1 + b9)(1 +02) = + b)(b+c)(b+c)(b+ acta) 
xX (e+ b)= (at b)2(b + c)2(c+a)? 
= {(a+b+c)(ab+ac + bc)—abc} 7=(2+ b+ c—abe)3. 
Bx. 5. Ifa3+85+c3=3abec, shew that 
(i) a+b+c=0 or (ii) @=b=c. 
Since a5 +65 +c3=3abe 2. a+b? +c3—3abc=0 
7. (at b+c)(a? + 03 +c? —ab—uas—dc)=0 
vs a+b+c=0, or a? + 52 + 62—ab —ac—bc=0. 
(Ifx xy=0, then either x=0 or y=0). 
(il) a?+ 63 + e?—ah—ac—hc=0 
ve 2a? + 2b? + 202? — 2ab— Qac—Lbe= 0 
“. {(a—b)? + (b—c)? + (c—a)?} =0. 
Kach of (a—b)?, (b—c)?, (c—a)? is positive. The sum of 
3 positive quantities cannot be eoual to zero unless each is 
equal to zero. 
Since (a—b)?=6, a—b=0 & a=b 
(b—c)?=0, b—r=0 0 b= 


(e—a)?=0, ce—a=0 Se ea aber. 
] 
Ex: 6 Uf e421, shew thar t+ tere bogey 2 
e ‘ ze x 
l 
a yl = 
a + aT) &e. 
1\2 
a? + see?  +l—-J=( w+ =) —2=|]—2=-l. 
2 x 
ee eae +2—2= way Jd 
wt LU 


Similarly it may be shewn that 27% + : =—1, &e. 
A i o 


Ex. 7. Express (a? + b?)(c? +d?) as the sum of two {perfect 
squares. 
(a2 + b?)(c2 + d?) = a2c?2 +03d? + b2c3 + 52d? 
== 2262 + B2g3 + 212 + 3¢3 + Brbcd—Zabed 
= (03.3 + 638d3 + Qabed) + (2d? + b’c#?—2abcd) 
= {ac + bd)? + al—be)® [or (ac—bd)? + (ad + bc)*], 


70 ALGEBRA. [ CHAP. 


Kx. 8. Shew that (a+ l)(a+ 2) (a+ 23)(@ + 4)+lisa per- 
fect square. 


(a + 1)(x+ 2)(%+ 3)(7+ 4) +1 

= {(a+1])(e+4)} {(24 2)(v+ 3)} +1 

= (x9 + Se + 4)(x?9 + 524+ 6)+ 1 

= (y+ (y+ 6) +1 [putting y for (x? + 5a) | 
= 73 + 10y + 24+ 1= 93 + 10y + 25=(y + 5)* 
= (ce + dx+ 5)9. 


x.9, Express (2a + 3) + 4c)(4a + 3b + 2c) as the difference 
of two wpa feat squares. 


Note. ab= C5 = “) -(“F) 


Let Za+3b+ 4c=r+y7; and da+3b+2ceHa—y 
then 60+6b+6c=22a. . w=3(atb+c) 
and —2a+ 2c=2y, . Y=Cm a. 
Rut (ot Yy)(w—y) = 2?—y?, 
“ (2a +3) + 4c)(4a+ 3b4+ Qc)= {3(at+ b+ c)} 2—(c—a)?. 


Ex. 10. If #=a%—be, y=b?—ac and zs=c?—ab, shew 
that (at+b+e\artyt+s)=axt bytcz 
(atbtc\(etytc)=(u+h4+c)(a?—be+ b?—ac +c?~—ab) 
=(a+b+c)(a® + b? + ¢?—alb—ac—be) 
=a° + b> +¢5—Sabe= (a> —abc) + (b'—abe) + (¢®— ale) 
=a(a2—be) + b(b?—ac) +¢(c2— ab) =ae + by + ez. 


EXERCISE 30. 





Shew that— 
1, (a—b)?—(b~c)(c—a) = (b—c)?—(c— a) (a—b) = (¢—,? 
—({a—b)(b—c). 
2. (a—b)* + (b—0)* +(c—a)' =2{(a—b)(b—c) + (b—c) 
X (ca) + (c—a)(a—6)} ?. 
3 (a9—b?)* + (L%—c*)* + (c?—a?) 





(a— b)3 +(b—c)? +(c—a)* 
4. (ja—2b—c)> + (3b—2c—a)® + (8c—2a—b)' 
= 3(8a—2b—c)(Sb—2e—a)(3c— 2a— b). 
(a? —b5)3 + (b3—¢8)3 + (¢3~—a*)3 = fe a 
(a? + ab + b*)(b? + bc +c?)(c? +ac+ a2) sneer) (=e) 


=(atb)b+c)(c+a). 


X (c—a). 
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lf a +b+c=0, shew that— 
6. a®+ab+b2=b? 4+ bc+c?=c? +ac+a?. 
7. (2a—b)%+(2b—c)? + (2c—a)? = 3(2a—b)(2b—.-)(2c— a). 
8. a(b+c)?+ eas aes 





g attbtec? its) 
a+b +08 
1 on 1 : 
10, 
Gs; at ict 
au. @& a aé+h% . ‘at bt +e! 
| ie teal ae ae 
yo Utdeto? ar+br te? athe te attdires 
eg ee a > os 


[f 2e-=a+4+b+c, shew thati— 
13. s9+(s—a)? + (s—L)? + (s-—c)? =(a? + b? + ¢?). 
14, 4a2b9— (a3 + 62? —c?)3 = 168(s—a)(s—b)(s—c). 
Ls. a(s—2)s—c) + b(s—a)(s—c) + c(s—a)(s—b) + 2(s—a) 
x (s—b)(s—c) = abe. 
16. (s—a)? + (s—b)? + (s—c)? + 2(ab+ act be) =3s?. 
17. If 3s=2(a+b+c), then (i) (2Qa—s)§ + (2b—s)? + (2c—s)? 
= 3(2 san A RC (11) (s—a—b)* +(s—b—c)3 + (s—c—a)* 
=3(s—a—b)(s—b—c)(s—c—a). 
Ig, Prove that (s—a}° + (s—b)> +3(s—a)(s—U)c= c3, if Qs 
=a+b+ce. 
19. Shew that (7—a)(w—b)(a—b) + (w—b) (a—c) (b—c) 
+ (x—c)(a—a)(c—a)= (a—b)(b—c)(a—c). 
20. If 23—ys=a?, y2~az=b?, -2?—2xry=c*, prove that 
(a%g ~b?y+c%:)=(2+y4 5)(a2+b2%+¢?). ; 
21. Ifev+y=a, and ay=b?, shew that v3 + y3=a5 —ob?a 
and v'+y*=ai—4a7b? +20!'. 
22. Shew that at + b' 4+ ct1—2a2b?—2b2e2?— 2a2¢e2=0, if 
a+l=c. 
rr ! 1 ree | 1 
25. [few+ =a, shew thata’ +- +e? + . +a4+7- = (at1) 
e a a? v 
X (a? —2), 
~4. If ab=ay and mat uw z+y, shew that aS+y%=mia° 
m 
so e 


au" 
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25. If a+b+c=abt+act+ be, (atb)(b+c)(ct+a)+abe is a 
perfect square. 
26. Shew that (i) (2+2)(a+ 4)(w7+6)(a+8)+16 and 
(li) (#+a)(z + 2a)(2+ 3a)(a+ 4a)+a* are perfect squares. 
27. Express (a+b+c—d)(a+b—c+d) as the difference of 
two squares, 
28. Shew that (22 +y? +2?)(a?+b2+0c*) = (av+ by +cz)3 
+ (ay— bz)? + (cv— az)? + (cy—b=z)?. 
29. Shew that a5 +b5+c¢5 + 5abe (ab+ act bc)=0, if a+b 
+c=0. 
30. Shew that 42*-? + 4’t1—4" +9 is a perfect square. 
31, Shew that (i) 3(2a—b-—-c)(c—a) =difference of two 
squares ; (11) 2(e? +y? + 2? —g2y—ys—s£) =the sum of 3 squares. 
Prove that-— 
32. (atb+ct+d)? + (a—b—c +d)? + (a—b+c—d)? 
+ (a +b—c—d)*=4 (a? + 09+ ¢? + d?), 
33. a*(b—c)*+b?(c—a)* +c?(a—b)> =a? (b§—c8) 
+ b?(c3—a*) +c#(a3—b°), 
34. (atb)34 (bte)3 +(c+a)s—3(at+b (b+ (c+a) 
=2\a3 + b? +¢65—dabc). 


30. abc(at+b+c) (er +’) =abe + (a+ b)(b+c)(ct+ a). 


36. (a +b)5—a>—b*> =S5ub(a +b)(a? +ab+ b?). 

37. Jf «+ty=sa, ay=b, shew that (1+?) (l+y?)=a? 
+(1—b)?. 

38. a%(b +c) + U2(e+a) + c2(a + bL)—a®—b§—c§ — Qube 
= (b+c—a)(cta—b)(a+ b—c). 

39. (a?—br)(b—c) + (b?—ac}(c—a) + (c?—ab)(a—b) =0, 

40. (v2? yz)? + (y?—az}3 + (2? —axy)§ —3(u? — ys) (y? ~2z) 
X (229 —ay) = (8 +y3 + 3 — Bays)? = (2 +2yz)> + (y? + 2za)5 
+ (82 + 2zry)3 —3(x2? + Qys)(y? + 2as)(s? + Jay). 

41. If a=y+c—x, b=ste—y, cHaety—s, then a* +08 
+ c>—Sabe= 4(e5 +? +25 —Aryz). 

42, Shew that a(b+c—a)* + b(c+a—b,? + c(atb—c)3 
+(b+c—a)(r +a—b)\(a + b—c)=4abe, 


CHAPTER XI. 
HIGHEST COMMON FACTOR. 


80. Definitions—One qnantity is said to be a measure of 
another, when tne former is contained in the latter a certain 
mumwber of times exactly ; thus 4a is a measure of 12a, since 4a 
ig contained in 12a exactly three times. 

If two or more alyebraical expressions be arranged accord- 
ang to descending powers of some common letter, then the 
factor of the highest dimeasions with respect to that letter 
that divides each of them withont remainder is called their 
greatest common aueasire, 

The tern. greatest common meusnre is not appropriate in 
Alecbra ; because when numerical values are assigned to the 
letters contained in the expressions, the numerical value of the 
G.C.M. is not necessarily the Arithmetic G.C.M., of the resualt- 
ing numbers. Thos z—tfis the G.C.M. of (ec—4)(52+2) and 
dea—4)(7+ 18); when x2=8, the G.C.M. w—-4 becomes 4, and 
the expressions become 10£ and 104 whose Arithmetic G.C.M. 
is not 4, but 10+. 

The term Ilighest Common Factor or Divisor is therefore to 
be preferred. 

81. The H.C.F. of simple expressions. 

Rule.—‘* Find the 1i.C.F. of the namerical co-efficients, 
and annex all the letters which are common to all the expres- 
sions, and raise each letter to the lowest power to which 16 
occurs in any of them.” 

Ex. Find the H.C.E. of jety23, low3y?%z and 20xr27y733, 

The H.C... of 5, 15 and 20155; the letters common to 
the expressions are z, y and =z; the lowest powers to which 
they occur are w*, y and 2; therefore the LI-C.E. is 523 yz. 


EXERCISE 31. 
Find the H.C.F. of :— 


2x2h3 and a3b2, 2. L5x°db and 207325. 
9262¢3 and 2latbt. 4, 1S8p?q* and 45 p5q5. 
ZvSy?, 3z2y8 and 4a! yz. 

17u°b*c®, Slath3c* and 68a%b3 ct, 

3622 b3ctas, Ddarcivt and Sla'h8c5. 

Lda™t"b"t, TOa™* Ob & } and 11i0ga™*2hFte 3, 


OD 99 So SS ee 
e e 
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82. H.0.F. of Compound Expressions which can be readily: 
resolved into factors. : 

Ex.1. Find the H.C.F. of a?—b?, «w3—2ab+b? and 
a3 ahs, 

Here a9—b3=(a+b)(a—b), a®—2ab+b2=(a—b)3 and 
a® —b® = (a— b)(a? + ab + b3). 

We see at once that a—6 is the only common factor ; there- 
fore the H.C.F. is a—b. 

Ex. 2. Findthe H.C.F. of a2+47+3, 23—27—3 and 
272 +2241. 

Here 2§+4¢+3=(¢+1\(2+3), x89 —22—38=(.r+1)(2—8) 
and@?+22+1=(%+1)?. Therefore the H.C,F. is 2 +1, because 
it is the only common factor. 


EXERCISE 22. 
Find the H.C.F. of :— 


1, a? +68, a?§—ab+ b? and at +a2l240'. 
2. a®+), a8 +40+-3and a2 + 6a+ 5. 
3. etd, 2+ 3u4+2 and 2 + 3a24+ 30+ I. 
4. 22 4+72—18, e§—§ and r2— +. 
a £9—(b+c)z+ be, 7?—(at b)et+ab and e?—2la +b. 
6. 22? —7xy + 6y? and 2? —27?. 
7 @tttand a? 4+ 2r4+2. 
8S. w—a7, 272? —47+2 and 2° +2?—2uw. 
9, 423+ 12¢24+92 and 47? —22— 12. 
10. a?+3a—10 and c'—a?—14a + 24. 


ll. at+ab+act be, a? + Yact+c? and ai +c*, 
12, ai +y3+25—Baeyz and x* + Qry+ y?—2?. 

83. H-CF.oftwo Compound Expressions whose factors 
cannot be readily found. 

Rule.— ‘* Arrange the expressions according to descending 
er ascending powers of some common letter; take as divisor 
that one whose degree in the common letter is not higher than 
the decree of the other, and the remaining one as the dividend ; 
perform the division till yon get aremainder of lower degree 
than the divisor; consider this remainder as a new divisor, and 
the last divisor as anew dividend; then consider the new re- 
mainder arising from this division as another new divisor, and 
the last divisor as another new dividend. Continue this process 
till there is no remainder ; the Jast divisor is the II.C.I*. re- 


quired.” 
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84. The truth of the rule depends upon the following 
principles :— 

(1) If p divides A, then it will divide mA. For since p 
divides 4, we may suppose A=«ap; then mA=map; thus 7. 
divides mA. 

(2) If p divides A and B, then it will divide m.1tnB. 
For since p divides 1 and B, we may suppose A=ap, and B= 
yp; then mAtnB=meptnyp=(mrtnuy)p. Thus p divides. 
mA+nB, 

85. Proof of the rule given in Article 83. Let A and 
B be two expressions arranged according to descending powers 
of some common letter, and let the index of the highest power 
of that letter in A be not less than the index of the highest: 
power of that letter in B. ne? 


LP 
Divide A by B; let p be the quotient and CG) R%y 
the remainder. Divide B by ('; letqbethe 9¢ 
quotient and D the remainder. Divide C by D, D)C(r 
and suppose that there is no remainder, and let r i 
denote the quotient. Ts 


Thus we have the following results: l=pb+C, Boql +L 

and C=rD. 
First, we shall show that 7) isacommon factor of A und B. 

Since C=2D, D divides (|. 

“. D divides q(‘ and also gO +D. (Art. &f). 

That is, D divides B; tor BeyC+ 1). 

Again, since J) divides and C, it divides pB+ C. (Art. 84). 

That is, 1) divides 1; tor A=pDB+ ('. 

Therefore J) divides .f aud B; thatis, Dis a commonfactor 
of A and PF. 

Secondly, we shall show that Disthe H.C.F. of Aand B. 

For, every expression which divides .t and B divides 
A—pB, or C. (Art. $4). 

Thus every expression which is a common factor of 4 and B 
is a common factor of JF and ( 

Again, every expression which divides Band U divides 
B—gCl or D. (Art. &4). 

Thus every expression which divides B and (' divides 
Cand PD. 

Therefore every expression which is a common factor of 
A and B is a factor of J. 
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But no expression higher than Dcan divide J exactly. 
Therefore D is the H.C.F. of A and B. 


Note.—Kvery conimon factor of A and B is a factor of their 0.C.F. 

_ ,86. The process of finding the H.C.F. is often simplified 
by the following artifices :— 

(1) We may remove any factor of either of the expressions 
which is not a factor of the other. 

(2) We may multiply either of the expressions by any 
quantity which does not introduce a common factor. 

(3) Simple factors of the expressions may be removed ; 
the H.C.F. of the expressions is the product of the H.C.F. of 
these factors and the H.C F. of the quotients. 

(4) We may treat the divisor and the dividend, at any 
stage of the process, in the same way as the original expressions. 

Ex. 1. Find the H.C.F. of 9a'1+ 9a3+ 9a?—C7a and 6a5 
+ 18a* + 30a? +18a?, 

These expressions are equal to 9afa?4a?+a—3) and 
tia*(a3 + 30% + 5a +3) respectively. 

By the third rule of this Article, we may remove the factors 
Ya and Ga? whose A C.F. is 5a; we must now find the H.C.F. 
of a3 +a® +a—3 and 03 +3a? +5243, and multiply it by 3a. 

a'+ta?+a—5)a>+9u2 + 7a¢3¢1 
a>+ a?+ a—3 


W2at* + 4a+6 (Remove the factor 2 whichis not 
a2 +2a+3)a3+ a®t+a—3(a—1] a factor of the 
a? + Qa2 + 3a Dividend). 
—a?—2la—3 
—a?—2a—5 





a2 +2a4¢3 is the H.C.K. of at +a? +a—3 and a? + 3a? 
+ 9u+3. 
Hence the H.C.F. of the given expressions = da(a? + 2a + 3). 
Bx. 2. Find the H.C.B. of 243? —low+ 14 and #t—152? 
+ 282— J 2. 
To avoid fractions in the quotient we multiply the Jatter by 
2, since 2 is not a factor of the other expression. 
tm 10? + 262—12 
2 eee em ennnnmneeat 
2ri— Low + 14)2a4— 30x? + 56ea— ch(a 
2u*— Lda? + 142 


—3\— lie? + 422—24 (Divide by—3 which is not 
oui L4e td a factor of the divisor }e 
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Multiply each term of 225—152+14 by o which is not a 
factor of 52?— 142+ 8. 
50? — 142+ 8)102°—7or +70 (22 
102° — 28x? + 16.0 
7 282% —Yla+ 70 (Divide by 7). 
4.0% — 130 +10. 
Multiply or? —142 + 8 by 4 to avoid fractions in the quoticut 
422?—l32+ 10)202?—d6x + 32(5 


2022 = BF xv + 50 
99z—18 (Divide by 9. 
a—2)4a2 —13.v 4+ 10(40e—5 
4Ia2— Sr 
me Bae te 10 


— ove 10 


Therefore the H.C.F. is r—2. 


Ex. 3. Find che ECE. of dat — 902 + Gr—1 and bc? 
—Tr2 +1, 
In this case, it is advantageous to arrange the eapression: 
according to ascending powers of .. 
1—722 + Gr? )—14 Ga —Dx? + dot( —14 3 
—1l+70%?§—6r} 
Yr Ba— lbet + 62%+4a* (Divide by 2:), 
B— & + Bet+Qre 
& —2lr2 +13 
— Br — Se + 24rt%— 160 & (Divide by —Sz). 
l— 3a t+ lr? )l— Ta? + 629 (1 4+ 32 
i—3e + Qe? 
3a— Ont + Bae 
sr—Ox? +62" 


Therefore the H.U. PF. is 1-38. + 22?. 

87. H.C.F. of more than two expressions. 

If we have three expressions .{, B, C, first find the H.C.F'. 
of two of them, .f and B; let J) be the H.C.F.; then the H.C.F. 
of D and C is the H.C.F. of A, and (C. 

In the same way, we may find the H.C.F. of forr alge- 
braical expressions. 

Ex. Find the F.C.F. of a8? —?a4+2, at—4aed and a? 
~—6a?+lla—6G, 
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The If. C. F. of the first two is a—1, which is found to be 
a factor of the last; hence a—Il is the H.C.F. of the three 
expressions. 


EXERCISE 33. 


Wind the H.C.E. of :— 


1. 
& 
ow, 


be 


See 


H 


v0, 


Ll. 


Lz: 

De 
i4. 
15. 
16. 


17. 
18. 
19. 


at), 


out e 


ws +2 +ev—Band v2 4+ 3.02 +5r4+ 3. 
tt 3x3 +223 +4—)] and g—at—2x+ 2, 
225—Lla?—9 and 47° + lla! +81. 
323 — 13.22 + 238e%—21 and G3 +.7?—4-be4+ 21. 
Gxt + x3—aw and t+¢5—6r?—be4+ 3. 
3e°—1023 + lix+ 8 and 1°—22*—G6zn? + 40? + 1L32+6, 
w+ llw—Siand 2° + ]ler+ 12. 
Llet + 2425 +125 and wt + 247455. 
1—423 + 3x* and 1+ aw—r?— 2? + 40. 
12a? 2* + 120a' 2? —152a%v and 32273 —27asa? + 59u* x 
—Ilsa7z*, 
at— pr + (q— Dw? + pr—g and et—yr3 + (p— 1)? +97 
—p. 
292! + 5x3—wr—1 and 200! + r2—1. 
ri—Fxut+-6 and 62°—To?2 +1. 
PI tQ2—at land x? tar—l. 
pt pom ei— Het? and 5xt—2i— 7224+ 5a—2Q. 
azi+e2(b—a)—2 a?t+h+abjt+a(atb) and hz —w? 
(a + b—ab)—ar(at+ b—1)+ a?. 
l+a?¢ait and 1 +2u+a?—a*. 
see 7e2=—1LBe—S and Bae t—322—177—12, 
2x3 + 928u + ra?— 12u* and 2et + loxrta + 40220? 
+ 45¢a++18a!. 
H+ Det —oer— fet Sand 328§—5z'! — 1823 + ve? + Qae4 3. 
Le? —S23a2 + 250203 —Qhea'+24a> and Get+2br5a 
— 12x24? —2 bra? + 96a‘. 
wt ——Ja(a—b «2 + (a2 +b?)(a—b)r—u2 5? and x* — (a—L) 
x3 + (a—b)b?x—b*, 
ox? + (4a—2b) 2—2ab+a* and a + (2a—b)x? 
— (Zab—a? jx—a*b, 
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3 
25. a3 +3a8b+ 30l2 +43, a3 +a2b+ab2+b% and a*+a*b 
—abi—b>. 


26. w—9x? +262—24, 2?—1027 + 3le—30, and 23—112? 
+ 38e—40. 


27, 2t—Br—70, 2*—39xr+ 70 and #3—482+4+7. 
28. l—ia? +4a*, 14+ 22—327°—62' and 1+ 2%—4x5—S8z2x*. 
88. To find the C.F. of two expressions by destroying 
the highest and lowest terms alternately. 


Ex. 1. Fiud the H.C.F. of a'+2a3+2a+4+1 and a?~—a? 
—Tat3. 


Let at + 2u?+2a+1=A and a!~a?—70a4+3=B. 
The H.C.F. of .1 and B is a factor of A—Bxa=a* 


+ 20° + 2a + l—a(a'—a?—Ta+3)=3a'+7a2—u—1 (suppose 
this=C). 


The H.C.F. of .l and B isa factor of C~—38B=3a3 + 7a? 
—a—1—3(as—a?—fat3)= lO? +2a—1). 


Again the H.C.F. of A and Bis a factor of B+3C=a3 
—a—fa + 34+3(5a) + 7a? — a—1)=10a* + 20a?—10a = 10a 
(a? + 2a—1). 


D4. aa vat l—e—l and St 


We have shown that the H.C.F. of A and B is a factor of 
10(a? + 2a—1) and of 1Qu(u? + 2a—1), 


Since 10a is not common to them, a?+2a—1 is their 
ILCLE. 


Wx.,2. Find the H.C.F. of 2r'—21le?—9 and fr 
+ ]le' +381. 


lf 1) be their 11.C.k., then D is a factor of 4v*> + Llwt +SI1— 
2(2e°—lle? —9), ce, of LiCut + 22.249), ce, of ut +2? +9...(7). 

Again, Disa factor of 9 (2e>— lla? —9)+ (4r> + Lle' +81), 
é.e., Of Lle*(Qe'+e2—9), ve., of (Jui + 2?—9)...,(ii). Therefore 
Dis a factor of (1) and (it), &. itis a factor of their sum, «ec, 
of x?(v2 42243), Le, of v? + Qe+3. 


Since v? + 2x+ 3cannot be further resolved, Dew? ¢2ute. 
? 
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89. Miscellaneous examples. 

Ex. 1. What value of a will make 

2(a? +a)2* + (lla—2)a+ 4 and 2a +a*%)e5 + (lla? —2a)z? 
+(a*+ 5a)z+ 5a—1 have a common factor ? 

Divide the one expression by the other as in finding their 


H.C.F. 
2(a? + aja? + J2(a > +a%)13 + (lla? —2Qa)i 2 + (a? + bu)e + 50—1 
(lla—2)a+4 f2’a%+a* *)r8 + (la? —2ahe? + fen [ « oh 
(u?-+ada+t fia—l 
(a? + a)at Sa—TJ2(a? + a)v? + (la 2)at 4/20 
2(u® +a)? 4 10na—2Qe 
ane 4 





axt+ 4) (a? +a)x2+ 5a—I[atl 
(a? +a)a+ 4a 4 
ao 
In order that the expressions may have a common factor, 
the remainder a—5 must =0 “.a=». 


Ex.2. If w+p be a common factor of ax? + br+c and 
ez? +bx+a, find the value of p. 

Dividing or? + be +c by #+ , the remainder is ap?—lp +c. 
Since e+ yp is a factor of av?+be+e, this remainder ap2—bp 
+c=0,..(i). 


Again, dividing ca?+le+a by w+, the remainder is 


cp?—bpt+a. For the same reason, cp2?—bp +a=0...... (11). 
From (i) and (ii), we have p?(a—c) +c—a=0. 
a—c 


Apis ae “p=tl “ et1 isa factor of each of 


the expressions ea? + bet+cand cx? 4+- be +a, 
 atb+c=0, oratc=b.... ees 70 and 71). 


Bx. 3. Find the condition that av?+be+e¢ and dzrt+ez 
+f should have a common factor of the form a + p. 


The common factor of ax? + ba+ cand dx? + ev +f is a factor 
of d(ax? + bx + cj—a(dx? + ex+f), ¢.¢., of x(bd—ac) + cd—af...(i). 


Again, the common factor of aa?+ba+c and de3+er+f is 
a factor of f(ae? t+ bet+c)—c(de*+ex+f), we, of wx? (af—cd) 
+ 2(bf—ec). 
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Rejecting the factor x which is not a common factor of the 
given expressions, we have the common factor of the given 
expressions as a factor of w(af—cd)+bf—ec....,... (ii). 

It is clear that if the given expressions have a factor of the 
form z+p, it must be a factor of «(bd—ae) +cd—af and 


x(af—cd) + bf—ec, i.e. of (b1—ae)( re —— af 


\ bf—ec 
and (af—cd + = . 
und (af—ce i( c rare 


Therefore 2+p= ( wt ae = + (2-4 


bd— ae af—cd ° 
A cd—af _ bf—ec 
*" bd—ae af—cd 
the condition required. 


EXERCISE 34. 


lL. lfe+abethe H.C.F. of 29+p0+¢q andat+y'e4 q’, 
prove that (p—p')a=q—q’. 

2. Ifae?+pet+gqand «'+p'4#+9' have a common factor of 
the form «+a, shew that it is also a factor of pr?+(q—p')w—q’. 

3. Ifr+a bea common factor of 22+ pat 7 and 22 +rr+ », 
tind the value of a in terms of p, 4, 7 and s, 

lL. Jf x+a be the H.C.F. of 22-+-petq and 232+ 92+ , 
then either a+ 1=0 or p=q. 

Qo. If ci —pa? + gr—rand «'—p'e? + 4’ 2—r have a common 











» or (cd—af)? = (b/—ecac—bd) which is 


factor of the form z—a, then aria 

6. If the expressions av? —(3a +b)cr? + (a5 + bc?)z+d and 
bz? + (a—b)cv? + a(c? —a?)x—d have a common factor of the 
form pr? +qzx+7, prove that this factor is an exact square. 

7. Fiod the relation between a, b and cin order that aa$ 
+br+candcx*+bxz2+a may have » common factor of the 
form 27 +2+ 1. 

8. Ife+p be the H.C.F. of x? +azr+ub and 2? +cr+tlbe, 
shew that p=b. 

9 Ifctpbe the H.C.F. of vt+ax+ 5 and 2° + 2br4 va, 
b—3a 
a—2b 
6 


shew that p= 
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10. Ifw+abe the H.C.F. of 2% +mxz+1 and 2° +n2z +2, 

shew that a= Bs ; 
n—m 

ll. Ifaz*+be+c and ar*+(a+b)ut+a have a common 
factor of the form x+y, shew that euch of the expressions (a—c) 
X(6+c) and (a—6)(c—a) is an exact square. 

12. If «+ pbe acommon factor of +? + bz + cand 24+ azr+d, 
shew that it is a factor of be? + (c¢—a)z—d, 

13. If 22—3e4+a and «2+22+6a have a common factor, 
find it. 

14. What value of m will make #£3—(m—6)x? ~2mz+ 24 
and #3—(i + 3)c? —(2m—45)z—30 have a common factor ? 

15. For what value of a will a3—az?+19%—a—4 and 
vt—(a+1l)x*? + 23r—a—7 have a common factor ? 

16. Ifw'+pxt+g and a? +p'e+¢' have a common factor, 
then (q'—9)* + (p’—p)? (pq =p") = 0. 


CHAPTER XII. 
LOWEST COMMON MULTIPLE. 


90. When one algebraic expression contains another as a 
‘factor, the former is called a aultiple of the latter. 

‘The Lowest Common Mulliple of auy number of algebraic 
expressions, arranged according to powers of some common 
letter is the expression of the lowest degree in that letter, which 
is divisible by each of the expressions, without remainder. 

The term least common multiple is not appropriate in Algebra; 
for when numerical values are assigned tothe letters of the 
expressions, the numerical value of their L.C.M. is not neces- 
sarily the lL.C.M. of the values of the expressions. Therefore, 
the term Lowest Common Multiple should be preferred. 


91. L.C.M. of Simple Expressions, and of such Compound 
Expressions as can be easily resolved into factors. 

Rule.—‘‘ Find the T..C.M. of the numerical factors and 
after it write down all the factors that occur in the different 


expressions, raising each factor to the highest power to which 
it occurs in any of the expressions.” 


Bx. 1. Find the I..C.M. of 18a%b%c, 6a°b3d and 7a‘. 
The L.C.M. of 18,6 and 7 is 126. The different factors 


that occur are a, b, cand d; the highest power to which they 
occur are a*, b>. c and d5, 


Therefore 126a*b'cd* is the L.CO.M, 

Ex.2. Find the .0.M. of 7(@?—y?)?, 5@—y)? and 
21(e>—y?*). 

The L..C.M. of 7, 5 and 21 is 105; and (4?—y?)? =(x+ y)? 
x(e—my)® 5 and ay? = (x—y)(a* + ay +y?). 

The different factors are x+y, v—y and 27 +ay+ ¥?, 

Their highest powers are (w+ y)?, (r—y)? and 23+ zy+ y?, 
Therefore,the L.0.M. = 105(x + y)*(w—y)* (2? + ey + y?), 

EXERCISE 35. 

Find the L.C.M. of :— 

1. 382%a, Gety*z5 and 27xty*=*. 

2. 8a5b*c, 1Zabsc* and 20a*bc*, 
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3. hmv)? and 2b? + 2285, 
4, gt~4ot+3 and 23—2a—15, 
5, 23—a®, 2? —a"* and 2t*—a’. 
6. ena e?*+2e7—S and #24 70+ 12. 
. + (a+ bje tah, 2+ (b+c)et beand «2 + (e+ aetca. 
8. ie + (b—c)u—be, 2* + (e—a)z—ca and #* + (a—b)r—ab. 
9, Qat—a—l, 212 + 30+) and 4e!—Se2 +1. 
10. (a?—b*)*, (a3 —b*)* and (a! —b*+)(a—b)5. 
Ll. a?(b—c) +b? (cma) + cX(a—b) and (a—b)*+(b—c)’ 
+(c—a)?. 
12. aS—i',at+a7b? +h and (a+b+e)(ab+act bce)—abe. 
92. L.C.M. cf two Compound Expressicns. 
Rule.—*' Vivide either of the expressions by their H.C.F., 


and multiply the quotient by the other.” or * Vivide the pro- 
duct of the expressions by their TLC... and the quotient is 
their L.C.M."’ 

Let A and T bethe two eiven expressions, and J) their 
H.C.F. ; then .t=pland B= ql), where p and q have no common 
factor, since J) is the lnghest common tactor of A and B. 


The }.C.M. of pM and gq!) is clearly pal): but 





A Ax DB 
' ‘= sf I= se >— 
pghiepxqhaph F x B= i 
f; AX 
—/ WP=zgAz= ,beo 
come xX pD qA es 7 


This proves the rule. 
Note.—Since the L.C.M. of A and B= (.A~ B) divided by their H.C.F., 
£t follows that the product of Land B=thear HCI. x their L.C.ML, 


Bx. 1. Find the ILC.M. of a2—Se% 4 5a—1 and 28—2? 
—<z+i. 
Virst ex pression = («—1)4, 
Second expression = vw? (4—]l)—(e— lL) =e — 1) (a? — 1) 
=(«e#-1)%w-1). Therefore their H.C. -h is (7— 1)* 
__(@— 1)? (er 1)? (24+ ])_ Come ere 


Hence the L.C.M.= AO eM tes 
(2-1)? 
Ex. 2. Find the L.C.M. of 2? + 322—4e2—12 aud 23 +22" 
a go~ 2, 


First expression = «? (24 3) —4(e 4+ 9) (@? —4) (a+ 03) 
= (2 +2) 2—2)(2+ 3). 
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Second expression = x3 (z+ 2)— (w+ 2) = (#*—1)(# + 2) 
=(a+1)(7—l))(ea+2). Their H CF. isx+ 2. 


Hence the L.C.M, = @’° THe +3) (e*— 1) (e+ 2) 
e+2 
= (2? ~—4)(2+3)(e?—1), 


_ 93. Every Common Multiple of two algebraical expres- 
-Slons is a Multiple of their Lowest Common Multiple. 

I et A and B be the two expressions, and M their L.C.M., 
and let N denote any other common multiple. Suppose, if 
possible, that when N is divided by M there is a remainder RB ; 
q being the quotient. Then R= N—gM. 

Since A and 86 are factors of Wand N, therefore they are 
also factors of N—M, ae., of RL (Art. 84). 

Thus R is a multiple of A and B; but PB is of ‘uwer dimen- 
sions than 4/, which, by supposition, is their [1.C.M. This is 
subsurd ; hence there can be no remainder 7?; thatis, N isa 
multiple of A. 


94. LC.M. of three or more Compound Expressions. 

Find the I.C.M. of two of them (.land B). Tf Al be this 
L.C.M., then the L.C.M. of If and U is the L.C M. of A, B, 
and (. If N be this Ju.C.M., then the LC.M. of MV and Dis 
the 140.M. of J, B, C and D; and so on. 


Note. Weean easily deduce from the foregoing Articles inat 
_(1) The L-C.M. of two expressions is the H.C.F. of all 
their common multiples. 


(2) The H.C.F. of two expressions is the LC.M. of all 
their common factors. 

95. Miscellaneous Examples 

Ex lL. Ife+pbethe H.C.F. of a? +art+b and 2* +cx+d, 
she v that their L.C.M.=v8 +(at+ce—p)z? + (ac—p3)z + p(a—p) 
Xl(c—p . 

Dividing «? +av+b by « +p, the quotient i, a+a—p and 
the remainder is p?—ap + 6. 

Since a+ pis a factor of v2 +ar+b, the remainder p?—ap 
+bmur-t=0, 2. b=ap—p?=,(a—p). 

Again, dividing #4 +cz+dbyx+p, the quotient 13 +c—p 
and the remainder is p* —cp+ d. 

For the same reason, p?—cp+d=0. .d=cp—p"*=p(c—p). 
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We have «*+ae+b=(24+p)(ata—p) and «*+cr+d 
=(r+p)(r+c—p). The L.C.M. of the two expressions 

ae a—p)(«c* + CD + a) 

=(%+a—p)(a2+cx+cp—p*) °° d=p(c—p) 

= 25+ (a+c—p)x? + (ac—p?)rt+ p(a—p)(c—p). 

Ex. 2. The H.C.F. of two expressions is z—4; and their 
L,0.M. is 23 ~—90* +262—24 Find the expressions, 

The L.C.M. = #8 —92z? + 26¢—24= (x—2)(e—3)(a#—4). 

The H.C.F =¢—4.  .*. the product of the expressions = 
H.C.F. x L.0.M.=(a—4)(w—2)(@—3)(a—4) |aen- oi coe 

It is plain that each expression must contain a~—4 asa 
factor, ard that the other factors of the expressions must have- 
no common factor. ‘Therefore the expressions are (*— +)(w— 2) 
and (@—4)(7#—3); or 7—4 and (4—4)(x—2)(a—3). 


EXERCISE 38. 


(The student may, with advantage, find the l.C.M. of the 
expressions in Exercise 33). 
Find the L.C.M. of :— 


1. 6a3—lla? +0a—3 and 9a*—Y9a? + 5a—2Q. 

2. a3—On? + 26¢—24 and #§— 102? + 3512—30. 

de Lat + (2a—3b)e4 —(2b? + 3ab)a+3b* and 2x? — Ob— 2c) 
X#— doc. 

AL Axt+ 4a> +7224 Jlet+4and O2t +725 + 4r? +5242, 

&. 4a4+8a5+2la?+18a+27 and 3at+6a' + lia? + 16 
+24. 

6G. Get—1l2+3, 422?—42—3 and 622 + 25e¢—9Y. 

7. 6a%*—19a+ 10, 12a*—lla+2 and 8a? + 1l0a—3, 

& at—3a+20, a8—da412 and 3a8—ou? + 16. 


9, 25—Qet—z2—land 2° +2275 +2741. 
1. ab+ 2a?—3b?—4bc—ac—c? and 9ac + 2a? —d5ab + 4c? 
+8bc—12L?. wa - ( a 
ll. It the H.C F.and L.C M. of 4 and B bez and y¥ respec- 
ww 8 
tively,and ife+y=mat ap shew that 2° + 7° =m*a° +2. 
m m 


12. The L.C.M. of two quantities is #*—5a*x?+ 4a*, and 
their H.C.F. is z?—a? ; one of the quantities 18 #°—2az* —a*s 
+2a* ; find the other. 
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13. Ife+dbethe H.C.F. of s¢+a%+b and 2*+a’z+V’, 
prove that their L.C.M. is «° + (a+a’—d)c? + (aa’—d!)z 
+(a—d)(a’—d)d. 

14. If e@ be the H.C.F. of a and b, and y be their L.C.M., 
shew that a? + 6° + 2* + y? is the sum of two squares, 

15. Ife+pbe the H.C.F. of a?+azx+b and x? +cxr+b, 
their L,C.M, will be 2° + 7?(2a—p)+z2 fren} + o 

16. If 2*+n2e+1 ard ¢°+2xe?+1 have a common factor, 
determine ~ ; and then shew that the L.C.M. of these quantities 
is et —3a5 +2e%*+ 241, 

17. If the H.C.F. of two expressions be x—5 and their 
L.C.M. be #*— 1323 + 522— 60, find the expressions. 

18, Ifthe H.C.F. of two expressions be +4 and their 
L.C.M. be 7§—42?—177 + 60, find the expressions. 

19. If#+1 be the H.C.F. of two expressions and 2° + 6x2 
+ llz+6 he their L C.M., find the expressions. 

' 90. Ifa+dbethe H.C.F. of #2? +ar+ad and a22+cex+dcr, 
their L.C.M. will be 23 + 22(a+c)+acz. 

21. If e?+axv+b and #?+,¢@+¢q have acommor factor of 


the first degree, then their L.C.M.= 2’ 4 = 


+ fo (EI) "} wom 


22. If H,, H,, H,, be the H.C.F. of A ee B and C, 
C and A respectively, then the L.C.M. of .f, Band C= 


ABC 
x tt, B 
Hii, es 6: C. 


23) Of the H..C.F. of av? + 2b2 + cand ta? + 20x74 ¢ 18 of the 
for: a+p, shew that ther L.C.M. is (x—2)(av + 1)(b2 + 1). 


CHAPTER XIII. 
FRACTIONS. 


96. The fraction ; denotes that the unitis divided intu 


b equal parts, and that a parts of these are taken ; the fraction 


— denotes that the unit is divided into (a+z) equal parts, 


and that (a—.) of these are taken. 


In the fraction " a is ealled the numerator and b the 


denoniinaior. 
Every integer may be considered as a fraction with unity 


for its denominator; thus pat. 


97. The valucofa fraction is notalterad iftha numerator 
and denominator be divided or multiplied by the sam2 quantity. 


a a 

uw Qin au mM 4 
Thus ,=;>-->, =727. 
b- bm bn a b 


t 
ML 


Jt follows from this that we may change the signs of both 
numerator and denominator of a fraction without changing its 
value. 





Thus a_ax(—1)_ ii _ (a—2) (—1) 
b bKX(—1) bh? Qu—z (2a—z)(—1) 
a + v + ome | 


— wn 


—Ia+2 *—2a° 


98. A fraction is said to be in its simplest form, when its 
numerator and denominator have no common factor. 


Tinie for reducing a fraction fo its simplest form.— Divide 
both numerator and denominator by their H.U.F. ; the quotients 
are respectively the numerator and denominator of the reduced 
fraction.” 


XIII. | FRACTIONS. ' ~9 
Qal(u?—b*), . 
Ex. 1. Reduce Gia*b+ ab) to its lowest terms. 
Here 2b(a?—b?)  2abla + b* (a—b)__a—b 
6 a2b+ab*) Oab(i + b) 3 

The H C.F of the numerator and denominator being 2a5 
(a+ b). 

Ex.2. Reduce Vat + 24a* + 126 to its lowest terms. 


a*t +2404 55 
The H.C.F. of the numerator and denominator is a2 + 4a + Je 
Dividing both by it the quotients are lla?—20a+25 and 


dram tq + 1). 
2 * OF 
ence the fraction tn its lowest terms = me oun. 
a?—4a+11 


EXERCISE 37. 


Rednee to its lowest terms :-— 








l. ea? » 4a 2 it 
wt—agz Ya—a*” 
- a8 — be 4. 3ab— lia? 
her? + Gal b*— 16a? 
Se g zi tetgi ty 
J +l} aa 
- + Fm drt —  GCet—Te— 20° 
tPmret le br3 —27 rt 
(pa I Ww, = —6z? + 1hr—6 
ri— ber—vy 22— oe +2 
71. at— — th boy h td? 1. 6 Sy? +b 
at—Bub+ b 2s —gt—2+42 
'. 3 —1627 + 23r—6 1 Voy tay—y’ 
wei lle? + lie —6 ei ¢2etyity* * 
Lo. goat? : 1é. V—art tatr—a°* . 
Zee t+ dee— | yang * 
7, “2 88e+70 ig, * Wet + 1192-245 


(=e 7) 


~ 3a? —38e + 119 
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L5a3 + 3522 +32+7 


a O72* + 63x02 —122*§— 28s 
90. Qe3 + Bx%y + 16ry? + 1675 

Sx? +4ay—24y2? 
9} Ja%et—2ar?— | 


4a° 2° —2a* e*—3ax* +1" 
99 pa®> + 1l0at*x+ vase 
are +2a%ge? + 2ux® + 2° 
on 2a7b2 + 2b2c? + Qc2at*§—at—hi—c' 
a* + b%+ 2ab—c?* : 
o4 __ 2 +b3+¢8—3abe 
* (a—b)? + (b—c)* + (c—a)? 
Ox. (a—b)> + (b—ch3 + (-—a)* : 
a®(b—c)+ b*(c—a) +¢?(a—b) 
a?+ab+ac+be 

a*(b+c) +b3(c+a)+c3(a+b)+ 2abe 
(2a + b)8 — (a— 5b) ~(a + 2b)5 

(2a + b)(a + 2b) 7 
og {at b+c)§—a'—bi—c' 
(a+ b+c)(ab+act bc)—abe’ 
(ab—1)2 + (a+b—2)(a +b—2al) 
(abt t)t—(a4b)? 
30, ab+ 2a? — 3b? + 4be + ac—e? _ ; 
2a? —Quc—dab + 402 — 8bo—12b? 





99. To reduce fractions having different denominators to 
equivalent fractions having the same denominator. 


Rule.—“ Take as common denominator the L.C.M. of all 
denominators; divide this L,C.M. by each denominator in turn, 
and multiply the quotients by the corresponding numerators ; 
the products so obtained are the numerators of the equivalent 
fractions.” 


Note. Compare the corresponding rule in Arithmetic. 


Ex. 1. Reduce _ zu an Es to equivalent fractions 
22 Sry 6y? 


having a common denominator. 
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The L.C.M. of the denominators is 12zy°. 


Dividing this by each denominator in turn, the quotients 
are 6y*, 3y and 2x; multiplying these by the corresponding 
numerators, we get 6y?, Q9yand 102, Therefore the fractions 

6y3 Oy ni 10z 
lary?’ lQay? = ay? 


yy 3a Ab? 


. 2 Red See ees et peace | niva- 
Ex. 2 Serer piengs (a+b)? ‘ a—b)? ea 


lent fractions having a common denominator. 


are 


The first fraction may be written by changing the 





a2—b? 
signs of both numerator and denominator. 


The L.C.M. of the denominators is (a+b)? X(a—b)? ; 
dividing this by the corresponding denominators, we get a?—1’, 
(a—b)? and (a+ b)?. 


Therefore the required fractions are :— 
—2(a? —L9) | Ba(a—b)? ag eh (at b)? 
(a+ b)?(a—b)?” (at b)*(a— b)? (a+b)?(a—b)? 


EXERCISE 37-A. 


Reduce to equivalent fractions having a common denominator :— 





1%, iz » 1 lal. 

5], 9, BM 6122 er, z and : 
“ an ob Cc l l 
o> 9 — d . e aa a =e 4 . 
be ae a ab 7 abo ob and ac 

1 1 ] 
Ue sae pee, 
-1 ] 1 

G, fear setae Bee, aes d : 
" (a=b\b—0) (bee a) (a—byNa—e) 
ls l : an and - ; 

ab+b2) at—alh a?—tb- 
g. 1 1 


ee oe eda ie and 222:5. 
attabh+b?) at—alh+ b? 619 em fy 
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1 
ei Bet2’ 2 —dett 
7+] x? +) ve 
0. oa aire Sec ad 2 
w— lL? st+a+1 = w—1 


| a Af, ae eee 
attrabracte be b2 +ab+ ber ac c®§ +ab+ac+ bc 


} 


ons gi§—4x43 





wy . @ ee 
~ et—(a+ beta »*—(h+clae + be 


c—a 
ANG ee 
ri—-(c+ta)e+ca 


100. Addition and Subtraction of Fractions. 


Rule.—‘‘ Transform the fractions into equivalent one 
having a common denominator; then add or subtract th 
numerators, as the case may be, retaining the common denomi 
nator.” 


Bx. 1]. Find the som oi t anid : 
7 ) 


‘The common denominator is ab. 


tl eva as = _e. the stm = i fF UP a 
a ab bh ab ag oab ab 


j 2 
Ex. 2. Kind the suin of - and 


The common denominatu: is a2—2, 





. a. aa _aath) 2 a? +ab+ua? 
ab | 262 agt@—h2 othe ont — 
_ 2a? +al 
tds 
Ex.3. Simplify | *¢— 74 4" 
wma (8 +a ~t—q? 


Here the L.C.M. of the denominators is (wv? + a?)(2?—~<c 
= 2*—u* ; therefore the expres:ion 


_ (x +a)lat +47) (a +a)—(2? —a*\(e*—a*) + (2? +0*) (29 +: 
ct ao a * 
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= {(a' 4a + Yw2u? + Que? + 2a *a\—(a! + a'—2z2a?) 








: + (#1 +a* + 2707)’ —(1!—a*) 
_ ttt eax? +2 Qnie+ Grea? +1 
ginny! 
a+ ¢ b+e 


.4. Simplity — SAGeah 
Ex. 4. Simplity (u—h)\(w—a) (b—a)a—b) 


UE ee b+e 
(b—a)(a@— b) (a—b)i— by 
Therefore the L.C.M. of the denominators is (a—b)(2—a)(e—L) - 


Here + 


theretore the expression = \“~ ‘ tee es DEA @) 
(a—b)e- a)(a—b) 


aemab + c#—be— (ba—ab+ea—ar) 


= (a—b'i—ayi—b, 

_ nim—br—ls +ac w(a—b) + ca—b) 

= ab (r—u rls) ~ (a—bdy e—ajla—d, 
(a—h\. +r) $6 


= a—b) a—a)(a—bs (ay by 


EXERCISE 38 





Simplify — 
1+ ]l—, “ 2atob Za—3h 
oy p> eee 
Le wean? Lleate Ya—ob Yate Bb 
0” § . at?+h2 q—bh 
oO. mee -- Ts, t. ‘ Co ae 
Yatl 4et5 ort at—b* a+b 
—ma » 34 q? . it 9 
e}e soars - hs i ty = l : 
r um) og mar + gtl wt+e 
a ee ae a ‘ a a 
at—) lx Lt: atr amr at+a- 
9 ” ] | 
2a tl) Wal) 62-4: 
10 2 3 Ox — 3} ll a ah _ a 
Ya FD ya b) 3 (a 6)? ab 
12 1 2 1 
ade 


a Batts Sate ea) 
(4—2)(a—3) (@—1\(3—0) dem b)(a—2) 


"94, 


Lo 
oo 


iS 
= 


ww 
GH 


30, 
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(ae+b*)F8_aibio y4 _# 4 6 +e. 
a 








ab(a—b)? b ae+e> ate 
ety 2 emmy yg 1 4 2 oe 
yo aety wy—ys Ze+ty 2a—y 428 —y? 
1 ] 

(a+lyet2) (Wt l(et2ner3) 
ee en ee 
le (G—a)? G—«)* (l—a)* 

x x? we? 
ior ol bea 

ae eee ee 
Qa—2z) Yatl) 3441)? 

] 2 2 1 
at} ge—l wel w+?’ 
— eel Or +2) _ to 
(@+2)(at+5) (2@+5)(e—1l) (e—1)(a—2) 

a* —be b? —ra c?—ab 


(at+b)(ate) (b+e)bt+ay (cta)(etb)y 
Sg 
atl b+e cta 
1 l ] 

w--Bad 2 w®@—Sed 6 a*—Bet 15 
Pe ea gp re 
ltotu? le-ete? ltr? tet’ 

Coal) are el 9 ae go Oe) * 2 
(b—c)(ec—u) (a—b)(e—a) (a—b)(b—c) 

Toy, 7 ar 
(a—a)i * (@—a)*” (e—ay*” 
3+2a %—3a 16a—a? 
a i ek aeeeerne 2a% 
Itatat+a? l—q—qi+a? l—gtogiga™ 
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101. Multiplication and Division of Fractions. 

I. To multiply two or more fractions :— 

Rule.—‘* Multiply the numerators of the fractions together 
for a new numerator and the denominators together for a new 
denominator aud reduce the resulting fraction to its lowest 
terms.” 





; 24,2 b 
-1. Maltiply * 72 by —%+ 
Ex. 1 oD ay ’y (ab) 
at—b* ath _(a*—b*)(a+b)_(a+b\(atb)_(atb)* 
4 (a—b)? 4(a— 6b)? 4(a—b)  — 4(a—b) 
ae — 8 (a+b)? 


Ex. 2. Multiply 





a+b) 7 (@—b)* 
(a* —b*)(a+b)? __(a—b)(a? +ab+ b?)(a + b)? 
(a3 +b*)(a—b)? (a+b)(a?—ab+ b?) (a—b)? 
™ (a3 + ab + L2)(at+b) a + 2a2b +2ab? +b? 


—— 


Product = 











Cee Ce cee nn 
e 


(a2?—ab+b?)(a—b) a> —2a?b+ 2ab?—d 

II. To divide one fraction by another :— 

Rule.— Invert the Divisor and proceed asin Multipli- 
cation.” 

2. },2 — 

Ex. 1. Divide “— y coe 
a?—b? 3a+6b_ (a+b) (a—b)3(a+2l) 
u+2b~ a-b = (a+2b)(a—b) 

= 3(a +b). 


Quotient = 





a ai +3 a*—ab+ bh? 
Ex. 2. JDivide - 3 h3 b sear aa 

a’ +08 a—b' 

ai — bs XQ —ab+b? 

_ (a+ b)(a?—ab+b*)(a—l) _ a+b 

~ (a—b)(a? +abt b?)(a?—ab4b*) u*+ab+ bh?" 


a 


Quotient = 


: b a. a doa 
Nile ripe gene 
a baeae 

and a > c 1*b” b- 


c 
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2) 
The expression vw? +1— —~~is a mized fraction ; 
x 


+] 











and isa complex fraction. Thelatteris simplified thus: 
b+ 
de 
f 
The fraction=—2 = : 
b+ --- J greats 
dj +e df a a 
] 
a — Adf+oOo _—  adftae 


ome 


“Mca by ee 
df +e 

Wd. To find the H.C. and IL CM. of two or more fractions .— 

Rule.-—“*The H.C F. of two or more fractions in their lowest 


the H.C.F. of numerators anda TuCOAT GP iwone 
the L.C.M. of denomimators’ * _ * 
_the L.C M. of nnumerators 


more fractions in their lowest terins== snot! baton 
the H.C... of denominators 


terms = 


2 f2 3 
Ex. Find the H.C.F.and L.C.M. of ° , = “'. Here the 
be hCae ab 
fractions are in their lowest terms. 


__ the H.C.F. of a?, b3 and ¢’ J 








Same N SRY aE can 
Their L.C.M. = *he L-C.M, of a, b¢ and e* _athtes 
the H.C.BF. of be, acandab” 
=arb2c?, 
cis EXERCISE 39. 
implify :—- 
1. at—b" a a—b 0. arb! : a? + b? 
(a+b?  ab+ 6? a*—2ub+b2 > a—b- 
“ 2? —9r+ 20)? —13e+ 42 4 (1—"=")y (24 2h 
a xa?*—bx cc? —-5x ; a+b ~ ab) ° 
at'—e* at—b? ax 
a eo ae eee (« ary 


XIIT.} FRACTIONS. 


6 (az) ,_ eater) 
" ai?-+Qaxrt+ x? urt—2axr+ et 


a b\.f a ‘ 

(4; ata3)t (- at -3): 
b—a b—a 

&. + ——._ j=[(1l— nae 
(a inst) ( "14 ab 

Q (2284279) = +(2*9- wy 

“" Nagy arty “ey 


1, (22 +o \+(E + y? ety? 
: (a w? +y? = —y? ee) 


] 1 -fl_ 1 52 + ¢2 — a2 
= { (ot esa) : e vez) } {14 ~ 2Qbe i. 


l . 4d Qat+b )3 ( a ) 
9, a, 13. oe — eal — * 
1 ao. ee atb l . : a+b 
y 





ba | 

















2+ 
yr. 


Qab . fat—b*® ,, 
Li ( ee) = ( aaa an ). 
5 (oreo - (es ae ae 
] {a Abe Pp ry b l 5 
12 —¢2— 2)? 
" t oan “Ghee Je fern (e-ae} 
17, faite’ _a knee ce {ou 
" Uat=rt a? - 8 § as +48 at 
< b?\ . fu* bt 
18. (G+ 14° ale aye cats +1+ ~ ). 
—b , b-c\. ¢ (a— b)(b—c) 
9 (°= 4) ta biG): 
ltab’ t¢ke/)” U (l+abNi be) 
; 2c? 
2(a—b)+ 


c*b 
Ct tras 
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Find the H.C.F. and L.C.M., of :-— 





91. a?—b? gi—p? a*-—b* 
a+b’ a—b  } a®+b?° 

99, we+8 8k ig Bite? 
(e+2)° (241)? — a®#— 42-12" 

gg, “ol at—Batl gy _at—a 
(a*+1)?” aS +) ai +2q?+a' 

24, a’(b—¢) b§(c—a) d_ c8(a—b) 


bc(a+ b)\(b+c) ac(bte\(c+a) ab(a+b)(c+a)” 
102. The following results are important, and the student 
is required to work out and verify each. 


1 1] ] 
" (a—b)(a—c)  (b—ay(b -0) "Oe 
ete 
(a= Dac —a)(b— a) ea) ye (c—b) 
> a ae Ae Ee =) = 
" (a—b\Xa—e) (b—a)(b—c)  (c—a)(c—b) 
be ac abo 
ss DEA) C—O c) tenet) 
,3 U8 
Bx = b < 
= (a— ee a (6—a)(b— ye Eee b) Pate 
a* h* j c* 
de _— = = RR SEY EELS eee Ge L? n2 
US Giga (eaheay Gaal ay 
+abtacthee 


Ex. 1. Simplify :— 
fb+e a 5 apo 
(2a—b)(a—c) (b—a)(b—c) (e—a)(e—b) 


iexpression = atb+e—a a, atbtc—b atb+e- 


(a — c) (b—a)(b-c) ie ili 
/ l ee 
=(it b+ c) cpg Wae-at ea 


a b 6 
9 Gane=e =a ETH 
=(a+0+c)(0)—(0)=9...(using 1 and 2). 
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Ex. 2. Simplify :— 





eee, eee career eee + a Se 
(t—al(a—b)\(a—c) (a—b)(b—a)(be-c) (x—c)(c—a)(c— b)" 
Expression =. — — l § (@—b) (z@—c) 


(r—a)(2—b)(e—c) U(a—b)(a—c) 
+ (@—a)(e—c) , (# (%—a)(a—bd) 
en (c—a) (c—b) 
o> ae i ge, erecta a f ; 

(a—u). “gazal* Sc cliladl + two similar terms } 
b+c at ; a) be 
eda. bac) +two similar ey + a Neer 

+ two similar terms | 


] 2 
a ea menagerie pace ’ Q? 71e) 
(e2ae= en [ew {oy xf +)] 
"ee esa eee 
Ex. 3. Simplify :— 
(a+¥)s_  (b+1)? (ee ys 
(a—b)(a -c) (b—ua)(b—c) (c~apie -b) 
ree ( a? 7 
Expression = ore 
+ two similar terms ; +3 i 
%— 


+ two similar ba 


’ a? 
Ot eres 


+ twosimilar terms } + f 
U(a-b 


Hex ¢) 


ya ¢) +two similar terns 


=(a+b+c)+3X14+3 x04+0=a+b4+¢45 (using 1, 2, 3, 5). 
EXERCISE 40. 


Simplify :— 
, , ede (641) (c+ 1)? 
(a—b)(a -c) (b—a)ib-c) (e—-a)(e—b) 
_ a —be b?—ac a. eas 
' (a—b)(a—c) (b—a)(b—r) (c—a)(e—b) 


a? +1] be] one eth 
" (a—b) (a—c) 1 -ay5~ ¢) ' (ec -a)(c—b) 


168 


10. 


1]. 


14. 


15. 


16. 


17. 


(a—xha—b)(a—c) 
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na? + mic nb* + mac ne? -+- mba 
 (a—bY(a -c) (b—a)(b—c)  (c—a)(e—by 
b2 + re c? +a?* a® +b? 
(a—6u—c)  (6—ay(b—c)  (e—a(e—b) 
a(b+c) b(a+c) c(a+b) 
" «a—by(a—c) (b -uy(b—c) (e—a)(c—b) 
(a+2)(a+3)  (b+2)(b+3) , (c+2)(c+3) 
(a—b)(a—c) (6—a)(b—c) (c—a)(e—b) 
a®+a+1 b7+6+1— c2?+c+] 
(a—b)(a—c)  (b=c)(b—a)  (c—ayio—b) 
as +] ae bs +1 c+] 
(a—b)\(a—c) (YU—a)b—c) (c—a)(c—b) 
at +1 Att et*+1 
(a —b)(a —c) (u—a)(b—c) (c—a)\(c— by 
l e 1 
(a—Lyseebyia cy (6 yb -ayb-e) 
] 
(c lj(e—ane -by 
ee eel ee ee 
a(a—bya—c) b(bh—a)(b—c) ee—a)(e—by 
1 1 


 @taiu—bylu-0) * G4 HU OC 0) 


1 
“(C4 DC@a) Gt) 
i: ee 
(a—1)(a—l) (a—c) (b— 1) (b—a) (6-0) 


+ Ret coe a 
(c—1)(e—a)c—b) 


- ——- + the other two similar terms, 
(a—1)(a—b)(a—c) 
2 + the other two similar terms. 


a b) ars 4+ the other two similar terms, 
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a’ ae 
. —— — —,——. + the other two similar terms. 
(a— es mee c) 
at a. 
+ + the other two similar terms. 
"© aa d\(a=<) 
20. » Cae the other two similar terms. 
103. Miscellaneous Examples. 
The methods employed in the following evamples will help 
the student in simplifying many difficult expressions. 
a—b b—c To ra 
(%-—a)(e—b) e =o -c) ( —¢)(e@—a) 
a-b —_a—b—(e-a)_ 1 a 


1. Simplify — 





Now Se eet ee eee a 
(e—a)(e -b) (e—a) (w—b) 2 rb 
h—c _r-e—(r—b)_ 1 1 
(a — 2 b)(e—c) (2—b)(z—c) w—b a—e 
C—Ga4 _t—4—(B—C) i. 1 
(e-eluw-a) (e—r)(e—-a) @— ~~ a—6 
1 1 H i 
-» the whole expression = =~ L ves 
“-ad bt yb 2-6 
+ - L sss IN ee ° 
L—-C &£-a 
Note Hach fraction is resolved into two partial fra ‘tions 
sc et ee ee 


2. Simplify eer 


b+ cta atb 
ne b C 
rhe numerator= —— + J] +—— +14 +1 , 
Ss eta a+b 


(splitting 3 into 3 ones) 
erate es bre arbre 
b+e c+a a+ 





] 1 1 
gant (5 ee eee 
(a+0+¢) Tersures) 
1 1 1 
at+b+c Ge PRR aN 
3% th : = ) b+c¢ bye che atk 
0 expression = p> in i =atb+e- ? 
b+e cta atb 
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3 ¢: : a*-—-(b—c)? b?—(a—c)* _ c?~—(a—b)? 
eymphity (a+c)*—l?* G@4pb)e—et be 
Ex on SS -—  o  e, 
ro (a-Fe+b\a+o—b)* (a+b +e\atb—) 
(e-+a—b)(c—a+b) 
(6+c+a)(b+c—a) 
—ttb—c,b—ate eta -b _atb—etb—atct+ct+a—b 
atb+c atbt+te atht+e atb+e 
_atbec 
= =1. 
atb+c 


4 Saplite en (oe ==" b? +4 ¢% — 92 
woplity (w+!) (“STE ) +40) ae) 


+ (¢+a) ("="). 


Zac 








= 





. lo 1] 
E —{ + ey 2 22). — >} — 
xpression (5+ xi) Cl et Se (a+ =) 


1 
2c 
= 5 (a27+b4¢—c? +c? 402-1?) + pr tlm b?+c* -u*) 


X (0? +c7--0?) + ( + ge )(ct Hato) 


+50" +c°—artc*? +a?—bh*) 
1 1 4)),2 1 é\o- 
= (da*) + yA + 5,( °° y=athee 
©. Simphfy :— 
a3 (cy—bz)* + b?(az— cz)? + c*(ba—ay)* 
hea ®(cy — bz) + acy*(az— cu) + abz?(bi—ay) 
Numerator = (acy —abz)* + (abz —ber)® + (ber--acy)5. 
Since acy —abz + abz— bes + ber --acy= 0 
es (acy—abla)® + (abz—ber)® + (ber —ary)5 = S(ucy -abep 
X (abz— ber )(be: —ucy)==3abe(cy — bz)(az— cx) (ba —ay). 


e — bz me ee 
Denominator = a2l2¢?..2 (2 )+ a*h?e2y2 (see 
a*bc b?ac¢ 


+ a*h*e*s (2581) = atiter fi(¥—*) + (E-' 
c7ab (a*\t cf O8\c a 


ali-$)} 
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= q2}2-2 f 29 \ (¥_* \ f %®_2 
ee G aT¢ CG *) 


 PAG—7) + g(r p) + 1? (p— a) = (P—V(q—1)(p—7)] 
= (br—ay)(cy— bz)(cu—az) 
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“. the given expression = abe coe) (ae ne) Cay) 
(ba—ay) (cy bz) (cv— az) 
= — abe. 
6. Simplify :— 
1 1 1 
pabees ie c &e. 
(at (ard) (ut+2(a+3)* (at3\ae4) 
v ° ] l 
‘ak ’ hav “oO 
(‘aking the first two, we have Pes CEDIM CET CES) 3) 
_  at3t¢at+l _ = Aa+2) 2 2 : 
(a+ 1l)(a+2)(at+3) (a+ l\ar+2)(u+3) (a+ 1)(at+3) 


Taking es — and Sone —___., we have 2 
(a+ 1)(a +3) (9+ 5)(a+ 4.) (a+ 1l)\(a+3) 
_ %2a+8+a+1 (a +3) 


(a+3)(a+4) (atlj(ut3\at+4) (atljataat 4d) 


= eee ; Rob age alt d -. 
(at+1j(a+4) Taking this and the fourth term, vi 


—_________, we can shew that the sum = —— ss o 
(at+4)(a+ 5) (a+ l)(atd) 
ies 
Similarly the sum of five terms= 


‘ — andthe sum 
(a+ l)a+6) 
of 2 terms = = 


(at l\(atnt+ly 
EXERCISE 41. 


Simplify : - 
ol Ba ge ee 
(a+ 2)(b+2) (GF2Neresy) (C+ Zatz) 
b a® —j}% 


ator be -¢4 =o eas -a? _ 
(a*+1)(b27+1) (0? 4+))(c2 +1) (c2+1)at+l) 
% 2a—33 2e—-5 2r -4 

" (w—1)(e—2) (w -2)@ -3) (Ge —BMe 1) 


To4 


wwf 
s 


a 


2) 


10, 


1}. 


12. 


13. 


14. 


16, 


(a+b), 
ab 
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— be b? —ac c2?—ab 
Peay tess * Sabre) Core ray, 
a-—c b—a c—b 
(a—b)(b—c) (b—c)(c—a)  (C—a)(a—b) 
4—a—b a+c—4 + c—h 
(2—a)2—b) (2—-a)(2—c) (2—b)(2—c) 
2 
+. +a+b+e 
z—-a a—b a-e 
a eee 
z—-a 2-b x-c 
REY YT Ete oe Ni 
omy yor sme gy eae aa eb 
ar ane a ee aS 
e-YyY Yrs 2-2 £—-C G-a 2z2-—b 


a-b+e aed a a3 
ap-b+c+d atb+c a+b 

sha as a 
Seed we 
piri 


eed eS pa 
Ita, “#@+a, ‘+a, e+, 

1 l 1 1 
cee, hi ate, eed 
—(2—1)? | 2*—(e¢*—1)? , 23(x—1)*?—1 
(2®4+1)?—a2  22(e2+1)?—1) 2*—(e@+1)* 
x? —(a—b)? a?—(e—b)? | b?—(¢—a)* 
(x+b)*—at (x+a)*—b? (a+b)*—2z? , 
(w+ 2y)*—y? , (ey)? — fy? , (2+ Sy)? —y? | 
(a+y)*—4y* (e—2y)?—y* = (2e+y)? — By? 


2472 ot) F(t 40% a") + CHa 
ca 
(c* +a" —b), 
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17. sal : a + b?—c*) + ate +c%—a*) + in, 
(c? +a°—bS). 
c* +a? 
67a? 
(ct +a*—d*). 


18, es (a' +b* aie ; 


(bt +¢4*—a*) + — 
19 2 ee ae 
a4(b—c) tyb4(c—a) +c7(a— 6) ; 
a?(b—c)? +b5(e—a)3 + c3(a—b)* 


eu a3(b—r)+ b3(c—a)+«3(a—b) 
OL, (b+ c—2a;? (cta—2b)? _ 
(a+6 -2e)(et+a—2b) (ut b—2)(b+ c—2a) 
(a+b—2c)* 


(c+a—2b)(b+ c—2e) 


1 1 ‘(1-} 1} 1 
a d ~)+ yt! () 3) 








] ol Lol 
b{-— +te(-— 
a( ye (; ) “(5 ») 
v3» a> (64 -—¢?) + 63 (¢c? —a?)+c%(a?—b?) 
ub(a--b)+ be(b ¢)+ca(e—a) 
1 ] l 
24. Sie ee 
. (c+ 1])(2 e+ l)” (Qa ly derl) (Set l)(te+ 1) 


1 


+ -- f . What isthe sum of 2 terms of the above ? 
(42+ 1)(0e+ 1) 


CHAPTER XIV. 
IDENTITIES AND FRACTIONS—Continued. 


104. If two algebraic expressions are identically equal for 
all values of the letters x, y, &c., involved in them, then the 
co-efficients of the like powers of x, y, &e., in each expression 
are equal. 

_TE pat qy=ax-+ by for all values of e‘and y, then p==a and 
—=0, 


Since pz+qy=ae+ by for all values of x, it must be true 
when z=0, “ qy=by, ..qg=band .. p=a. 

If A+ Br+ Cx? + Dz? +&e. =a+br+cx?+de 3+ &e., for 
all values of a, then A=a, B=b, C=c, D=d, &e. 

Since it is true for all values of @, it must be true when 
a=. 

& Aza © Brt-Cx?+Dzr*+ &e.=le+cx?+dz + &. 
Dividing both sides by z, B+Cr+ Dz? +h&e.=)+ca+ dz? + &e, 
By putting z=0, it may be shewn that B=l; similarly C=c, 
and soon. Thisis the Principle of Indeterminate Co-efficients. 

rote.—If a,+a,a+a,2°+&e.=0 for all values of a, then a,=0, 
a, =0,a,=0, dc. 


105. Application of the above Principle. 


Ex. 1. To resolve into two partial fractions. 


2 
(x-~1)(x -3) 
2 _ A B 
et woe) eh ee where A and & do not con- 
i 2 A(r—31+ Bia -1) 
NCW ee ee 
fain z a Dien) (s-T)Ge3) 
“. 2=A(e—3)+ Ble—1). Since this is true for all values 
cf z, it must be true when w=1, ©. 2=.1(1--3), 0. 2= —24, 
eo A=—1. Similarly when a=5, B=1. 
eee ee a 
(@—1(e—3) ew —-l' a -3 
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(a—1)(a—2)(a— 3=3)! tial 
fractions, 


Let Te AR ae 8 ee: 
 GaNG=tG@=0) 621 se eas 
and Cdo not contain 2 Then we have r*=A(z—2)(x—3) 
+ B(2—1)(7—3) + C(1—1)(2—2). 
Since this is trae for all values of 2, it must be true when 
e=1, “© Il=A(l—2\l—3), & L=24, & A=}. 
Similarly, when r=2,4=BR(2 12 3), *% B= 4. 


And when r=3,9=C(3 1903 2) “ue. 
ae | 4. 9 


Qo @o@o3 Bel) a 2 Bens) 


Note.—The student is referred to Chapters XVIT and XXX for more 
examples of the Application of this Principle. 


EXERCISE 42. 


Resolve each of the following into two partial fractions -— 


(z—a)e bi " (@ Aletey 
3 Zz 4 ee me Gi 
(at Bet Z) "gg FN 
5. x rf or = pe + +q 


(Qe—1)(Be—-1) wt -(a t+ by? . (w+ a)(v+ 6) 


Resolve each of the following into three partial fractions :— 


38 y ae? + ber+c 

(a+) ya +2)e+ 3) " (2z—pya—gya—r) 

10y?—4ly+ 30 2a? -10x+14 

(y-- ny 2g 3 " (#—2)(x- 3)(z- 4) 
12a? + 732+ 106 


"(w+ 2)(0 +4)(a +3)" 


ALOR ALGEBRA. [CHAP. 


106. Examples workedzout. 
L. Ify =, shew that “to, 2420 =a, 
a 

















+b —2a a— 
r+2a i ae ee —— 
a—9a 2—-2b  2x—2a —2b 
Bic Ab b 
— 1 ] —- 9 (2 
ers r—2a segs e—2b as Jat a) 
soa axv—2ab+ba—2abY 944 F e(a+b)—4ab 
(v—2a)(w~—2b) J (w— 2a)(2 — 2b) 
we aN ere sob) __, jf tebe 4ab— 4ab 
=2+h ie in +4 (w— 2a)(e— (x— 2a)(w@— 2b) 
(v—Za)(e-- 26) 
C 0 V 
=) 4 Pte =— 2? O=— 
- r| (> — 2a) —2h)) + 
2. Find the value of — eloe=)) when «~ = atabyt 
(x—a—b)? a+b 
ah +? ath)? deca 1? 
a+b ath a+b 
‘ L? 
oat a ee aes (1). 
hiatb)-u? er - a? 
= Eee, aks ee b= o 2 oe cee . 
a+b ath ss atl (2) 
2 2 — ’ 
Again » = ee ee eas! =a+thb firey 
rh ; 24,2 
ps -— f -b=>-- : mee (i- f ~/ 2 of eae t 
w ! ram) q y) Guns 3). 
From (1), (2) and: eae -h) a? ha ath? 











—na -h)é ~ pb a+b” (a+b) 
an UT glatby® 1: 
(a+b)? arp? 
b4+3a _a+3d 
c+3b b+38e 
b+ 3a_Vac+3a_Jfa(J/er+3/a) Ja seeeeatl): 


NOW ——— =  - . 
C+3b  ot3Vac Velvet 3/a) Jc 


Again —— paals . = a+ Wace _ Ja(Jat B/C) ave se »(2). 


b+3¢~ Wack 3c VC/at3/c) Ve 


3. Ifs = uc, shew that 
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XIV. | 
b+3a a+3h are each equal to vs , therefore, 


Since hoa) b+ 30 


b+3a _at 3b 








c+3l) Ob +8c° 
4, If Pe ate , Shew that eae aud Pare ; 
c b— b b—ar it boothe 


] a+b ae ie ab=e(a +b). 


=ah--actbe 


-b—ab=act be -. 
} = h -1N 


e 
i— 


eb—ac=ab+be= Wate) 
aeer 


otlate 
°° = U—ae_ 


Again since b=ali+or+ bi, ee b-hesalhturczath+ c) 


L—he ol hte 
ee a= ee — -~—— 
b+te Mm bm fie 
» Ifie= a —_ nee and: =! "| shew that 4 
Leas J L +n ‘ ” lter ; y 
+r ys. 
a b hi cC Cc ud 


NOW le alae wre: Veh ions 


a—b | b—-ata~-c, ec iu 
ad EGET OE ilind sae os 
L+ub 1+ br l-+eea 


é 


1 1) , 1 
=(a—b eee me ieee Ma eteee ie etee 
(« tiga eve aes eee 
b(c- wt) c(b—a) 
— — — = (lt }——_—_ ——___ 
(« Neate) ve it can tbe) 
aa 2 ag ee 
(1 + bc) l+ab iteas 
b--¢ >) 


—(a— bem) Fb 
l+bo U(L+ab)(iten)S 


— _(a—b)(b—e)(c—a)  _ 
(L+ab)(it+be\l+ea) °°" 
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EXERCISE 43 
Find the value of :—- 
] Ge) Tu) when: = 2ah 
(v—a)(e—b) atl 
? ae 1—2a = ab 
2 =) when ea) 
» (era) ® + -2a+h ery: 
o) (=) erPeae)) when : = ms ‘ 
a(a—c) he soi ac 
+4. G20Gto. eee 
»—2a\3 1 —4a+ 20 
5 (LOR) a pwhen =a+! 
* (=) tb du ae an a 
(a—+)(b— +) 1 7 ab—cd 
6. conde) en reer s 
a. Be jess } when += Pah 
r—a ib b ath 
(x -ay(i— IN + 2+ 25) Son =2(ut! 
“(oe Bayle + 2b) a i) aaa 2(a +b). 
J. (=a — Ce * when pela Fhe 
(«-—a—b)(b a+b 
ita ccsare azah 
~~ F7. } pee Ee 
10, sare when (= — 5, 
bi—a _ ar +b? 
il. ay when += a 
2 ee (4) h elle? +c(d+d*) 
= ( ¢aa)\-a) SO 3(c+d)_ 
’ mae i (tab a+b 
13 y? Saari eMart and ¥= pont 
(+¢2a. t—2a Aah ah 
one b Denhaleaeny 
14, ye, Oba 72 4pa en t aa, 
= ese) ai 
aye a — when .= —~—. 
(=a)a—l) (:=b)(a—b) agra as 
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l 1 a—b l 
wie ieke se ee = z 
a 2a oe xz? —ab Dees om rt 
2a 2b 
17, Be Oe) en en itbterd 
(pe—a—c)(qz—c—d) p+ 
18. (a+b)(x—-a)(b-- 7) _ ab 
ab(2Zu—a—b) vee a+b 
19. 2? + ?@— 2 att b2— yp? L? 4g? —a? _ 
a 5 See vai + Die when r=a+b-. 
wty—l a+) ab +a 
20. ceca ]  =——— = — <6 
ge a 
Shew that— 





= a as: * 6 eae ee. imei bce 


: 2be+ (UL? +o? —a?) s(s—a) 
1. if W=aty+te. 
2be— (lb? +c? — a?) (s—b)(s- c) aa ee 


= (TET ie -iNa era wore ; 
=1(24142) , 
es 
ee er aes ee are =i (p2+-, )- 
u? ob « a y 2 p 
p 
, : 1 vif. 


ey +H 
mn ww) ula 2) n(e—«t) 


=" On —2+a). 
ait 


: ” 
5, LEONE WO) stag ee and y= salle 
(y—a)(y—b) y pe ath 


107. Examples worked out. 
1. Ifatb+c=0, shew that— 


- |] 1 11,1 1 
. — rt = == —— tats 7? 
; at ist een oY wi) (; = it) ™ * pa 
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1 1 
OG mre ten a ee b3 ces 
: _=0. 


. a 
(iv) 2a a rag 2)? + ac + 53 + fan 


(i) iit, 1ictath_ OL : seathb+c=0); 
ab be ae ale abe 
5 1 1 . 1 1 ] (: 1 ] 
ah ac = t+ +2 (Ot + 
Oy 6 b¢ ae 63° 20F ab itn) 


1] ] 1 1 1 : 
= . oe aie ae oe 1. 
at + Bite * ab + uc 3 be Ofby (i 


a 1 1 1 \3 
From this we may deduce (- — + + -—— 
a-b b—c c-a 
1 ] ] 
<n — ——— fe -~ ——_, 
Gaus b= (c—a)? 
(iii) Sinceatl+cec=0 6% atb=—c % (a+b)? =c?. 
oe 2+)? 4+ 2ahb=e4 Sat th? ¢F=—2al. 
Similarly L2+¢? —a?==—2le and c# +a? -L?= -Qea. 
l 1 1 
* H ogee re seas aes epee eG ) eet ae es 
pore a2+b%—c*# b2?+¢%~—a?2 Ae ad Zab 
11 lj1,_l = | Na 1 
we ee ef t+ ft 1K OY - S =0 by 
2ie  2ca aap be ac ab as” be iby (WU), 
(iv) Since a+l+c=0, “ a=—(bte). 2. a®=—a(lbte) 
+a? +be=a?t+be--a(btc). 2.2? bez a? + be 
—ab—ac=a(u—b)—c(a -b)=(a—b)(a—c). 
Similarly 2)% +ae=(b—a)(b—c) and 2c? +al=(c—a) 


x (e—Db). 


a b cL 
renee or ee aia Set fab bare) 
: = 0 [by (2) of Art. 102]. 


*G=aan een 


g- if - 1, 1 pi : =» then shew that 
ey c athb+ 


(i) a=—b), or ne or c=—a; 





XIV | IDENTITIES AND FRACTIONS, 113 


ae ee a 1 | a oe 1 : 
Da gs eh ga brees (ii) +t 5s sa tbe ges? 
1 ] 1 
and generally (iv) —— rs a se ars org sams i 
Vi Bek. Sk 


Si ate 
a bc atb+e 





. a+ bet+ac I  (at+b+r)(abt+act be) =abe 


ae AD ee re a ee 
ee 


abc atbt+ce 
& (atb+c)(ab+act+be)—abc=9  &. (at+b)(b+c)(ct+ta)=0 


* atl=0 S.a=—/; or b+c=0, % b=—c; or cta=0 
os c=~—ad,. 





(ii) We have shewn thata=—4t © aS =—U8 


a ee | 
= eet pe ps stints “> a+ $+c¢5 





a°+b?=0 
Qi) Sincea=—b a? =—/ 
1 1,1 Bo: al ] 
- tL oo = oe Se = — o* 5 $s = : 
18 b> GS b? aac a+b 240? ai + 0 
(iv) Since a=—), . a?®t} =—)2"*) ++ 2n+1 is odd. 


7 1 1 1 1 1 1 


qeer batt etnt} bent 1 be 4 cent 1 cert. 


= ee een mrreenes 
qertt + pert 1 + certh 





a? qz"ti + bert. =(), 


&. Ifab+actbc=1, shew that— 
py td gL td 
(at b)(at+c) (b+c)(b+a) (cta)(c+b) 
= 3(ab+ac+lc). 
a+ b+e . c+a (at b)(b+e\(e+a) 


oy Satie Ve les (= ab an), 


(a) Since J=ab+ar+be, . lta? =a? + ab + ac + ba 
=a(a+ b)+c(a+b)=(ut bate). 
§ 
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Similarly 1+? = (b+a)(b+c); - and 1+c? =(c-+a)(e+ b)e 
Hence the given expression =(2+ (+6) , (+a)(b+e) 
(a+b)(a+c) (b+a)(b+e) 





(e+a)(e+5) 
(ii) Since ab+ac+be=1, 
o (42 gimilarly 1~be=ab+ac=a(b-+e) 


i—ab 


(c+a)(e+b) _ =l+l4+l= =3= = 3(ab-+ be-+ac). 





ee l—ab=ac+be=c(at+b)e 


. ote ey 





gla 
a $b abe abe 


a+b b+er e-+a 
l—ab “ 1—be * L—ed 


ll 











4, If ae +) =0, then shew that— 
(i) a? b? ce 
ocean buy (cba)e+ = by 


ab be 
eae b+e=0. 
Oop pacer. +at+b+e 


(i) Since a4 et: Io 


.abt+act br 0 
ai abc _—- 
 abtactbc=0 2. a4+ab+bc+ca=a? 
’ a(atb)+catbj=a? .. (a+b)(a+c)=a*. Similarly, 
by adding b® and c? to both sides of ab+ac+ be=0, we can get 
(b+ c)(b+a)=b? and (c+a)(c+b)=c?. 





a? b3 c3 4% c2 
GenG@re. (6+ bta)(bte) (c+a)(c+ b) a ax) 
Eee 


2 ab be ab bc 

OP tote 
(ii) ai met opatatbte= Poe paar 
be+abtac , cutdbc+ab 0 





ego +$§= ab +ac + be ese cerca a Se ee 
cta at b b+e cta ato 
0 gic 
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5. If atb+c+d=0 and ty) + +5 =0, prove that 


aS +b3 +3443 =0, 
Since at+lb+c+d=0, ©. atb=—(c+d). 


since 414241 20,2. 141=- 141) 
a C a b ad 





b d 
~athb__c+d ® 11 e ae 
 ab)té‘i‘it st "bcd se Ue 
Again (a+b) = —(c+d)§ ve a+ b3 + 3ab(a+5b) 
=—ci—d5 — 3cd(c+d) oe a3 +)3+¢5+ 3 = — 3ab(a+b) 


—3ed(e+d) = —3ed(at b) + Xced(at b) =(Q, 
6. Ifathb+e=abe, shew that are + Be gene 
ab—1 bc— 1 ew — lt 
Sinceatbtc=ahe, 2. atb=abe—-c=c(ab—1). 
Similarly, b+ c=a(be—1) and c+a=b(ac— 1). 
a+b s b+e .cta _((av—V) 5 a(be— 1), Wva—1) 
ab—1 
=retat+b=abe. 
7. Ve cty=az, ytsabe and s+:=ry, find the value 
1 
eel bal ee 
Since :+y=asz, % 1tyts= 
( tyt+ a e 1 — 
a at 


= abc. 


Hence be—1 ca-l ab-l be—1 ea— 1 


of 


watrl= 








1 
et = d z 
Similarly b+] 4yts. e+] tbyts 


2 Lae eee Oe ee cs 
atl b+1 ctl uty ts CbY AS ChYtS 
UTS Ly 
utyts 
3 bec=l, abtactbe=, abe=3 i 
8. If atbecHl, abtactbc=4, abe=3,, then —_ 
1 at+bc 
+ 1 a 27 


b+ac ctab & 
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Since at b+ est. ee a=]1—(b+¢). oe AF be =1—(b +e) 
+ be =(1— b)(1—r). Similarly b+ac=(1l—a)(l—c) and c+ab 
=(l—a)(1— b). 

















1 1 ] 1 l 
Page gree + -- ee et TE 9 Tele eee «ele peta anes a cared 
ih baer f4qb U=b—e) U-wd=o 
Pica eas 
(1~a)(1—b) 
sla tiaie le 3—(atb+c) a 
(A--a)(l-bji-e) l-(atb+c) + (ab+ac + br)— abe 
<2 3-1 _2_27 
beg = 2 = 4 
5) 6 24 
b a? b2 c2 
o, 12 ae =1, th re eas 
or ace a =e se @) c Ta ae 
: 3 b? 8 
==(): i Lee -—_—~ ees , 2 2 
5 (ai) bee ee ad 
Now an a 
(1) cera ret "ath 
adatbh+e), Vatbte)  eatb+e) 
Ree ae aes a eee z 
ey hae + ae a+b+c 
so at +b+ cam +c+ faa 
bee a+c a+b 
e a? Pia = ( b 0 
ee ey Oe +c)—(at+b+c)=0. 
(ye Og RO a te) 25 
b+e¢ ate ath 
ae jee eps ar ee caer 
b+e at+c a+b 
q? ] 3 c3 
poe eel oe ee Pees hae 2 2) 
“Gee Gen ae? e vaeee) 
] 1 ] 
10. If abc=1, prove that ot it j=) 


ltat eae 1+b+ 
b Cc 
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Now l+a +7 sabe-+atae=a(le+1 +0) 


? 








leet al+ctte and L+l+s ane 
a 
. 1 1 1 l 
o i* it LY aberite) lte+ie 


l+a+— lte+- 1+0+- 
b a Cc 


1 l ] 1 
+ = a eh +l+¢ + 
e+ bor L Peer Be ae melee 


EXERCISE 44. 


df a+l+¢=0, prove the following identities :— 


| ree eee ee | 1 1 a? +? +e? 
1, A eas a re oe ee 
ae eae) Wie cea J (u2b2 + b*% 6? +¢% 07) 
=2. 
5 ath b+c eu 
(a+e)(b+c) (u+b)(a+c) (n+ by b+e) 
1,1 
=7 
(i+5 +.) 
SSP a te “ity 
be Cb 
(ct? one 
4.0 a8(b—r) + 08 (r— a) +03 (a— 6) =0. 
Dd a2(b+ce)+b2 (eta) + c2(at b) +3ube =0. 
4, (S20 40h ee) ( + +o" a9, 
c a b b+ee rea arb 
2 b? 2 
| A Rae Lae 
08 tbe Ob tae B+ ab 
a’ bs (DF 5) 
nae =() 
: atthe Bb? par 2? + ab one b—« 
ge zo) 4 e(a8 —b5) =0 
r—C a—b 
9, ae 2 ee = —(ab+act br), 


EET PS ee 
Qa? +b¢ 22 +ac Bc? +ab 
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10 _ (a? — be)? + ___(b* ~ae)? 
"(bt ary(o#— ab) (¢#— ab)(a?—be) 
eee) ae 
(a? — br)(b* -- ar) 
9a 2b 2c 
bt $r8— bat qe art —bb* at +b8— ae 
12 a* Rees ie aN 7 
Bor +2(b? +04) * Bae + 202 +c") Sab + 2(a* + b*) 
= —(ab + ac + be). 


11. 


1 1 


4.0 —————______—— + —______—__.- 
. (a? + Qbe)(b? + Bac) (b4+ Qac) (c7 +  -2ab) 


+ I = 
(e? + 2ab)(u? + 2b) 


If Ps zie , prove that— 
Z 














db «at bqpe 
1 me 1 J 
4. (ise) Tata te 
; 1 2u+1 1 1 1 
15. (7) = art + pane + anti’ 
16. If! +p +! host , then (a+ b)(b+ ¢)(c+a)=abr 
b atb+e ) 
. = a® 53 c2 > 
17. Tf ab+ ac+be= }. then ( 1——_; - 1452 )+e? ) 
2na —_ _ 
4n* bie 1—be , 1 ee mat b+. 


= (14 at)(1 +b2)(1+ 68)’ bte as a+b 
If a+b+-+d=0, prove that— 
18. a2+b9—c®—d?=2(cd—ab). 
19. at +b§ +05 + d§ =3(c+d)(ab—cd) =3(a + b)(cd-—ab). 
20. a*+b* +c* +d* =2{(ab—cd)? + (ac— bd)? + (ad + be)9} 
—Aabcd. 
21. 2(a* +b° +c%+d°) Po Hi ea a re adi at RE eres is 
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If a+b+c=abc, prove that— 























a b c(1—ab)* 
2. | 
Pe la 18 (1—a*)(1—6*) — 
b C a(l—bc)? 
Oe ee ee ae 
1h ie Gb de) 
O4, c + a __ bl —ca)? a 
l—c? Ll—a? =(1l—c*)(1l—a?*) 
os Za 2b 2 Qa 2b I 
Mei, ease ee ey ee, 
* ia 1--b% 14-c? 1L--a? 1—b? l—ce* 
sa—as  3b—b8 8c—ec® Ba—a?® 3b—b3) Av —-S 
BO ee aaa each pe Seg ang ng eee 
1—3a? 1—3b* 1 -3c% l—da* 1,-3b% 1—3c? 
97. ath b+e ON atb b+er eta 
l—ab I=be  I-ca 1-ab) T—be I—ca® 
28. Itzty+2=0and 14°+! =0, then «?+y7%+-2? =0 and 
y 
s*+y*+5* =0, 
29. It! +)4)=0, then —+ + <1 +--+ =0. 
y Sys ye maa BB may 
—bh b—c cua 
23). If jes, © 3 aeons ee 
a+b J b+c : cra’ 
I+r Ity +2 
tl es ew ee ee 
oe a we day Les . 
31. If raya" unda=" then uty +t st erys 
a C , 
=(. 
32. If v+t=land:+ !=1, then yt i=l, 
y a 
A Gens! + (b—0)* + (c—a)? 
b-c c—a 
= 0. 
3h. If av=y, by=e, then - ae l 
j bel 


30. 


Tf a t+y=ae, aoe ee st+.ua=cz, then (a—1)(6-V) 


x(e—1l)=1. 
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1 1 
36. ga = Hy tystsz ao 
6. If w+ty+ 4and «ry+y2+ 2e=5, then 7 aes 
] 
+o = 
l+: m 


37. If oma es be and s+w=cy, then (a+ 1)(U+1) 
X (c+ 1)=0 if URYAE 


38. af esa Li epetaaie ee eat 
b> c® 6+ 
b a 1 ] 


—__ = l Se 
I- a ee cara i=a 1, shew that a She Re) 





1 
a ers os 


40. If Ve¥el, then “_ +ay+ =O. 
y 


41. if (a+d)(b+c) = (l--ad)(l—be), then (a+c)(b+da) 
=(1—ac)(1— bd). 








42. If weytc=qd and ‘ay +yztcx=5, shew that = 
] l 
— =0. 
ey |—z 
43. Jf aty+tc=0, then “. Dade a =3. 


yo se my 
] af l me, 
io. aa a 
45. Tfatb+c=0, then at+l4+e4+(ab+ac+ be) 
¥~ (a? +b? +c¢?)=0. 


44. Tf at+b+ce4+-2=albc, then 





46, If e=?— C y= 4 and c= eo shew that 
c oa ab boc 


Lh c 
Ai Te a pene aa Gee. ee, aang aas 
ae mew veo ath - Sens 
+ 2xyc= 
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48. Tf ety+ts=du, y+2+4u=a7,2+e4+u=ly and ep-y+u 


] 1 1 1 
=¢2 a. Spanien Ses ee 
Se ap hee. bed 
49, Jf Nsaxrt+hy+cz, Y=bit+cy+azand Z=cxe+ay+ bz, 
shew that (a?+b?+c?—ab—acm—be)(c? + 4? +22? —ay— ys— zx) 
= N24 Y24 72-—-NY—XZ—YZ. 


at+h? SS so i a 
7 3 


= +5 =); 
: : 


Ol, If2s=a+b+et+d, then 4(ad+ bc)? ~ (a? —b? —c? +d?)? 
= 16 (s—«a)(s— b)(s—e)(s—d). 


00. Ifa+b+c=0, then 


BQ. IE aay Hag Fee eee = 5% then (s--u,)?+(s—a,)? 


+(8 3)? +(s—a4)? +..008. + (8 -@,)? =U, 7+ dg? +g FH vvoree 
+a”. 
~ ] 2 ¢ 4,8 8.7 l 
oo. Sh that ~ -+ —-— =a ee a Se 
: ee hat ee ar ae nae a— 
1615 
qs ate 


o4, Shew that (:—y)* + (y -s)* + (s— «)! =2{—y)? 
Ky ~2)PH(y eR OPE ACO Pb = 2G by? ee ay 
Sec aye)*: 

55. Shew that (b+c—a)e+a -b)\(a+b—e)+a(b+e—a)? 
+ h(e+a—b)?+¢e(a+b—c)? =4abe. 

06. Shew that (a—ex)?+(u?— L)(l?—d?) 

rar ab+ bh? + ed — d? . if (ttl 
c—d ) '  o-d 











57, If s=a+l+e, then (as+le)(ls+ar)(es+ab) =(a+b)? 
XK (b+c)?(e+a)?. 
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58, If 38=a+l-+r, (s—a)*+(s—L)* + (s—e)* =2 {(s—a)* 
X (s— b)* +(s—b)#(s—c)*? + (s—¢)*(s—a)*}- 


1 1 1 
59. If- 
leitin lane ma 4G l+n+nl 


(i) lmn =1, or (ii) (14+2)14m)(1+n)=—1. 


——___.=], prove that— 


—I b—e . ema 
meal n+le n+cea 
_n(a— b)(b— ee a) 


~ (at (n+ ab)(n+ be)(u-+e a) 


60. Shew that © 








CHAPTER XV. 
EXAMINATION PAPERS. 
SECOND SERIES ON CHAPTERS X—XIV. 
ie 
1. Shew that (ax+ by+cz)'—(be+cy+az)® is divisible by 
(a—b)u + (b—c)y + (c—«)2. 
2. lf at+b+c+d=0, shew that a?4+h3 +¢3+d3+3(a+b) 


x (b+ e)(e+a)=0. 
3. Find the H.C.F, of 4z2+3,:—10 and 4:° + 71? —3v—15. 
4, Find the l,C.M. of «&——6.2+4 1llce—6 and «> —9.? +26: 
— 24. 
5. If «*@—be+a® and »?~—ar+bl? have acommon binomial 
factor, shew that 2 (a+b)? aan 
. a+b a ip 
6. Ifr= qual and y= “shew that — a =o +7, 
at + 474? + y* oe 
ut Qe, ye Bi tye + Quy? + ysl? its lowest terms. 
b 


S. Simplify (TK Koma * a ie) 


7. Red uce 


Cc CAN CEIICE b)(e— d)t aC 


2a—b—c Qh—a—c Qe—a—l) 
9. Shew that Gp @—et G—alb—e)* (e—aye— iy 
302 — 120+ 11 


10. Resolve (=I) —2)0—3) into partial fractions. 


I. 


I. Resolve into factors («? + b?—¢*)(a? +¢?—?) 
+ (a? +c?#—b*)(b? + c2—u*) + (b? + ct¥—a®)(at+ brome? ), 


h l : b ‘ 
2. Shew that ++ (7+) (+5) (+2) 7 (f+) 


(: c\ 2 c a) 
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3. If a+bt+e bea factor of ab+lc+ac, then itis alsoa 
factor cf a? +l? +0c*. 
4. If 2s=a+bh+c, prove the following identities :— 
(i) 2(s—a) eb) (s—c) + a(s—b) (s—c) + b(s—a) (s — c) 
+ c(s—a)(s—b) =abe. 


(ii) s(s—a)(s—b) (s—r) = | (b+¢)#a? + (b—c)?a? 


— (b?—c?)*¥—a}, 
5. If the H.C.F. of two quantities be «land their pro- 
duct be 6 e§&— 75 —42 04 +86 3 —4212—7e+6, find their L.C.M. 
iT 1 1 a 


6. as are 4 then b= 


(n+l 1) 2n + 1)12n +3) ait +1) 


3 3 ) 





7. Simplify G@) —— 





a w ae a 
OD ait ae al 
ee (alba) (1? to 
8 If. = /ub, shew that | was 7 “(tae 
] 1 | Ce 
9. Find the value of leat tise tipe ifa+l+c=2; 
ab-+ac+ be =1 and abe =— I. 


10. Shew that («?—6)?"—(2.5 +.?—14e+12)" is always 
divisible by (r+ 1)(e—2)(r+3)(1—4). 


ITT. 
]. = is an identity ? Prove the following identities :— 
—a)(w— =) a by (ie) (w—ec) (ra) | 
(a) § Cane — =p). (4 Hee) a ; 
(b) (oy) + (y— 28 + (2-0) 8 =38(a— yy aye—«). 
2. Shew that y? + 2ay--3b? is divisible by y—a if a+ b=0. 
3. How do you find the H.C.F. of two or more fractions ? 


; a®—be (b? —ac) 
Find the H.C.F. of @= Diao (b—a) (b—e) a =s) and 


c? --ab 


(c—a)(c— 6) 
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4. Find the H.C.F. of 21:°—55a*+4+1 and «5 —55r42], 
». If (a—b)?+b(a—b)+1=0, shew that.«+a is a common 
factor of «2? +6141 and «5 +(a+) )z?+b:4+1. 
5a’ + 223 —)52—6 
723 —4g2—2)e + 12 
a®(a+b)(a+e) 4 L(b+a)(b+c) , er(c+ a)’c + b) 
(a—b)(a-c) (b—a,(b—c)  (c—a)(e—b)° 


a 


8 If w==a(y +s), y= b(<t r), s=c(et+y), shew that a 


6, Reduce toits lowest terms 











7. Simplify 


oa 


+ +=} 
1l+b l+e 


9. Observing that oe Benes simplify 
(@— P29) t—q t—p 





a? — b? 2s ’ Teast 
(oa) ADI* Bb ety* Ae aly 
] P 
10. If —_—_—_—_ SS SOOO ae To 4" fi d d : 
(eb lyet2iet3) cel wt+2 atd nd p,q and 7 


IV. 


1. State and prove the Rule fer finding the L.C.M of two 
algebraical expressions. 
Find the L.C.M. of l2a? + 4a? —3a—1 and 8a? — 4a? —2a + 1. 


2. Shew that a?a?+)?y2+.2:? = 2(abey+ bryz+araz) if 


a/ (ait) + of (by) + / (v2) = 0. 
3. Reduce —— nee to its lowest terms. , 
at" +a m —y 
a lel aoe os b3,-2 (2 —b?) +a7b? (b?—a?) 
ar har 0s Or(vr—b) + ab(b—a) 
_ (a? she) (htaac* ee a=)” 
(a—b)* +(b=0)® + (e—a)s 
% Find the H.C.F. of (@a+y)'—a'*—y® and a*+27y? +y'. 
6. Resolve ixto factors (i) (1 +a)4(1+ b?)—(1+ b)?2(1+a?) ; 
(ii) a(y? + 2*— 24) + ye? ta*—y?). 
a. Vf aw?*—be+e and dz*—bz+er have e—1 asa common 
factor, shew that a’—abd+cd?=0., 


4. Shew that 
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8. If aS+ bi ¢c3=(atbrer)', then a2"t2 4 b2*t2 +,2"t2 
=(a+b+c)**?, 


9. If 8a? + b3 +0#)=(a+ b+¢)*, shew that a=b=r. 
10. Simplify the following complex fractions :— 
(i) Av - (ii) A , 
y +-——_ sta" 
y + —— ape 
yt ~ 
: y 








Ad 
ad’ + 
v 


V. 
1, If «5+ ae? + (a*—2ab)e—c* + dabe be divisible by 
z+a+b, shew that a* + b8+r3 = 3abe. 
2. Prove that if A measures B and O, it will also measure 


mB+nC, Find the H.C.F. of p3nq +3np?q?—Qnpg? —2Qngq* and 
Qmp*q?—4mp*t— mp>q + 3mpq?. 


3. If two fractions are equal to ), shew that their difference 
is equal to the difference of their squares. 
4, Shew that 2**+1 +3+""® is divisible by 11. 
5. Resolve (i) a* role +4 (a? + : 
a* al 


(ii) a* + 2a + bla’ + (a? + 4ab +b*)z? + 2ab(a +b) 
x w+ 0752, 


+0; 


nee relat d+r)s— (at Qe—b)s—(Qb—r)5 
6. Simplify be) a 
4a3" 6a? 4a 
(i) — (e— a ay em (@—a)"™? i * Gays * (g—ay'3 
* Goa?” 
— s—a s—b 
7 If%s=at+b+c, shew eae) * i) Gao) 
i at + hb? +c* 
TGoa\G=b) Cy Ca Cet Cen 
8 If zyz==1, prove that— 


( 242)" (yt) + (242) =4+ («+3)(¥+,) 
e y £ 2 y 
x (++2). 
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9. lf A= ax + by + cz, Bacaetaytbz and C=bz+cry+az, 
prove that (a* + b® +«5— dabc) (a3 + y3+53—d3eyz) = AS + BS 
+05—3ABC. 


10. Simplity _,—@++t ___, __ Batt __ 
PNY (Gt at 1)(a= 6) (a—c) © (68 +b +1)(b—cyb—a) 
a ct -c2 +] 
(8 4041) (ray 8) ° 
Vi. 


1. If (a—b)(b—c) =(r—a)?, prove that (c—a)(a—b) =(b—)® 
and (b—r)(r—a) =(a—b)?. 
2. Prove that any common multiple of P (and Q is a mul- 
tiple of their L.C.M. 
Find by factors the L.C.M. of 12:7—l5ay+3y* and 6.8 
—6.4y t+ 2:4? —2y?. 
3, The G.C.M. of two numbers is 6, and their L.0.M. is 
30. Find the uumbers. 
4, Ifthe L.C.M. of A and B be equal tothe H.C.F. of O 
and J), shew that ae ae é as ae oe 
(n + 2)#(2 + 1L)?—(n—2)2(n—1)? | 
(n+ 1)? +3 4+(n—1)> ’ 
(ii) (ay— bax)? + (axr+ by? 


(+ 5 aa 


6, If a+b+c=0, shew that (ab+ar)(ab+ b-) + (act ab) 
X (ar + be) + (be + ab) (be+ac) is a perfect square. 
7, Shew that (445)? + (6-0)? _ (e+e)? ——e), 
a—c+2b at+2o—-b 
%. Shew that 2 4 7 42 








® Simplify (1) 





= 7g a8 
__(a— b)? + (r— a)? +(b—c)? 
(a—b)(a—c)(b—c) ~ 
9, Find th Eelam i ala 
ind the value of ra Hi when 2 a 
ar—cp , 


and y= : 
4 aq— bp 
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—1 yr? 2-3 





10. Shew that -— Ce ete - in* ao) ee GG 
aD ee ionk oe | 
a PS ar (n—y)n—38)~ (n—: z\(m- 1) 
VII. 


1. Resolve into factors (ab + cd)(r? + d?) 
+ cd(a? +b? —r?—q?), 
2. Divide «*(e+y+3)+ Ary t+ ez) +yt+ 3)~a—y -3 
by 24+ 277+2ry—1, 
Find the H.C.F. of 523 — 3: 5—2 and 5:2—2,°—3. 
Shew that (a? + b?)?—(a?—b?)?—(a? + b?—c? )? 
= (a+ b+c)(b+c—a)(c ta—b)(a+b—r), 


o% If a+b=cz, b+c=ay, ct+ta=bx, shew that +. I 


im oo 


i y+) 
ae 
7 al 
6. Shew that «(:—2a)(: +a@)(:—a) +44 is a perfect square. 
7. Kind the L.C.M. of a!!+a* and a'* +a’. 
8. Reduce .= ey =e tS to its lowest terms. 
at 
2 : « (22 ~1)8—(2e—y)* Dyes (2a my)? 
lif (2 ¥ = 
9. Simplify (G) sg ee ; 
oy ae ey aaa +33 ‘ + ae 


2h-a 2a-h 
(33) ra s. 1 . ae — 2a-h 
= =p" = Y (26—a)(2a—b) _ 
10. lf a+b+c=0, shew that— 
(ab + ar + be)? + (a? — be)(b? - ac) *—ab) =0. 
VIII. 

1. Shew that :(y—=:)§ + y(< -a7)$ +20 —y)3=(@ -y) y—=) 

X (c—u ) (4+ y+ 2). 
2. Ifa+p be the UC. of 2? +axt+]1 and 22+b: +2, 








then p= —, 
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3. State and prove the rule for finding the H.C.¥. of two 
-algebraical expressions. 

4. Ifac8+ bry +cy* and b2?—2(a—c)zy— by? :ave a common 
factor, then az* + bx + cy? is an exact square. 

dD. Iketyts=2u and 2? +2y + y? +a? =2a(e + y), shew that 
{s—«)? + (y -a)? 4 (:—a)? =a?. 


6. Simplify :— 


(i) a+b b+e + ot ae 
(a2—br)(b%—ar) (63 —ac)ic®8—ab) (* —ab)\a?—be)? 
ssl eka 8 a el 





(atbjlate) (b+e)(bta) (Fa)e+ 6) 
7, 1p (at be)? 1 OF then a? +b? +08 + Quh = 1. 
(b+ar)? l—a 
S& If (a+b)? +(btr)?+ (c+ d)?=s4abtbr +7, shew that 
a=b=r=d, 
9. Shew that pzr' + qv? +r is divisible by x? +>, if g=pr+1. 


det Ll — into the sum of three 


. Dee me be 
10 ecompose Pea eer 


partial fractions. 


IX. 
i, Find the relation between a and b in order that y?—ouy 
+4) may be exactly divisible by (y—0)?. 


| ae eee | 1) _(a+btc+d)? /1 1 
Py » + ~ abed 
2. Shew that ¢ + b Roe, abed =(<- » ) 


“4 
. (sia) aa) epee 

3. The H.C.F, of two expressions is a4, and their L.C.M. 
is a'—10a°+35a?—50a + 24; find the expressions. 

4. If a(b—c) + b8(r—a) +c? (a—b) =(a—b)(a—c)(b—c) 

X (pat qb+ rc), find p, q and +. 

9x3 + 0322—92—18 

hv? + 447 + 120 
9 


9. Reduce to its lowest terms. 
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(a+b)? + (b+0)®—(at2b+c)? | 
(a + b)(b+ c)(a + 26+ ¢) 
-, b—¢ ~c—a ,a—b , (a—b)(b—c)(¢e —2) 
ele eh ep eee eee 
ee (x—a)(a—b)(u—r) 
7. Jfv?+ae+, and 2?+a’z+06' bave a common factor of 
the first degree, shew that their L.C.M. is «3+ es 


+3 aa’ — (= aye rhb “a 


8 Skew that 5 codecs b—c)=a*(b+r) 
+b?(c+a)+c?(a+b)—a8—b§ —c3 —Qabr. 
2 
i. Wud thewvdinest (22. \ a 2 ea 
9. Find the value o eS +(<-7) when @g aaa 
1 ] 2 


10. 74? =—2b% shew that a ae 
0, atte ee eee a ate 


r€ 
1. How doyon tind the H C.F. of more than two expressions ? 
Find the H C.F. of a! —62/4+82—3, af—223— Fe? 4 YOr— 12 
and «*—477+4 12:—%, 
2. Shew that "—1 «(a 1) is divisible by (.- 1)?. 
® 


817 Beta! i to its lowest terms. 
2lxe?— 3770! 


4, Siraplify (w+ y4 fest a -t)S—(c+ 7 -y)8 
Aye)? 
5. If(atbecP=a'4+b* +03, prove that (a+ b+c)§=a° +b" 
+C% 

6. lf a?+0?+c?=0, prove that (c ?+ab+b?)? 

+ (a? —ab+ b?)§—6c2(at 447674 b4)= —&4, 
7. Resclve into factors (i) #2 —sdabi + (at b)(a?—ab+b?); 

(i1) » °— 3axz? + 3(a2 - br) 1 — (a3 + 03 + 02 — Babe). 


| ies ee | 4) a*(b—c)_ b?(a—c) 
tet = -, 8h § ee ae 
g. I at : te shew tha a a 


6. Simplify (i) 





3. Reduce 
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afl ¥\. ft 1). asl 
is a od Cae sae Pare, 
9, Simplify (i) tt 


sed a ee a ae 
y a & M 9 xv y 
1 ae 
tet poet yy 
& 


(1) 


+ 
B48 


e+y Ys ~tt# 9 





(iii) e—-Y Yrs ees 
yee + Y Pia 
comes | Ym tae | 


10. Ifa+y+s=0, shew that 949° + 2%5=—SaysX 
(cyt ysteor) and of +y%+ 28 = Or8y? =? —Qliyt yates, 


CHAPTER XVI. 
INVOLUTION, 


108. Ifa quantity be continually multiplied by itself, it 
is said to be cnvolved or raised; and the power to which itis 
raised is expressed by the number of times the quantity has 
been employed in multiplication. 

Thus, aX a or a? is the second power of a; aXaXaora'’ 
is the third power of a; and so on. 

If the quantity to be zxvolved has a negative sign, the sign 
of the even powers will be positive, and the sign of the odd 
powers will be negative. 

Thus, ~ax —a=a?; —axX—aXxX—a=—a!'; 

—aX —ax —axX —a=a‘*; and so on. 

109. As/mple quantity is raised to any power by multi- 
plying the index of every factor in the quantity by the exponent 
of that power, and prefixing the proper sign. 

Thus, (a”)"=a"; (ab)"=abxabxXab......... to m factors, 
= AX AX Aeseee to m factors Xbxb*xb...... to m factors=a™ Xb”. 

(a? btc)§ =a? 9b2%5, And (—a")"=+a"" if mis eren; or 
== —q”" if mis odd, 

110. To raise a Binomial to any power. 


By actual multiplication, the following results can be 
established. 


oh aaa hme I 
(a—b)? =a? —2ab+ b? CCC CHOBE O SCT HF SCOHH OHO HHBEOM BO Hae e 
(a+ 5)8 =a +327) + 3ab? tee iI 
(a—b)§=a>—a2b+ dab27—DF Jy Presets ee ceees : 
(a+ b)*=a' + 4a5b + 6a7L? + 4ab5 + bt III 
(a—b)* =at—4a*h + 6a2b?—4ab + bt ‘ ee ° 


(a+b)? =a' + 5atb+ 10a%b? + 10a8b5 + 5ab1+05) 
(a—b)§ =a —du'b+10a°b? —10a2b8 + 5ab*—b5 5 °° Ve 
On examining tho above cases we observe :— 


(1) The number of terms in the resulting expression is 
one more than the index of the power. 
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(2) Any power of a—bd differs fiom that of a+b only in 
this, that the signs of the terms of the former are alternately + 
and —, whilst those of the latter are all +. 

(3) The first term of the expansion is equal to the first 
term of the binomial raised to the given power. In the suc- 
ceeding terms, the powers of a decrease by unity, and those of 
b increase by unity. 


_ _ (4) The co-efficient of the second term is the same as the 
index of the power to which the binomial is raised. 


(5) If we multiply the co-efficient of any term by the 
power ofa in that term, and divide the product by the number 
of that term, we get the co-efficient of the following term. 

(GC) The co-efficient of the terms equidistant from the 
beginning and the end are equal. 


The above laws enable us to expand a binomial raised to 
any power. 
Ex. 1. Expand (a+06)® and (a—b)°. 


The first term =a®, The second term =Ga* b. 


The third term = = ath? =Von'b2. 


The fourth term = 


ee ab = 20a"b', 


The fifth term 2x? a2b4 =)5a7h". 


15 x 2 


The stzth term =_- _—ab® =6ab*, 


9 ] 


The seventh term = Ty =0b°. 
Hence, (a+ b)®=a® + 6a5b+]5a*l? + 200°)? + 15a7b* 
+ 6ab° +h and (a—b}* =a*°—6a*b + lhatb?—20a5b3 + loa?®b* 
—6ab* + b°. 
Ex. 2. Expand (a—2y)’. 
The first term =2”. 
The second term = —7er°(2y) =| —14e"y |. 


The third term = + DES o(2y)? = Q1e25(2y)? =[S40°y7!. 
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21 és yt (Qy)3 = —B5z* (2y)* 
= [—280zx*y]. 


The jifth term = + ne 2°(2y)* =35x25(2Qy)4 = [560r5y* J. 


The fourth term = — 


The sixth term = xe x? (2y)* = —2129(2y)s 
=—[—6720%y° J. 


Et x2 (ayo = Te(2y)* = [A48ey"]. 


The seventh term=-+° 





The eighth or last term = — Ex ey)" = — (2y)? 
= [—128y7 ]. 
Hence, (#—2y)?7=.7-- l4e%y+ 842572 —290x+y? + 56023 4* 
— 672124" + 448.ry° — 128y7. 
Ex.3. Find the co-efficient of 2° .in the expansion of 
(a+a)?. : ; 
(eta)>=2°4+ 8x? a+ Ge or 28 ) ata" + (=F *ors6) 


gai +e. IJLence the co-eflicient of 25 =56a3. 


N.B.—A trinomial raised to any power may be exrpanded by the re- 
peated application of this rule. 


EXERCISE 45. 
Expand -— 
1. (2 -a)®. 2 (@®@ +1). 3. (at 2). 4 Cry)? 


5. (Q—#)?. 6. (1+')° 7. (4+a%)'. & (8%—2a)5. 


9 (l+ta+ta?)'. 10. (w -14 w?)*. Ll. (art by)5. 
12. (ax? +ba+r)*. 


Simplify :— 
13. (a+ b)°—(a—bd)°*. Th Coty)? +(i—y)?. 
15. (4+b)'—a*>—Db’. 16. (a+b)? —a’—b". 
Find the co-efficient of -— 
17. «* in Qz+a)’. 18. «* in (¢—2y)s. 
19. aw? in («—3a)’. 20. win (2? +e4+1)*. 


21, v*in(l—.)*(1+-)*, 22. wv? in (L—2)5(1+ 2)8. 


CHAPTER XVII. 
EVOLUTION. 


111. Evolution, or the extraction of roots, is the reverse 
-of involution and it is the method of determiuing a quantity 

which raised to a proposed power will produce the given 
quantity. 

To find the reotof a simple quantity.—“ Divide the exponent 
of each factor by the index of the required root, and prefix the 
voot of the numerical co-efficient.” Thus, /a25=a*; /27a® 
=3a?; S16a*b'e) 9 = 9q2h,8, 

Sign of Roots. —The root of a positive quantity is positive 
or negative if the index of the root be an even number. 

Thus, /a?= +a; /16a°= +2? 

The root of a negative quantity is negative if the index of 
the root bean odd number. Thus, /—a?=—a.' 

The root of a positive quantity is positive if the index of 

ithe root be an odd number. Thus, 3/a*=a?, 

The root of a negative quantity is impossible when the 

‘index of the root is an even number. Thus, ./—21is an imagi- 
nary quantity. 


112. The ordinary method of extracting the square rootiof 
a& compound expression. 

Rule.—‘* Arrange the given expression according to ascend- 
ing or descending powers of some contained letter. 

Find the square root of the first term, which is the first 
term of the required root ; subtract its square from the given 
‘expression, aud divide the first term of the remainder by double 
the part. of the root already found, and the quotient is the 
second term of the required root. 

Double the first term of the root, and add the second term ; 
multiply the sum by the second term, and subtract the product 
from the remainder ; if there is no remainder, the square root 
is found. If there is a remainder we divide the first term of it 
‘by double the part of the root already found : the quotient gives 
‘the third term of the root, and so on.” 

The rule is deduced from the following :— 

(a+b)? =a2+(2a+ b)b. 
(a+b+c)?=a? + (2at bh + (2Qa+204+e)e. 
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(at+btc+d)2?=a3+ (Qa+ b)b+ (Qa+ 2b + e)c 
+ (2a+ 2b 4+2r+d)d. 
Ex. 1. Extract the square root of 4a + b* + 4ab. 
Arrange the expression according to powers of a. 
2a)4a3 + 406 + 69(2a +b 
4a? 
Aa+h) fab + 53 
4ab+ b? 


The square 100t of 492 jg Qa, which is the first term of the 
required root We place it to the right of the given expression 
and also to the left. Wenow cubtract the sqnare of 2a from 
the given expression, and the remainder is 4¢)+02; then we 
double 2a, wh.ch vives ta, by which we divide the firat term of 
the remainder, and this gives bas quotient. which is the second 
term of the square root We place it after 2a tothe right ; and 
we also add it to 4q Again we multiply 4a+b hv'h, the 
second term ct the root. and subtract the product from the re- 
mainder. Since there is no remainder, we have 2a+J for the 
required square r100t. —' 

Ex. 2. kxtraect the square root of v!—2x3+322—2r+1 

The expression je arranged according to powers of .. 

2 2! — a3 4 892? —2a4 1(u2®—974 1. 


ay! 
wera Br 4 Be8— 274 1 
—Qr*+ 22 
Qg2—Qa4) — Op® Og 
2r2?—Qx-+ 1 


eee ee 


Hence tl e required square root is a?—a+1. 
Ex. 3. Extract the square root of — 
2 om Gav? + 15a2¢t—I90a 'a3 + liata? —Ga% ea”, 
Arrange the expression according to descending powers of a. 
a3 ju —6a® a+ l5atx2?— 2003 23 + L508 +—G6an*+a°(a* 
a’ 32a 4- 3aa*—2 
Qa? —3a2af —6a'a+t late? —20u2a? + l5u2e! —Cav*+a° 
—Garr+ Yata? __ 
2ae—G 7a 4 3an7| 6ata?®—20a%a* + loa?! —Gax’+a' 
6at+72— 18a 734 Qi Aa 
2a*—6a2r+ 6ar?—2z*| —2air? + 6a2a!—Gaw? +a" 
—2asn3-- 6a2xt*—6a7> +2 


Hence the required square root is a5 —3a?%+- vax? —2°. 
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ay ofa? a> a' 

2 80 10 26 
The expression is arranged according to ascending powers 

of a. 


1) 1— + ee Sot a5 (3c: 


Ex. 4. Extract the square rootzof l— 


2 10) 25 4°66 
ay a) a, 37a as at 
4) Se “80_ ~ 10 2» 

oe a? 

~ 3 16 


PLY pay 7* 

o_* a?|2a3 a 
a es 10) 2h 
Qa2 a? a 

5 10) 2h 


3 
aa? . 
Hence 1— oe the required square rcote 


Ex, 5. Extract the square root of :— 
ote Late t+ ofa =-(#-*)}. 
a’ 
Arrange the expression hae to descending powers of 2. 


2 2 
ow? }at + 2a°+ w29—2e + pret aia A ee 
vo Pe yt gt va? 
o* 


| it Wn ee gol 
Det + aide? +a%7—Qr+-+ ~—" + 





The square root is 7?+27— + . 
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Ex. 6. [xtract the square root of :— 


eae Qa 4134912744149 _ 
of +4034 5.2444 
In such eaamples as this, we must first see whether the frac- 


tzon 25 22 ~ts lowest te is. 


Now the HC.F. of 4:°+9:? 44:49 and ¢*— 4:3 +50? 
ee eee ee 

44434502 +4it4 

— (Ac 9)CF +1) _ 4e4+9 

ee ee ee see 
4.49 

wt 4u + 4 

tof 34 9, 274,41 

—_ ey 4 = 


The square root of the numerator 15 12+4+-2.—1), 


+4:4+4183 :-7+1, therefore 








The given eapression= ?—2+ 





The square root of the denommator 1s +2 





“. The square r00t of the given expression ee 
=\-_ I 
i 2 
EXERCISE 46. 
Katiact the square 10ots of ; 
1 Sla*h?+ ldabs? +¢'. 2 49a? - 42ab4- 9b-. 


ww 


a’u!+2ab.'+(b24 2a) ~4+ 2he1 +07 
4, O-~6r413.27— hid tae, 

» (2476+ b7)?+(a?— 2ab?)( 1ab+1). 

GO of $8ct— 2:7 4160? -8:. +1. 


i*# 2 a’ a* 9 3 Aas 
re ae + 3 +9 z° 
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sy 


16: 
R. Ort — Qed y + 5 tyt—2ey + 9y*. 


9 seats 3:2 e 1 
a7, p*— 32 + 9 —~otig 
if byt 3 dy? on y> # y 3 
10. 40 oe tat at? 11. y? +5 yt Ba 4, 
1 1 
P+ 42 (. + Joa, 
1 1 2 
13. a= gt t+3—2a4+ a? 
(l a (L 


V4. (a—))* —2(a? +b? )(a—L)? + 2(at* +b"). 
15, at4 bt tet ¢d'—2a2(b9+ d?)}—2b2(c? —d?) 

+ 2r2(43—d?), 
16. at +2(2b—c\a} + (L629 4be 4 3e2)a? 4 2c2(2b—r)at ct. 


1\ 3 1 
17. (« +5] — f (a—+). 


6(a%—1) 

’ 3 . 

IS, ak + 3+ la} —Sa? + 5a—1] 
S—16:46:% 
—), es | Qre—4, + 
250? 4-450—7 


70> L27ua~- + VtAa—-d4 


9 Frt+s 
XH). a%+ 2— 


113. Whee n+] figures of @ syuare root have been jound by 
the ordinary method, n more may be obtained by division only, 
supposing 2n-+- 1 fu be the irhole uinmber of figures in the root. 


Let N represent the number whose square root is required ; 
a the part of the root already found; and: the part to be found ; 
then, /N-=a+:. “WN=a?+e/+2a:, .“N~—a? =2a:4 07. 


N—a? i 2 
ae ae Tf we show that 5- On is a proper fraction 


2a 
then . =the quotient of N—a+ divided by 2a. 
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Since 2 contains x digits, .«? cannot contain moe than 2n 
2 
a. % 2 ee oe at 5 
digits ; but a contains 2x41 digits. Therefore 0, 18 & proper 


fraction. 


114. Miscellaneous Examples. 


Ex. 1. To find the square root of «4+ -4c°+-10:?4 12.49 
by the Method of Indeterminate Co-efficients. 
Let «t+ 405410074 12:4 9=(0? 4+ 0r+9)?; then at + 4x5 
+ 102? +12249=2' + 2px? + (p? + 2q)x? + 2pqa+ q?. 
Since this is true for all values of 2, the co-efficients of the 
like powers of 2, are equal. 
Hence, 2p=4..p=2; p?4+2q=10; 2. 2y=10—1=6..97 =3 
eethe square 100t of the given expression 18 #? + 24+ 3. 
Ex. 2. To find the square root ot 4a?+0b2+9r3+ 6bc 
—12ac—4ab by reducing it to the form (A+B). 
The given expression= (fa? +b? —4ub)+ 9 ? + 6b) — 12a 
= (2a—b)? + 9r?—G6r(2a—b) 
= (2a—bL)? + (—3r)? +2(- 3e)(2a— b) = (Qa—t— 3d: )?. 
Hence, the square root is 2u—b—3r, 
Ex. 3. What value of x will make x* + 4a? +102?+1]4e+-5 
a perfect square f 
Rule.—“ Extract the square root in the ordinary way and 
put the remainder= 0,” 
x?) xt +4254 10x? + het 3(e? +2743 
a* 
Pe? + 271429 + 10x? + l4e+ 3 
4° + 4a? 
Qa + 4a+4 3|6a4 + 14243 
|x? +12¢+9 
21—6 
Putting 2x—6=0, we have 27#=6..7=32, 





Fx. 4. The remainder after finding the first two terms of 
«square root of the form ax*+br+c is—Ga?+4.+1; deter- 
mine the root. 
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(az* + bv+c)* is the whole expression of which the square 
root is av? + bz+c and (az?+ bz)? is that portion of the expres- 
sion which is necessary for finding the first two terms of the root. 


(av? +br+c)?— (ar? +b)? =—61? +4c4+ 1. 
ee (2ax? + 2ba+r)e= — 6x? + 4r4+ 1. 
«= Bacau? + 2bea+c? = — 642+ 404+ 1. 


Since this is true for all values of x, the co-efficients of the 
dike powers of « are equal. 
es c2=] ., c= +1; 2bc= + we b=+2; 2ac=—6 
°% ax=F3., the root is —3v27+2x+1 or 3239—2r—I1, 
or thus: The form of the trial divisor after finding the 
first two terms must be Zar? + 2b:. 
-. the form of the remainder must be (2ac2 + 2be+e)c. 


“ (2ax*+2bit+c)c=—612 + 4.41. Hence a, b andec 
can be found. 


Bx. 5. Find the relation between a, b and c in order that 
ac? +bx+c may be an exaci square. 


If ax? + be+c be an exact square, it must be the square of 
-a binomial of the form w/a + /c. 


 avitbete=(t/atJ/')? =10? + WeVar +e. 


ee b=2/ a; c: b? = 4ac. 


Find the relation between a, b, « and d, in order that x* 
+ ar? + be? +c.x +d may be a perfect square. ; 


If the given expression be an exact square, it must be the 
-square of a trinomial of the form 2? + pxz+./d. 


rt tan? + bet+exrtd=(s2?+pet+/d)?=2* + Iz 
+(p? + 2,/d)a? + 2ep,/d + d. 


Iquating the co-efficients of the like powers of z, a=2p; 
3 — 
b=pr4Q/d; apd. oe p= yb=—+Wedand c=a/a. 
. 40—a3 =8//d and c?=a'd, 
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or thus : Extract the square root in the ordinary way thus: 
a? 


s*) at +az2°+ba* +cxt+d (< + ope 


a* 
Qn? + st jae" + bx? +ret il 
2 
(t 
ax® +—w 
4, 


ee? 
p—2 a? 0-4 ) tert ad 


223+ art “GF 20-7) +8 p—2? ve es 2 
4} 2 4} 4\ 4) , 





f _a/, a? _1 a3 
ase 2(? i) pt HZ) 


Now this remainder must vanish identically if the given 
expression is a perfect square. It wil] vanish if 


c—5/ v4 )=0 and, a) ( b —T)'=0 


: Le a? a ] a4 
als “Vd= o b— af oe S,/u = 4b—a*. 


ec~a(/i)= ~cHa/d & e=aed. 
Ex. 6. Extract the square root of l—x to 4 terms 


x ~ 
police a 


o_ | o a? re a> xt 
et ot 16 | 7 8 764 
9 at gs of 
— 7 See ome __ A meinen 
+7 8 1G 64" Be 
2 2 bat 2S pp? | 
9 aw ee pees meee ee Og “ 
: - | 4 G1 ee age (Remar 
r* gS yt 


~atetaey 
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Hence ./(l—z) = |—,; 
= [1-2-2 | - 2 
‘ 2 8 16 64 64 256 


. 2 a3 
Changing the sign of #, we have. /(L+a)=1+ et + eT &e, 


Ex. 7. The product of any four numbers which increase 
or decrease by_acommon difference together with the fourth 
power of that difference is a perfect square. 

(a+x)(a + 2z)(at+3x)(a+4e) +.' shall be a perfect square. 

Expression= {(a+ 2)(a+ 1z)} {(a+2x)(a+3z)} +20! 
=(a2+ daz t+ 4a? )(a? + Sax + 6a?) + x! 
= p(p+ 2a?) +a ; putting y for a? +5ax + 427 
=p? + 2px? tat = (pt x7)? =(a? + dat 43 + a7)? 
= (a? + Sax + dx? j?. 

Hence a#(2+ 1)\(v+ 2)(a4 3)4+1 and (a—2)a(v + 2)(a+4) +16 
are perfect squares. 

LE.—The product of any four consecutive numbers together 
with unity isa perfect square ; aud the product of any four conse- 
cutive odd or even numbers together with 16 is a perfect square, 

__ Ex. 8. If three numbers increase or decrease by a common 
difference, then the product of the first and the third together 
with the square of the common diiference= square of the sbcond. 

(atu)(atee)+ a? =(a+22)?, Now (a+) (a+3e)+2? 
=a? + 4a%+ 322+ et=a2+ 4ar+ da27=(a+ 2a)? 

Hence (a4+1)(a+3)+1=(a+2)2; and (a—2)(a—6)+4 
== (= 4)9 5 and (a— b)(a— 5b) + 4b? =(a—3b)?. 


EXERCISE 47. 


Find, by the Method of Indeterminate Co-effirients, the square 
roots of— 
1: Oxt—12e5+1022?—d4e4+1. 2. wt—fat 3a? t oz, 


Qar a® U2 ab 
Oo. tp —_ —ebet—+—_—_., 
et GO ga 
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4, eo + Gui yt ldy?x'! + Ory? + 202% y5+y° 4+ Lozty*. 
De wt —GaS y+ 1l3z?y? — lazy’ + 4y?. 
6G. eS — 2a? 78m atet + [a%ar%+a3. 
s a? a3 a bh. ,b2 
7. 97 424— 434% 419°—7—109 44". 
a ar il a aa? 
: ; 6 9 
S l6at + loat$—ta?—28u—l14+ ——. 
wu ae 


Y 4(a—2)*4 20(a—2)? + (7 — 2)? — 60(x—2) + 36. 
10, (a—1)*+6(a—1)* +5(a— 1) *— 12%(a— 1) +4. 
lind the square roots of the following reducing each to be 
form (A+D)? :-— 
Vi, a? tb? +1*42ab—2Qur— 2b. 
12. at+4b'+ *—4a2b2 + Qa2, + — Lhe? 
13. (e+2) —4(a-!). it ata p49 (0+ +) +3 
a at at a 
ae ele ae 
15. (1? )- 4(- +1 +6 16. +e AY 43, 
( t y? 3 y we 
For what value of « will eachof the following expressions 
be an ecact square ?— 
VW. 44602 +1108 430.4¢31. 18. tt 4r3 42.2? —5. - 1. 
WD. at bhi? +25749—3b3,—at, 
20. 4e' + 24.34 dh? +1204 124. 
Q1. 25.4 - BWar? + 49a2127—Q2a hs + ba? 
22, ch tO Ft 1lO Ae $20. 


23. ‘The remainder after finding the first two terms of a 
square root of the form a3 +bi+¢ is 1e?—2.+1. Find the 
whole root. 

24, The remainder after finding the first two terms of a 
square root of the form pur +q: +7 is 6.7 +18.+9; determine 
the whole root. 
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25. The remainder after finding the first two terms ofa 
square root of the form az* + ba+c is 1223+122+9, Find the 
whole root. 

26. The remainder after finding the first three terms of a 


square root of the form pa>+qa*?+ra+s is 6a°+ 6a?+18a+9, 
Find the whole root. 


27. Find the relation between a, 0, c and d, in order that 
a* + 4ax> + 6bx* + 4cn+ d may be a perfect square. 


28. Find the relation between p and q in order that x? + pa 
+q may be a perfect square. 


29. Find the relation between p,q, 7 and s,in order that 
wt + px? + qu? +rx+s may bea perfect square. 

30. Find .the relation between p and q, in order that 
at + 6p?g?a> + (p? +q?)e? + p°x+ p?2q? may be a perfect square. 
Tind the square root of each of the following to 5 terms :— 

ole 1l—a?;1+a?. 32. a?—2?;0a7+27, 

83. l+ata?; l—wta?. ot, a+b; a—b. 


Shew that each of the following is a perfect square :— 
30. A(e+ 1)(at 2)(2a+ 1)(2e4+3) +1; (2+ 24+1) 
X (x? + 3e+ 3)+(a@+1)%, 
36. (@+2)(2r+ 3)(Ga +4)(4a+ 5) + (@+1)' ; (@—a—d) 
X (a—d3a— 5b) + (a+ 2d)?. 
37. (a? + 2a+ 2)(a*—Qa+2)(a' +3) (at +2)(at+1)41: 
v2 (etat+b)(atat3b)(@+a—b)(2+a—3)) + 16)'. 
39. (a—b,?(b—c)? + (b—c)?(c—a)? + (c—a)? (u—S)?. 
40. 2{(x+y)* + (2y—a)' +(22—y)*}. 


115. The ordinary method o: extracting the cube root of a 
compound expression. 


Rule.—‘“ Arrange the expression according to ascending or 
descending powers of some contained letter. 
10 
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Find the cube root of the first term, which is the first term 
of the required cube root ; subtract its cube from the expression, 
and divide the first term of the remainder by three times the 
square of the root already found, and the quotient is the second 
term of the required root, 


Add together three times the square of the first term of tke 
root, three times the product of its first and second terms, and 
the square of the second term ; multiply the sum by the second 
term of the root and subtract the product from the remainder 
already found. If there is no remainder, we have the cube root 
required. If there is a remainder, we divide it by three times the 
square of the two terms of the rootalready found, and the quotient 
is the third term of the root. Now we treat the first two terms 
as if it were the first term, and the third term as if it were 
the second, and proceed as before; and so on till we find no 
remainder, or as many terms of the root as we may require.” 


The rule is deduced from the following :— 
(a + b)§ =a + (3a? + dab + b?)b. 
(a+ b+c)' =a? + (Sa? +3ab + b?)b+ [3(at J)? +3(ut d)c 
‘+c? }c. 
Ex. 1. xtract the cube root of 8a5—36a? + 54a— 27. 
The expression is arranged according to descending powers 
of a. 
Sa*—36a2 + Sba—27(2a—3 
oa 
3x (2u)?=12a? — |— dar + 04u—27 
3(2a)(—3)= — 18a 
(—3)?=9 
Tga?—18a49  |-86a*+ 54a—27 


Hence the cube rout is 2a—3. 


Ex. 2. Extract the cube root of :— 
Br® + 64—— 1L440— 36205 + 1024 + 204e%*§— 17125, 
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Arrange the expression according to the descending powers 


of w. 
8x° —36x5 + 1022* —17 1a? + 20a? — 1442+ 64(22 
82° [—30+ 4. 
-3(2x7)9 = 1 122* | —36.° + 102¢!— 17123 + 20429 — l44e £64 
3(2a2)(—32) = 
— 18a5 
(—3a)? = 9x? 


122*—182> 

+ 9.8 —36r° + She*—Qie! 

3(22?—3x)2 = 1284 — 3625 + 272%" 48a* — Lida? + 204a? — 1 4he 

3(Qax?—3x) xX 4= 2402 —362 + 64 
42 = 16 


Wet—BGe°+5la¢-—B6c2416  |48at+l4tes + 2042? —l4du 


“os 


— 


Hence the cube root 18 21? —-3e+ 4 

116. * When n+ 2 figures of a cube root have been oblarned 
by the ordinary method, n more may be obtained by division only 
supposing 2n + 2 to be the whole number of figures in the root. 


Let N represent the number whose cube root is required ; 
athe part of the root already found ; and we the part to be 
found; then /N=at+e. &. N=a>+2°+3a°rt Sar? 

—_ 7% 22 
N—a + a »3 


—_— = % 


3a4 a dat 





«6 N—a =3a2ez+3ax? +25 2. 


lf we shew that ” tay isa proper fraction, then =the 


quotient of N—a® divided by 3a’, 

Since 2 contains » digits, zis lessthan10"% .°. #? 18 less 
than 102". Sincea contains 2n+2 digits, a is nof less than 
1Q2"+2, oe is less than Pe , Wee., less than a 

Since z is less than 10’, 2° is des. than 10°", 

Since a is zot less than 102"+?, 3a? is not less than 3x 10* ‘+4, 


2 isles than less th 
eo 5—, 18 less thang. , 1.¢., less than 


1 
3a* 3x10 3x 102" 


\ 
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Hence ” te less th ae Pia | cae 
5 is less any5 ERT it 18 a proper 


fraction. 


EXERCISE 48. 


Extract the cube root ot :— 
1. S8e°—362°> + 662%+*—63.0? + 33x? —9a + 1. 


2, att 1 43 (a+ " +8 (a+ it? 

a’ a? w 
a 3x? low! Ses 5x2 
ai” 46 a 
~ @8(e5 + 11) —312(23 —2)—Sa(z3 + 4)—8, 
dS. 1—-9a(L+1]1e4)+ 3922 + 156at— 14425 + 642°. 
ee es (at 2-5 

3 ua? 


a 





=T 


S S$ ~ 
a+ ——la aS “ie ge S118. 
a a a 


8. Pelt (art) +15 (ar 2 )720. 

a’ at a? 
9, aS —6a°b+ loath?—20a°b3 + 15a2bt—6ub + b°, 
10. wo +a3 41) $3200 + 1)?2(e? +1). 


i. wie —8(a+)\(o+ l_o ). 
ua a a 


12.0 ay — 3 + Bey) (2 Vy +2). 

117. The fourth root of an expression is the square root of 
the square root,of the expression. ‘hus 4/16=,/(,/16) =./4=2. 

The sixth root of an expression is the square root of the cube 
root of the expression; or the cube root of the square root of the 
expression Thus £/64=,/(764)==,/4=2; or = §/(,/64)= 7/8 
=u, i 
118. Miscellaneous Examples. 
Ex. 1. Extract the cube root of 2° +6x° + Liat +202? 
+152? +6241, by the Method of Indeterminate Co-efficients. 
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If the given expression be a perfect cube, it must be the 
cube of a trinomial of the form «2+ p: +1. 

oe + 6e> + 1L5a* + 2008 +150? +66 4+ 1=(02 + petty)? 

= 2° + 38° + (terms containing «+, «3, 2? and w)+1. 

Since this is true for all values of «, tle co-efficients of the 
like powers of.« areequal. “.6=3p ..p=2. This value must 
be, verified by equating the co-efficients of the other powers of ¢. 

Hence the cube root of the given expression is #? +2a+1. 


Ex. 2. What value of eg will make x#° +925 +2la!—9Q9zx8 
— 42x? + 33x41 a perfect cube ? 


Rule.—‘ Extract the cube root by the ordinary method and 
put the remainder =0.”’ 
et + 9a* + Q2lat—Ov3- 427.24 3324 1(z? 4+ 3r—2 
a® 
3(@?)? Bat] 925+ Qlet—Oe? —420¢ 4 33241 . 
Bat) (Sa)=9n? 
(3x)? = Gx? 
Bart + 9x3 4+ 9a2| 925+ 2704+ 272% 7 ee 
3(0? + 3a)? = 3a! + 1825 4 27x) — Gx! — 3801s — 4204433241 
3 (a? +3r)(—2)=—6:? —18r 
(—2)?= 4, 
Be 4180342). 27—18e 4 4 | — Gr? 361% — 42:7 4367—8 
—3x+9 Itemainder. 





oo et OSG. Sees Core 5. 
Ex. 3. Find the relation hetween a, l, c and d, when azx$ 
+b #+c:+d is a complete cube. ‘ 
Let ac*+be?+e.4d = (prtq)® = p?u8+5p?qu? +3pq74 
+q°. 
The co-efficients of the /éke powers of w are equal. 
“.a=p* ; b=3p'?q; c=3pq? and d=q?. 


ap? (2)"; bp ?q_p a (2) 
rer q/ (cc 3pq? q  6& \q 
. a_ O38 
a ar) OOO S08 ow vba 8 we we a: 
Again, ad=p*q* and be=9p'g’. . Yad =be «. wos (Z)o 
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Ex. 4. The product of any three consecutive numbers to- 
gether with the middle number is the cube of the middle 
number. 

10., (a+ 1)(a+ 2)(a+ 3)+a+2 =(a+2)°. 

(a+ 1)(a+ 2)(a+ 3)4+a+2 = (a4 2) {(a+1)(a+3)+ 1} 

=(a+2)(a+ 2)? =(a+2)*, 


Ex 5. The product of any three numbers which increase 
or decrease by a common difference together with the product of 
the square of that difference into the middle number the cube 
of the middle number. 

(a+ b)(a+ 3b) (a+ +b) + (2b)3(a+ 3b) =(24 38)°. 

Left side expression=(a+-3b)}(a+b)(a+5b)+ (20)?} 

= (a+ 3b) {a* + 6ab+ ob? + 467} = (a 4-30) (a+ 3b)? 
=(a+3b)'*. 


EXERCISE 49. 


Extract the cube root of each of the ; following]exp1essions, 
by the Method of Indeterminate Co-cfficients. 

J, 18 —9n5 433.1 -—63. 3+ 66r? —36. +8, 

2 8.54485 + 60c2.7* — 80c? x5 — 90c4r2 + 108 2. — 27°. 
3 1 Sa Ge8 +157 *— 20.38 +1512 —- Cet]. 
14-31 4607+ 71246044305 42%, 


e, 415.2 + 4204 O 4 Dee, 
x 1&9” 


we 
é 


A 


6. 27a®— Gr—841 5° ~— 44074 6374421241. 
What value of # will make each of the following a perfect 
cube °— 


Te 818 —36c 5 + 6624 — 63.34 55.2—11.+-6. 
& L614 2112+ 4h? + 6371 + 5805+ 23,9. 
9 9 —<, 4x? — 246, 


v®— 62° + l5at —20e3 + Lhe? — 7248. 
Sx® + 120° — Cat —1l1es +323 + 5e— 27. 


pat pod 
m_ oO 
: e 
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x * 
“sh 
: 1 \3 1 
13. Find the fourth root of (2 + =) ni ay +12, 


12. Find the fourth root of 1— on +37. 


14. Find the sirth root of #°—1225 + 60x24*—160e° + 2402? 
— 192. + 64. 

15. Find the conditions that 2° + 3az?+3b2+c should be 
a perfect cube. 

16. Find the relation between p,qand7, in order that 
> + px? +qe+7 shall be a perfect cube. 

17. Find the conditions that av + ba2° + cz? + dz+e should 
be a complete fourth power. 

18, Find the cube root of l—z to 4 terms. 
Shew tbat each of the following is a complete cube :— 

a+b a—b a2 +h? 

a (225 y+ a si) +0 oa pe 

20. (a—b)(1— 4b) (a— 7b) + 9b? (4@— 4b). 

2). (at a—b)(x+2a—3d)r + 3a—5b) + (a—2b)* (a + 2a—3), 

22. Find the relations between the co-efficients when 2° 
+ pxt+ que +rx?-+8r+7¢ 18 a complete fifth power. 





CHAPTER XVIII. 
INDICES. 
119. Definition of a”. The product of m factors each 
equal to a is denoted by a”. 
The Index Law is a" xa"=a"™'t", We have already proved 
this in Art. 35 when m and are positive integers. We shall 
assume that the law is true forall values of mand n and 


m 
proceed to find the meanings ofa°,a~" and a . 
120. (i) To find the meaning of a°. 
Now a" Xa"=a"*", Let m=0 ; then a° X a"=a"t"=@", 


a°s* =1, Thus any quantity raised to the power zero 
ct" 


is equal to 1. 

(ii) To find the meaning of a~", 

Now a” xXa*=a"t", Let m=—~n; then a™"+a"=a7"*" 
eq°= 1. 





l l 
sa = mes and a’=.. . 
Q” a it 
Thus, a7~?*= —;a@ “|= —; a™ "= i 
a? i qa® 
a” 


a~" is the reciprocal of a". 


m 


(iii) To find the meaning of a’, when m and n are positive 


integers. 
m om on mm 
ES " nN ae to n terms 
axa Xa ..ton factors=a - 
mx 
nN 
=f = 3 
m mn 


uo s it aed 
Hence a is then root ofa” ;i1.e,a =/gn 


In a fractional index, the numerator denotes a power and 
the denominator a root. 
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n Q 1 
Thus,a =V/a'= A/a ; a'= {/a?; at=sVa. 


p ly p 1 
wiz (qt) _(at)s 


121. In like manner we can prove that— 


(i) (a”) Haims qm" : (ii) cu" by” _ (ab)" 
(111) _ = ( 5) “for all values of m and 2. 


Ex. 1. Express, with fractional indices, Va7b?%c®d-?> 


—_— 





— 


Q 


G ; ‘ 1 7 109 ~15 7 5 3 % 
v/a Brectdes >= (arbi eed Are ath? cold 6 =q"l3c2 q-*, 


Ex. 2. Simplify a2°7'  . g2’~ —* , g2erane, 


The expression = at 207'~ F280 -\ret arma) ee go = 1, 


] 
Ex. 3. Simplify {(a 4 b)"""(a + bye Pn 
l 


1 
The ex pression = {(atbyu—"int} rene = {(at+ b)2") +mde 
Qn } 
=(at b)*""=(a+ b) ae 
! T _) | _1 a 
Ex. 4. Multiply 2 ?—«e 'y '+y % by a ' ty! 


1 _ 
Putting a forz ', b fory '. multiplicand = a8—ab+ v? 
and multiplier=a+b. Henco the product=(a?—ab+ b?)(a+ b) 


1 net = 
autba(et)'4+(y!) eter 


1 1 1 
Ex. 5. Divide a—2a7+1 by a ¥—2ae +1. 


1 
Putting 2 for a® the dividend=a° —2z +1; and the divisor 


1\6 ‘ 1\3 } 1\3 
= 229—9r+ lcs ala’) ;a*= (ar) ;ae=[ae). 


1 
a—2Qa2+1_a¢%—2e5+1_(x§—1)? _ (== 2 


J 7 ~~ oe On) Veils 
a>-2q' +1 vim Qe+] (2— 1) 


a 


Hence 





um] 
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= (23+ e-+1)9§art +205 4+ 3274+ Q2r4+1 
1\* 1\ 8 1\2 1 
=(a¥) +2(a°] +3(a*) +2a%+1 
3 3 } 1 
=a> + 2a°+3a* + 2a’ +1. 
2 tT 3 
Ex. 6. Extract the square root of a+ bo—2a>b? +8 
ial i 
+ Qa2ct ~2Qb% 08 


Arrange the expression according to powers of a. 
a? )a—2a" b*+ Qaret + be — Ob%¢ +3 (a?—2 +¢ ‘ 
a 
2a? 2 7! ot) —2a2bi 4 2a%e | +1) 3 OU nae 
_=28 bf +b 
Qa? 2b? 46% + eube! c 12 %¢ et tot 


ee oe 
Qa%¢4—BWir tse? 





ie 


Hence, the square root is a pe +e I 
1 
Ex. 7. Simplify -——— be ces eae 
} yj a a we ar l +r x? 
° 1 
1l+aq" grr 
ago” qa 
The first term =——, See ee 
ae "(1 + om "gy ) un" +e ge nt +a” 
—a HM 
The second term = —-__% ____./___=_ 7% _ __, 
x a (1 So ae gr" ») en + id x a 
a? _ 


The third term = 7 : een 
} qd + ‘we Tal + ro ") ee | x —m | a, C —N 
Hence, the given expression 


a mi gn P 


Penne NaN TE “AR ERR oe eae pratt i at 
ile ot Ain i Ain oo! i. a - i or ai ia 


sate. mob @ il pe? 
ee mt ea +x “-o? 
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Ex. 8 Ifo’=b", shew that (; joa ms and if a=28, 


shew that d=2. 


@ a 
. : b rd b b _ 
Since a?=b", ..a=b. Hence ¢ jine = f= 


Since a'=b' and a= 2b, ©.(2b)’=U"=(b?)° °.2b=0? 2.b=2. 
See. yh Sl feet eas A 
Ex. 9. If c= (a+ Vai +63)! + (a a9 + 6°), shew that 
x + 3b7—2a=0, 
Putting p for a+ /a* +b5 and q for a~V/a‘+b*, we have 


Bee Ty key Te a: 
=pitq) = (pi+q’) Ae =ptgqrsp g?(p +g?) = P: 


71 = stata 
+q+3p%q? (x). But p+qeatva?+l3 +a—Va? + b'=2a 
and pa=(a+v/a? +b3)\(a—Va?+b*)= a? —(a? +b°)=—b5 

a ? 
oe P'gh=(— D9 )J=—db oY we = 2a4+38(—d) (7) = 2a— 3b 
ee @° +3b2—2a= 0. 
EXERCISE 50. 
1. Multiply a~?—~1+a? by a? +a, 
3 q 1 7 
2. Multiply at+a*+a*+1 by at—I. 
3 Aid J 1 J 
3. Multiply 2*+2°y%*+aty by 2t—y?. 
4, Simplify “W (War) XV CW gh)! x VY ay. 
3 3 1211 L 1 1 
*. Divide a—b? + c+ +3a*b2 c'by a *—b? + c'. 


a dp ap » ” 
6. Dividew 2—y by ry. 
7. Simplify (/a)'" x (ryt x (Yaye® 


° i ii 1 7 12 1 ] 
8, Multiply at b3 + c7-— aii ag? ct—)? ot by a? +b} 


1 
+c* 
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; i : 
GB imply sage es 
(a®@—b2)(a%—c2) (bea?) (bt cb) 
I 
$y 
(c@—a?) (#28) 


$8 
10. Resolve into factors -?—7071 +12; 24—y*; a*+b* ; 
ue +e2 8—2; and (a 1+a 2+a7°)(a-§+a-5+a-*)—a-*, 
ll. Find the H.C.F. and I..C.M. of— 
a(x+ /ey)—y(y +/ xy) and x? + 4? +3(a 4+ y)/ xy + tay, 


~ 


1 
-_m me-b 


a m _ 1 b p : . 
49. Express € - +} vu X — in the simplest 





form and what must be the relation between p and q so that 
the expression may be equal to a 


Qertr 4g QreayQ an] 93" 4] 


Ie: Sun p ly) a ae 
J puly Yeti ay 0 4. | Ours. ] 
8 % 
; Sant a lett oY ee? 
14. Extract the square root of y?a~1 + 4a?y71 + Sa 
+4,4 


* Ha y 
11 2 ! 
lo. Extract the square root of 4e—122° 43 +9y* + 1627 24 
} 1 
— 24a? s* +1627, 
4 ees 
16. Find the square of #* 2a'+2#?. 


g 1 i 
er ae 
17. Simplify — ee ee 


: ry a 
a? —a*x” + 3a? a— 3a? +4022? — 2x? 


wis 





id 


J] + dag —Q@ — Qe? + 933 


18. Simplify i , 
1 — 4xr* + 6e¢ —42? +2? 


CHAPTER XIX. 
SURDS. 


122, Definitions. 

A Surd or an Irrational Qantity. When any root ofa 
quantity cannot be exactly extracted, the quantity which re- 
presents the root is called a suri. 

1 ! 

Thus ,/2, ./6, 79, /2+4 3/3, 3!—5- are surds. 

Such expressions as ,/4, */21$, /a*—2ab+b* are not surds 
thongh they are written in surd form. 

} = | 

Though such expressions as ,/a, ab*,a*,(a*+b?)' are 
surds, yet their exact values may be found in certain cases by 
giving special values to the letters aand 6, Jor instance it 
a=4, ,/a=,/1=2 and is therefore not really a surd. 

Surd-factor is the quantity beneath the radical or index 
sign: thus 3 is the surd-factor of 4,/3 and 6,/3. 

A Complete Surd is one which has no rational co-efficient 


i 

except unity. Thus ,/2 and (x+¥y)* are complete surds. 

A Mixed Surd is one which has a rational factor different 

J 

from unity. Thus 3,/2, w 4/5, 42! are mixed surds. 

Simple and Compound Surds- Surds are simple and com- 
pound according as they consist of one, or more than one term. 

Similar Surds are those which have, or can be transformed 
so an to have, the same irrational part. Thus “45 and /80 
are similar surds for they are respectively equivalent to 3,/o 
anu 4/0, 

Surds of the same order. Surds are said to be of the same 
order when they have all got the same root symbol. 


A surd ‘s said to be of the second, third, or »' order, ac- 
cording as the denominator of the surd index is 2, 3, or n. 
Thus ,/5, /a> and ,/ (a+ b) are surds of the second order, 


A Quadratic Surd is a surd of the second order.— 
Ex. 1. Express 3,/5 in the form of a complete surd. 


J i 1 1 7” 
3/d= (34)? x52 = (82 x 5) F= (45)? = V/45, 
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Ex. 2. Express / su as the product of a rational quantity 
and a surd,. 


at 


/80=/ 16x 5=(16x 5)? = (42 x 5)? = (42) x5 
= 4/5. 

Ex. 3. Find the sum of /98+V/50 and of Y128—%/54. 

JB EVS50=V49 XB M252 = 7,/245,/2 = 1272 or 
972, YI2B— V54 = YOIxB— YATX2= V4 xI—V33 x2 
az 4,8/Qm— 33/2 = 4/2. 

Ex. 4. Reduce ,/3 and 3/2 to surdsfof the same order. 

J3 is of the second order ; 4/2 is of the third order. 

The L.C.M. of 2 and 3 is 6; so we can reduce them to surds 

af I 8 rs Brey 

-of the | sill order, thus: /3=3°=3° = /33 = /27; and 
s/2= =e = 28 = 8/2? = X/4. 

Ex. 5. Which is the greater, ,/2 or ¥Y/3 ? 

Reduce them to surds of the same order. [..0.M. of 2 and 
3 is 6. 

p| 1 

J2= Pad = YP=Y8; YIHB == Y3t= V9, 

/2 and 3/3 are respectively equivalent to </ 8 and </9 and 
as 9 is greater than 8, therefore Y3> V2. 

Ex. 6. saa a 473 by x/9; 3/3 by ie 

ane y9= 38 x = — 312 ¢ 91% = (38)1F X (9*)iz 

=(3° x g+yis = (27x81 xAL)TF = (177147)i7F= 1971476 

YB x /3=32 x giagt t F931 = 37 = YOIB7, 


Ex.'7, Divide 4/5 by Y10 and express /8+2,/5 aa a 
fraction with a rational cats 


Y5LY10 =5*+103 = 5+) me ee =(5 a 
(10*)7# 10* 


i 
2 


ae 


- 4x95 





=(5)"= ¥/ 80, 
Ws 8X SS S15 V15 
3% 2S = 57s FBX Thad 10” 
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Ex. 8. Multiply 2,/a+3,/b by ,/a—./b- 
ve + 39b)(/a—mJ/b) = 2/a/a— 2/a/b + 3/b/a— 
3,/b,/b = 
= 2a—2V/ ab +3,/ab—3b=: 2a + /ab—3b, 
Ex. 9. Multiply 5/7+4 7/3 by 5/7—4,/3. 
(5/7 + oe — 4/3) = (5/7)? —(4V73)2? = 59 x 743 
X%*3=175—48=1 
Ex. 10. rate Lie square of Va+@+V/u—c. 
(VatetV/a — mw)? = (Vata)? + (Va—x)?*+2Va+aV/a—2 
=A+ e+ a--2+2/at—at = 2a + Wat*—z?, 
es EXERCISE 51. 
Simplify :— 
1 Y625—7135 + 3/40. 2. 12/2 + 37,/8—9,/50. 
3. Y—823 —/ 162+, 
4, /32b4a + 2V512b*a—6bY 125040. 
5. 3/8 + oy ~V3i, 6. W—27a'bs 5 4/40262— %/160*b*. 
7. Arrange in order of magnitude: V2, 3/2, 2/6. 
&. Which is the greater : 3/3 or 1/4; 2/6 or 4/10. 
9 ~ Reduce /a2b, J arys, Vay, Yui +2%—1—1 and 
Boge r—3 
4, 2— 242+ 36° 
10. Reduce to surds of the sameorder /ec and sy; ¥Y4 


and 4/3. 
1]. Compare 3i/7, 4/2 and 42/3, 


12. Multiply 2/3 by 8727; Y4 by /8; 8/12 by BV 24 ; 
</6ab by /9u*b3. _ 

13. Multiply together 4/2!, /1) and v5; 12 2, 2¥18 
and 7 (/2 + /3) and /3—,/2. 

14, Reduce (2/3 + BV 2)2Vv 2+ 18) +24 +-2,/3, 

15. Reduce Vat JaI—b* xVa—Va?—b* 

16. Find the square of /7 + 2a—Vu—2a; aV5+bv5; 
Mi? + yt mnt —2y* and Wat b+3Va—b. 


160 ALGEBRA, [CHAP 


17. Multiply Va+ /b +e by Va+Vb—Ve, 
18, Find the continued product of/ a+ / b— Vey 
Jatve—vVb, Vet b—Va and Jat /b+ Ve. 


8 ee 
19. Shew that the product of¥u9 + 4a?—b> and 
a mat ee a, 
Va?—/ai—b® is rational. 

20. Find the continued product of S34V/242, f/24+2 
—V3, 24+V3—./2 and /3+V2—2. 

123. Rationalising Factor. A rationalising factor of a 
surd is one which when multiplied by the surd gives a rational 
product. 

Since /ax,/a=a, therefore fais a rationalising factor 
of Va. 

2 1 
Since a} xa*=a, therefore «' is a rationalising factor of 


a*, and vice versi. 
, tithe sum of the surd-indices of two simple similar surds 
is an integer, either of them is a rationalising factor of the other. 
Since (./a + /b)(/u—/b)=a—b, therefore each of Ju 
+b and Ja—vVb is a rationalising factor of the other. 
_ Conjugate or Complementary Surds, Two binomial quad- 
ratic surds whosé product 1s rational are called conjngate surds. 
Yo rationalise a binomial quadratic suid, we must multiply if 
by the complementary suri 


Ex. 1. Find a rationalising factoy of 3V5+2s/7. 


The conjugate surd is 3/5—2V/7; their product is (3/5 
+ 2V7)(3V5—277)=(3V5)?*—-(2y7)? =h5—28=17, the 
rationalising factor is 3 7“ 5-2/7. , 
Ex. 2. Rationalise the denominator of ref and find its 
value when V3 = 1,732, 
1473 (1+ V/5)(442V3) 44473497346 104648 


ee — 
ri ~ ee, ee — —_—_—_ — — 





Am 2/3 (4-278) (44 273) 1G6—12 4, 
—5+3V73 _5+3%1-732_ 10-196 _. ng 
”) D) poet ee — y coy, 7 


Note.—1n similar cases, we should first rationalise the denominator 
before substituting the valuee 
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molity GEVIB+VS9)(Y —2) 
Ex. 3. Simplify 6 —ys\l+y3) 
nee VA V8+N3B+V/5)(/5—2) 
The expression= (5 v5) C + v3) 





ee es ee ee Je 


oe RSD) 
—V3(V5— DiV3 V3 XV/9_ S15 
Jx/s—1l) fd 8 5° 


Ex.4, Find the value of 42° +162.?7+102—1, 
x= }(—1+,/3). 
Since g=3(—1+ 3), 2e=—1+/3. . 2a+1=,/3. 
ve (2+ ])2?=3. Ar? +474+]03. 2 4u2 + 47—2=0, 
ee 20? +27—1=0, 


Now 45+ 16.2 + 10%—1=2.r(2 
$t5O=5. 8 Qr?+2.—1=0. 
EXERCISE 52. 
Rationulise the denominators of :— 
1 . 1 9 4+ ./2 " J lta tV/1—. 


when 


1242. —1)+6(2z? +22—1) 





Ve-L Beye" aT 
4 Vatitva-e 5s Vl+a?+/1—et 
a+ o— Same J 1+u?— J 1— 22" 

1 1 


I+ /2+/3' YatJotVve 








7. Find the values of aanle f4+V9 ong lt4y2 
Jd 8-2/9 DJ — 4 


each to 3 places of decimals, 








Simplify :— 
g 1+375, 7-35 9. 2478 4—2Y3q. 
° 9-3BY5 7437/5 " AES! 5-273" 
l 1 
1Q, 


a-Va*—b8 t a—Vat— be 
ul 
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ll 3+/6 
"5 SB— 27 12 — /32 + ./50 


3,/2 4/3 /6 


' FB+/6 f6+/2 pegs" 





13, (Vite vi-2 =*)+(2 J/i+e@ +e) 
Vi—w V/1+z J l—x Ler ee 
14. Find the value of 225 — 3x* ~ 2023 + 30.7? + 22— 2, whe 
e= /2—./3. 


15. lf r+y=/m, and s—y=,/n, express 2° +y5 in terw 
of m and 2 
124. To find a factor which will rationalise any binomia 


i. 2 x . 
First, let the binomial be a +). Put.c=a’, y=b" : 
let 1% be the L.C M. of p and 7; then z" and y" are both ratione 
But wgty’= (xty) (a *—2"9y tz" Iy?— 2... + 
according as % is odd or even. 
oe BE Fy ew” Fy?— 6.6 ty") 18 a factor which wi 
rationalise a+ y, 
n-1 xe 9 n— tJ 
lE.,a@ —q b t+.--+.+b °° isthe rationalising factc 
1 2 
» q 
ofa +5 
2 1 
Secondly, let the binomial be ag, Taking «, y and 
as in the preceding portion. 2"—y" 1s a rational quantity. 
Now, 2°—~—y"=(@— y)(a"7 1 a 2y fp e™ By? + eevee ty” *). 
oe Oh a8 y + o-5y% +... +y"*) is a factor which wi 


rationalise 7—y, 


e Rn—y 


== 
P 


LE.a "4a + «+-+6° is a factor which wi 


2 (ns 


B—-1 
P 


2 2 o 
os € 


rationalise a gas 
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iL ] 
Ex. Take a?+0*; L.C.M. of 2 and 3=6. 


1 6 1 6 
2) _ (p38 5 4 $2 33 14 38 
and Co eee ) =a*—a’ 53 +a? 680253 + a2b3— p38, 


a? + 53 
5 7 3 Ss 1 # 5 ; ee 
* IE, a*—a*b?+a*b*—ab + a*b%--) is the rationalising 
1 1 i 6 1. 6 
Yactor of a*+ l and the rational prodnet is(a*) — (b*) =a$ 
— §*, 
125. Properties of Quadratic surds. 
(Ll) The square root of a rational quantity cannot be partly 
rational and partly a quadratic surd, 
If possible, let \/u=at+/b; then, by squaring, z=a7 +6 


Z r—-qa? -h ‘ : -4 
+2a%b. o/b a, 2% rational quantity, which is cone 
ow 


trary to supposition. 
(2) The product of two dissimilar surds cannot be rational, 


Let .” and ./y be dissimilar, and, if possible, let / 2 


e 2 e a® a? e a 
xX /y=a. Squaring, ry=a?. y= -H ey = Sk 5 
xv & & 


‘this shows that /y and ,/z are similar surds; which is con- 
trary to supposition. 

(3) Ad simple quadratic surd cannot be equal to the sum of 
Ewo dissimilar quadratic surds, ) 

If possible, let /u=/at/jb. Squaring, z=a+b+2V/ abe 


Vv ab= 3 ° a rational quantity ; whichis impossible 


tby (2). * Hence ,/a is not equal to fa + /be 
(4) Ifx+/y=at+/b; then x=aand y=b. 
If possible, let e=a+m; then a+m-+./y=a+t/be 
oo m+./y=,/b ; which is impossible by (1). 
Hence z=a; and, consequently, y=5. 
(5) IfVa+/b=J/x+/y; then JSa— Jb /X—V/J: 
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Since Va+ /b=Vat Jy, os atJ/b=aty + Wey. 
coa=epy; /b=QWuy...by (4). a—Jba=aty—Way 
=(fr—VSy)?. oe Va—Sb= fay. 

126. To find the square root of at /b. 

Let VatJ/baJ/itJ/y, - 0.2 oe - (3) 

then Va—Wl= Jey oe ee. . . (by 5 of Art, 125). 

Multiplying, /a?-b=a—y. ... .. (2) 

Squaring (1), a+ /b=atyt+ QV ay. 

(By 4 of Art. 125), a=at+y; aud /a*—b=a-y, 

8 Psat Vva—bl.  e@=hatnNat—d) 

and 2y=a—/a‘—b. 0. y= (a—Va*— 0). 

2 Mat fbEs 8 (at fut —b)+V3(a—fa*—d). 

Similarly ve ~/b=/ \(a+ /a*—b)—V L(a—Va?® ~ b). 


Note.— Uunlesg a?—b be ai perfect square, the values of Wa and Wy 
will be complex surds, 


Ex. Find the square root of 7-210. 


Let V7 —2W10= Jx—./y; then V7 +27 10= SEF SY. 

we A Tt 2? X lu=a—y. * @—y=V49—40 =,/9=8, 

Squaring both sides of VW 7—2/10=/2—,/y, we have 
9—-IANO=. + Yy—2/ ry. eer ty=7 and « —y=3. . ead 
and y=2. ot. V7—WW=f5—4/2. 

127. Sometimes we may extract the square root of a 
quantity of the form a+./b+/c+ /d, by assuming 

Jat fb fot f= fb tJytJ ie 

at SbtVf/et/d=raty +t QJ aey+QW/yst Wee, 

We may then put 2/.y=,/d, Wyz=Jc, Weae=/d; 

and if the values of «, y and 2 found from these equatioiis also 
satisfy the relation a+ y-+2=a, we shall have the required square 
root. 
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Ex. Find the square root of 8+2/2+4+2/5 +2V710. 

Assume /(8+ 2/2 + 2/0 + 2/10)= fa +/y+/z; then 
842/24 2/54 2/10 =a ybst Way t QW yest OS 22. 

Put 2/ wy = 2 S23; WyzHQA/h; W2=2/10. 

Si aay BR) yea Jo ale XO. 


: Vay XV ys Vays . JAX Jd SLU 
Se. cae ————o)' a/ . ys 
ve Vigo ES” AG a/10 

=], 


Hence «=2and -<=5. These valnes satisfy the relation 
r+y+:=58. Thus the square root required is /2+,/1+/3, 
1e., 1+/2+ 7/9. 

128. If via+Vb)=x+Vvy, then YVia—/b)=x-Vvy- 

Since (a+ /b)=r+/y, at /b=(4+/y) =s* 
+ 322. /y + dayty/y- 

2. 2+ 3ry=a; /b=3r?/yt+y/y, .. By (4) of Art. 125]. 

Hence a —/b=a>+3ay—3i?2/y yn /y=(r—V/y)?- 

V(a—./b) = 2— Jy. 

To find the cube root of a+ b. 

Tet V(at+/b=a+/y; t ; then {“(a—,/b)= r— fy 

By multiplication, Vat —-b=r?—y. It c=Vat—b, ot —y 
=¢ (1): 

Gubing both sides of (a+ /b)=r+/y, we have a+./b 
=254 3ur/ytoeyty/y. % a=r>4+3ey=23+32(22—Cc), 

-* y=a?—efrom(l)... 4¢3—3cex=a. From this z must 
be found by trial and then y is known from y= rv? —c. 

Note.—Unless a-—b be a perfect cube, the method is inapplicable, 

Ex. Find the cube root of 7+-5,/2. 

Let S/(7+5/2)=x+/y...(1) Then Y(7—572)=2—/y. 

2. Y(TP?—WxWMert—-y. 6 wt—-y=V—1lH=—l. Aye 
g?+1... (2). Cubing (1) and equating the rational parts, 
Var +3aey 8. 8 +3e(Qe?4+1)=7. & 42°4+3r7=7. By trial, 
the value of x must be found. z=1 satisfies the relation 
4a%4+32=7. Hence y=2. °° y=a?+1. % the cube root 
required is 1+ ,/2. 
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EXERCISE 53. 


Find the rationalising factors of :— 


1 1472, 2% oF —d%., 3% 2-72 4. VBEYS. 

Db. Vf2-43.65. a—-¥Yb 7 JS5+4/7. 8. 2,/3—33/2. 

9, Find the value of #3 — 3g#—2r, when w= 3/(r+Wv77* —q3) 
V(r —V/r*— 99). 


10. Find the value fly + + —52= when 7= ve 
11. Find the value of ZaVia* when #= 

et / 1+ 2? 

(/ f- v/¢)- 
Find the square roots of :— 
12. 7+4,/3. 13. 16--6//7. 14, 484127. 
15, 2a42/a?—b4, 16. 4-15. 17. 44273. 
18. —%9+6/3. 19, 75 —12/21 
20. ab+c®?+V/(a?—c*)(b?—c2). 
21. Find the value of ae ee Semen r ave 
+714. aa J/l—2x ey) 


22 Find the square ee of 642,/24 2/3 +26. 
23. Find the square root of 9+2/6—4,/3—4,/2. 
24. Find the square root of 5 +/10—/6 -v 15. 
Find the cube roots of :-— 
25. 10+6,/3. 26. 1645/5. 97. 9/3—-11/2, 


28. 7—-5,/2. 29. 264153. 30. 454 29,/2. 
31. 204+14/2. 32. l+eYetet 3/2. 
1 3 4 
3 Si 
3 Pimplity | 11-9730) (7-270) (8 + 4/3)" 
pe 3 2—,./3 
34. Prove that wee ce ae - ene —=,/2. 


J24+V24+S3 f2—-V2—-/f3 
35. Shew that 3/(,/5+2)—27/(./5—2)=1. 


elt 


CHAPTER XN. 
RATIO AND PROPORTION, 


129. Definitions. 


Ratio. The term ratiois usually defined to be the rela- 
tion between two quantities of the same kind in regard to their 
magnitude, comparison being made by considering what multi- 
ple, part, or parts, one is of the other. 


The ratio of a to b is usually written a: b, and is measured 
by the fraction : 


a and b are called the terms of the ratio. The first term a 
ig called the antecedent, the second term 0 is called the con- 
sequent. 

If a=d, then a: 0 is called a ratio of equality. 

If a>l,, then a: b is called a ratio of greater inequality. 

If a<b, then a: 6 is called a ratio of less inequality. 

The ratio of a?:: l? is called the duplicate ratio of a: b. 

The ratio ot a° : b? is called the triplicate ratio of a: b. 


J 
The ratio of a°: b is called the subduplicate ratio ofa: b, 


1 B| e e ® 
The ratio ofa’: b® is called tl.e subtriplicate ratio of a: b. 
If the ratio of two quantities can be expressed exactly by 
the ratio of two integers, the quantities are said to be commen- 


surable: otherwise, they are said to be incommensurabie. 
Thus the ratio of ,/2: ,/3 cannot be exactly expressed by two 
integers ; therefore they are tcommensurable quantities. 


Proportion. When two ratios are equal, the four quan- 
tities composing them are ssid to be proportionals. ‘Thus, 
if a the a, l,c, d are proportionals. This is expressed by 

¢ 
saying that a is to b ascis tod, and the proportion is written 
a:b::e:d;ora:b=c: d. ' 

The terms a and dare called the e:fremes, b andc the means, 
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Continued Proportion. Ifa:L=b:c, then a,b,c are in 
continued proportion, Here b is said to be the mean proportional 
between a and c; and c is said to be the third proportional to 
aand db. Ifa: b=b:c=c:d, then a,b, c,d are said to be in 
continued proportion. 


130. Comparison of Ratios. Two or more ratios may be 
compared by 1educing their equivalent fractions to a common 
denominator. Thus the ratios a: b andc: dare compared by 


reducing them to the equivalent forms = and ©. The ratio 


bd 
a:b is=or>or<the ratio c: d according as ad is=or>or<cb. 


_ Approximation of Ratios. Let a+: a be a ratio, where x 
is rery small compared with a; then the ratio of (a+ 2)? : a* is 
approximately equal to the ratio of a+2z: a. 
We have (a+ 1)? a? +2axr+2? =} 2a x? 
a? ae a a* 


e e e 2? e 
Since # is very small compared with a, the value of". 1s 
a 


Y 
very small compared with “" and 1; and therefore it may be 
l 


(a+)? = | 


) : 
er wt2a 
fe et et 
a? a 


neglected ; .*. approximately ~. (a+ »)? 


a 
a®?=a+2e: a (neurly). 


& 
Co] ms 


Similarly (a+ 7)* : a8=a+3e: a (nearly) and (a+ 2)" 
=a+ 3a: a (nearly). 


131. (1) If a>, then’ ariel [a, b, a are pos. | 


Since a>Jb, . az>la. .. ax-ab>bat ab. 


“art b)>U(eta) .. > er 1.@., be 


(2) Ifia<b, then iS [a, 5, x are pos. | 


Since a<th, oo aa<cbe. «. artab<bet+ab, .. a(v+b) 


a t+a.. a+e 
~< 27 


<(@+ a): ar Ee ae ee 
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From (1) and (2) we infer that a ratio of greater inequality 
ts diminished, and a ratio of less inequality ts increased, by adding 
the same quantity to both its terms. 


Similarly it can be proved that if a>b, <3 and that 
wy 


if a<b, reek That is, a ratio of greater inequality is 
— 2, 


increased, and a ratio of Icss inequality 1s diminished, by subtract- 
ang the same quantity from both its terms. 


132. (1) les =" then ad=be. That is, when four 
( 


quantities are proportionals, the product of the ectremests equal to 
the product of the means. 


UI) If ee then a. “Tr | Aaa 1 to both sides of 


ac a—l 
; =7 and simplity ] 3 (2)—— = es | Subtract 1 from both 


sides of “=° and simplify Jenteett Set [Divide (1) 
b ad a-b —d 
by (2)]. 


bo Pg 


=( oe) ‘where p, y, 7,2 are any quantities what- 
ever. 

Let (= =°=h; then ashl ; c= kd and e=hf. 

bd jf 

“op. a"=p(kb)" ; qe. =q(kd)" and re'=r(hf)". 

oe p. (kb)"+9(kd)"+r(kf) = pa" + ge" + re". 

fee Pat ge" + re" ae (patentee. 

~ pb"+qd" +7 + rfr pb'+ qa" + rf" 
Note.—By giving to p, y, v, different values, many particular cases 


may be deduced ; or they may be a5 oved by the same method. If p=? 


=r=n=], then cach of the ratios © Wd nd = easy Thatis, when 
* number of fractions are equal, each of them is equal to the sum of all, the 
numerators divided by the sum of all the denominators, 


133. If _ = °, then each of the ratios 








‘ 


e 
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The same may be proved independently thus :— 


Let ot sae ; then kb=a; kd=c aud kf =e. 

ee hb+khkd+hf=atc+e o A(b+d+fl=at+tct+e. 
- _ a+tcte 

b+ d+ 


Ex. 1. If (a+t+c+d)\(a—b—c+d)=(a -b4+c—d) 
X (a-+b—c—d), shew thata: b=c:d. 
at+tb+c+d _a—b+c—d 


From the given relationwe have = _____—, 
atb—c—d a—b—c+d 


o a+b+ce+d+a+b—ce—d_a—-b+e— —d+a—b—c+d 


e- = 7 —- ee 


at+tb+c+d—a—b+ct+d | a—b+i—d—a+b+ce—d 
[If of Art. 132]. 


oath a—b ~ a+b ctil 
""o+d c—d- ab ~e=a 





; at+b+a—b_ c+d+ce—d ise 
ee Perey nee hal ea fIl of Art 132] 


a c e 
pe 1€, a b=c d, 
L 3 ? 


d 
2ab JatitV/a—i 
.2. Ife= =", find thevalue of —— - ‘ 
a : see : aaatiene Vati-Vua ~-a 
; b x 2b a b44] 
S woe 2b .o.-= e ae Sa e 
sea OF a bh! a Bb 


ae, eran ee 
Sa —a be + 1— 2d (6—1)¢ 

: Vate $41 Vata t+Va—e V+lt-h—] Ly 
“Vase bok “Varese se b+l—baed 
Jp+1 + /p ~l 


—_ , Shew that 25 — 3px? + 8. 
Vp+l —vp-1 eo 


Ex. 3. If a= 
—p=(). 
Vp+l+V7p—1 othe _VPtl 


Ypt1—Yp—V  e@—1l Vp) 
[Il of Art 132] 


Since z#= 
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», 1) pt 1 ‘ (r+-1)§+(r—1)8_ p+14+p—1 


ee -—— + 


”° (a—1)? p— 1’ ° "w+ D3 (a —1)§ p+ i—p oe 
[II of Art, 132]. 


5 Ro pEP. cot 3 Su Ape + p. et? —3p:? +3v— p20. 


$h+ 2c? e—3aerf ace 
Ls shew that. 2 

qo pew Tea anys bf ® 
Let “={=°=k; then w=bk, c=dh, e=fk. 


eo A*b=2b (b8kS N= )tk® 5 2c27e=2 . (dk)? . fh= 2d? fl*. 
~3ae*f= —3(bi)(fk)? . f= —BUf3h>. 

e by adding k°(b++2d2f—3bf? )=a°b+ 2c%e—Sue?f, 
: je ce BOC? e—sae*f 


ness ome lO yg Oe BEF 
i dare — ape Ot OE a ay 


~ @b+2c%e—sae*f__ ace 
b+ +4+2d#f—3bf? — bdf 
he Ci—az_ bz—e fe 
Ex.5. WUC a9 CLM shew that (=/=*. 
c h a a be 


Multiplying the terms of the given ratios by c, ), a respec- 





Gee Se ee 


* ac —bhe be —albhz abe—aci 
tively, we have st so y 











ha a? 
Sy ceneli ee, OO ee ed Ast 18) 0 
c#+ b? +a? 

acy— ben 2 ay : PY 
ee occas = (). ee =(), ve AY = ba, oe == _. 
e c a 6 
Again = 8229, nO, eeman oe 
gain . ee i; 4 e we aaa ; 

a ae 

coer b c. 
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. 6. How thapt = a*+c* 
-Ex. 6 If | b = a mb + nl b? + d? 
oes a_¢ , ma_ne 
aa b dad “'mb nd 
"each = eee: . (1) [Art. 133]. 
Again since ae Ce, 
b a b? dd? 


”. each of these= “a eer, ... (2) (Art. 133}. 








b? + d? 
We lave 2 =" ea 
mb+nd b be +12 Db? 
: MUI 2C a? + ¢? 
mb+nd — b? +d? 
EXERCISE 54. 
_ Aah 1+2a, 1+2b 
}. Jf . are find the value of ees 
_Vat+1+Va-1 r+ Bw 
2). TE , find the value of, 
ae l—Va— 318+ 1 
3. Th Vm tlt m=) row that «®—Imi +1=0. 





/mtl1—-/m—1 


h. If ier aaa shew that By 2@—4or + 3g 
aptoq -Vap—ng 
~ / — i = e 1 “ i 3 
If Jat tyia—Vvi2 -y =m, shew that = ae : 
Ja? Kee — ue 


“aes VYa—1 


o 


. shew that «*—4a. 5+ 60? —4ax 

+1=0. 

7. If(a+3b+ 22+ 6y) (a—3b—2¢ + 6y) =(a—3b + 22—6y) 
X (a+ 3b—2e—6y), shew that er 
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8. If '=5=5, shew that (i) f= = (st=00+ sti) 
0 fa (Sete) a poem 
9. If ey = y shew that pS ats, Vb 
t/edt /ef, 
10. If %=" =", shew that (a? +0?-+e)(b2+¢8 +d?) 
=(ab+bce+cd)*. 





1l. Tf mont ohew tala) ae 
b e¢ 3 a. c#d+d3 
(i) 2at3d 2a3 +309 


ee heres, 


3a—4d Bae — 4b," 








I 4°=* , shew that 9S = va? oe, 
ba b—d Jb? + qd? 
13 RCS": ew thas ote 
b ce = Zo en 2° 
ld. Tf7= © shew that @ sl a"(etd) 
b i e+e ci(at b) 
1b. If = edna = tT Te bz— cy 
c w 
16. If ad=0c, prove the following identities :— 
ate a(u—c)? . a ae, _ act bd 
— ’ ji aetna 
Q) (3 b(b—d)? ( Ys. —b? ac—bd’ 
a? NN 2+ ed +d? - - 3 a a —2ab 
(i a —ab+b4? ct#—cd+d2" " e+e d*—2cg 
Ll v — y = a , pane 4 
17, eee sea ee shew that (b—c)z 


+ (c—a)y + (a—b)z=0. 
18. If sea = , prove that a(b—r) _ (ea) 
Ys sHe ae y®—s% = gt ge? 
_e(a—h) 


a*—y* 


~ 274 


19. 


26. 
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“ 2 2 2 2 8 2 
If FY =? prove thet ee eee 
a be ata y+b s+e 
_(@+y+s)* +(a+ b+c)? 
abytstath+e 
| | ae lei Seats ———, shew that 


qtr—p r+p-q prq- 
(g—r)a+(r—p)b + (p—q)ce=9. 
7} YY a 


ti AE aes a Oo tes, Wee ie al , then each 
artby+tes baetcyt+az cetay +b 
] 


~ atb+e 
patos bre _ tO | then S1+9b45r=0. 
26-59 36 
mui-—-a—b mz—a—c 
* — = ——— —-, th oe 
ne—ce— ad Pag ay A ev each 
If s(atx—UW=y(b+y- )=2le+s—a), then each 
= _etyts 
tt pym bem? 
ad—be ac—bd _ 


Jf oi eee ae i: , then each= liatb+c+d)s 
= peices 
If bandc are unequal and —— — rar pa le , then each 
“Gesaa 


at+d—b—-c 


CHAPTER XXI. 
EXAMINATION V’APERS,. 


THIRD SERIES ON CHAPTERS XVI—XX. 


I. 
1, Writedown the last four terms in the expansion of 
(v—y)®°, (8a—2b)** and (a—h)?°°, 
2. Ifa number contains n digits, how many digits will its 
square contain ? How many will its cube contain ? 
3. Shew that the following expressions are perfect squares. 
(a) (at+b+e)?—4(ac+ br); (6) (ab + ac + be)? — 4abc(a+c) 3 
(\) 2G —y)* +(y—2)* + (sa) *}. 
—1+/—3)°, ¢-I—vV=3 
4. Shew that £ — } — 
tc 2 TU 8 


5. Extract the square roots of (i) 2? +1+/n*+n7*+1; 
(ii) n?+2—/n* +4; (iti) 52-143; (iv) 4422-41; 
(v) 1542/15 + 2/354 2/72). 

6. Extract the cube roots of (i) 20+ 14,/2 ; (ii) a? +322,/0 
+3ab+b/b; (iii) (a+b)? + (a—b)§ + 6a(a? —b*), 
eV 1 +08 V/at+b+V7a—b 

Lies) aap eat 

&. Resolve into factors pa a~* +a~2b-34b7*; (il) eby—s 








7. Rationalise Oy 


Ss a a 
+ 3Y zy: ; (iii) (w+ y)” —= G+) * + 2(aty+ ay*)?s 


a,c b.ad bb”. d" 
Pat Ee nee pe a 
9. If pao a : shew that -- a =at 
a 
: 2 B38 a a—(a*—}?)3 
10. Simplify Bes es a8. i+ (a Te : 


(a+b)i+(a—b)? (a+b)? —Q—d)? 
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II. : 

1. Find the continued product of— 

(a) Va*+ b?+a0+ 5, Vat+b?—atb, VSa®+b?+a—b 
and a+b—/a?+l?; (b) V(a?—1\a?—1)+ax—l, 
M(a*—1)\(e*—1)—art+l, W(a®—1ye?—]) +ar+t 
and /(a? —1)(x?~1)—aa—1. 

2. Extract the square root of x#*—4a/bta?—2axt 4r 

,/b+ 4b and the cube root of a®' +3a?* +6a'+74+6a~" +3072" 


+anF", 
3. Shew that the following expressions are perfect squares. 


(a) f(t BNedee)— Be g f( es as | 


(L) 4a?b? —2ab(a? + 1)(b? + 1) + (a? + b?)(a2)2 +1); 
(c) a b 2ah 


(d) {(a? +b?)—(c? +d?)}* + 4 f(act bd)? + (ad—bc)9}. 
A. Tf (a2? +6? +c?)(a? + 2+ -7)=(azt+ by+ez)?, then shew 


hat =! =*, 
that a 


5. Find the xvinth root of (#+5)° Fo (. aie >) + 2? 
a U Pa 


+3} +27( +2) “£( tea) eta) 


° 


|= ae 


6. Find the L.C.M. of z—a, x” +a8al +a", 2 Sata? a8 
1 


i 
and e $a, and the ee of ‘e: iy? taypaote® ysi+y?s 


1 2 
222 


—1 anda yo bayt eee, —y? ?—I, 
4 

7. If Hes a’=n and hee prove that ayz=1. 
pr 
SS. —? 2 2. = 

Tt? 5 @ , then (1) a? +b =F =p? -+q?: Pity . 

(2) ma ean ca+db=mp+ nq: cp+ay. 
$y? _ m? +n? 


r+y mM tye 
9, eas shew tha Aa reas 


ty 
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aeese 
ee ee 





Ifv=./ac, shew that « ea J/ (ar) 


10. Jf ies = Toy then each] will be equal toa +y +>, 


Il. 


l Ifc=aV1—b? +)/1—a?, find the value of — 
(atb+c)(atb—c)ic+a—b)(b+e—a). 
2. Write down the co-efficient of «* in the expansion of 
(1+22—?)7 and of z* in the expansion of (l—ar + bz?)*, 
3. Find the square roots of (i) a — to three terms , 
ao wv 


(ii) a £m fig 3 as Gg2rtn —4q"+ Buy at’! 


3 3 
wo, OFF » '  17Dc2y Ae-y- , dary? 
—5: yi+——_ - aie 
eg ne as 3 TOs 
2/2+/f/3—] a) f2— 1 
ry eee | J2+/3 
(42-122 + .73—-1) 
(J2+/3)(/3+1) ~ 
(b) (44/3—2,/2,/(2 + 3) 
a age Ube /B+2/2/(2 + /3) 
2 BetQy  38y +22 _ 32+ 20 1 Age Serine 
oo ae a ee yt) 
X (20a + 18b + 25.)=7T(atb teller + 1hy + 182). 


lL. Simplify (a) 





6. cy =i shew that— 
(i) es .(b—nd)§=a?+c? : b2 +d? =a? —c?* : Liaw’, 


(ii) 9a+3b+4c4+6d _2a—3b + 4e-— 6 
2at+ 3b—4¢—6d 9a—3b—det+ 6d 


7. Find the value of mu—/(1—m?)(l—n?) when 2n=y 








1,1 
+192 on eT ae 
& Find the eube root of a —3a' + 9a! —1da5 + 1842 12+ 8, 


12 
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9. Find the value of {a®—Quy + 4y2}? in terms of a 
and 6 where « =9a?—)2ab and y=2b* —6ab, 


10. Find the value of 2 + 2a 2+ 2b 2b when 2 
t—2a @m — 2) 
12ab 


 atb+/ {(atb)? + l2ab} 
IV. 


1. Shew that a~? = 7 — and ar=a, 
u* 





Simplify (=a) + (Lee) ; 
(l—a)~?—(1+ 2)? 

2. Express Vi/(a+0)x/i/(a—b) as a single surd. 

eh Vee 3 
3. Find the value of Witesw lee when pe Ae 

J (1 +a)/(1—a) 2 

4, Find a value of x which will make the expression 
25 — 825 + 11lv? + 72x—1789, exactly divisible by «2 +¢z—1. 


5. If (atu * 0c) (y+ A y*#—ca)(s+V 28 —ab) 
= (e— /2* —be)(y—Vy?—ca)(s—Vs?—ab), shew that each is 
equal to +abr. 


6. If ab=cd=ef, then 





actcetea _  a®te*? +e? 
bdf(b+d+f) d*f* + f2b* + b2d?" 
7. If a*—ta + 23a* be the first three terms of the square 
of a trinomial, tind the last two terms, and tue root. 
8. What value of a makes c*—6a* + lda*—20a5 + l5a? 
—~—7a+8 a complete cube ? 
9. If the difference of two numbers=1, then the difference 
of their squares = their sum. 
10. If A (e#—3)(c—5) + B(e—5)w—7) + a Sx 
— 120, for al/ values of z, determine the values of A, B, C. 





“ V. 
1. Shew that a” x a’=a™*"; and thence deduce a°=1 5 
and | a" = 
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2. Ifat/b=ut+./y, prove that a=+ and b=y. 
Extract the cube roo# of 100 + 51/3. 
3. Extract the square root of e°— Qa Fx> + 208.8 4 ae 
oe a> z>+a® and shew that a*+0*+ c* + d* — 2&(a*+c?) 
x (5? + d*)+2a3c? + 267d? is an exact square. 


4. if e= : \/ (7 1), find the value of I~az 1+ be, 








l+az l—b 
9/24 ‘ . & + /8 a J/12 
Oo Tf v= ——., find the val f 
Sf2+/3 — a—/8" x V12 


6. Ifa: b=b:c, shew that a*+a?c?+c*=b? a ee ] 


X (a? +63 +¢?). 
7. If (1+ab+ cd)? =(l+a*+c?)(1+ b*+d?), shew that 2=6 
and c=d. 
JSxt—yt pu Sripyt —y 


NEG) jena eet 
8, Simphity CS Py ps grape avy? +y ? sh 
(ii) 


l 1] 
QB/T—-3S2 2/7 +3/2° 
9, If a°+9a> + 12a* — 63a? be the first four Lerma of the cuve 
of a trinomial, find the last. three terms and the root, 
10. Find the value of /4q° —27r*. when g=3 (1+a+a?) and 
r214+3a+3a?+2a%. 
VI. 


1. Find the co-efficient of « in the expansion of— 
(w—a)*(a—B)*(2—c)*. 
2. Prove that the sum of the cubes of any three consecutive 
integers is divisible by three times the mean integer. 


3. Find tbe conditions that pr>+qv?+ra+s should be a 
perfect cube. 


4, Find the zie factor of /a+/b+,/c. 
Jat be +JSa—he 
Jat ba—J/a— bx 








5. If a= ; ae Wind)’ find the value of 
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] 
Ifa = + a 
6. x / 173 <r a/ (Ge 32°) }> find the 


3 
value of «*+rz +500". 


7. Find the square root of (4) a+1—24/u(1+/2)4+3/2 ; 
(a) L+m3+2(1—m?),/m+3m—m?. 
: 1 1 
(iif) 234202430! — Oe 84 2S], 
& If a7? =(a—c)(b—c), y~} =(a— b)(b—c), 271 =(a— b)(a—c), 
find the value ot r—y+< and abe—acy + bez. 
a __6b a+b _a*(b—c) 
9. If aan , shew that pee ean 
10. lf Oa = , shew that (a+b+c+d)? =(a+b)? + (¢+d)* 
c ¢ 


+2(b+c)?. 
VII. 
1, Find the square r00ts of— 
(a) 64,/38—V12—V 24, (7) 15-8 /2+44,/79— 1/6. 
(c) Maye, (d) 974 98/ Te. 


9. Find thc value of 2a/ 1 + y? ,when y=! uae 
) 


yr ST+ 2 2 
_ “ct 
Ma S* 


3» Kind the relation between a, b, cand d, when a4+a.a' 
+ bz? +cx+d, 1s a perfect syuare, 

4, Shew that 2"—na “te2+(u—Da" is divisible by (2—a)s 
ifn hea ig number. 


5. If = , shew that a—2b+c¢c= 


= 1 1 1\, 
ae +bF +c%=u7b*c? (stp? =) . 


6. Express (u+da)(@+ 5a)(a+7a)(at+9a) as the difference of 
two squares, 

7. What value of z will make a* +625 + 11x? + 37+ 31a pers 
feot square ? 


CODY ORO pa fivad 
a Cc 
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8. Shew that (a*—bc)* + (L?—ac)* + (c? —ab)§ —3(u2—be) 
x (68 ~—ac)(c*— ab) is an evact square. 


9. Tf «23=44+273, y?=7+4/3, -*=214+12/3, find the 
value of 7° + y8—s5 + 3zyz. 
10. Ifatb+c=0, shew thata’ #67 +¢7 =714-(v?—ab)?, 


Vil. 
- Find the lL. C. - of az*—J, ac? +41, Gan 1) 3, 
(a? a+ 1)*, « i, 3) aadae vite, 
Simplify {(a—b)? + 4ab} 2x f(u + brah 


6 


x fern - Fr + Jab(a+ ds, 


Divide a+ 6? 4+¢3—3 Vahtet bya ree ree 
Find the fourth root of— 
] an 5 mh 1) & 1 6 


ic 8 ey’ 6 Bay? 1 950.2! y? 3 + GBby @ 
} 


%. Reduce to their lowest terms— 


te 


et tq2y2 —ar —a Sie? — Ba vt—aoe 
(2) te ee oe fe. 4° (b) =o Pa a gies se 
ete—artata-a ? Oa’ at ~—~aia—) 
G6. Ifa= va) and y= “ —, find the valne of 24+ ay 


J/3—1 "S341 
+-y%and w+y’. 


7. 





” 4 ” 

les ee 
a ae h e 
veQyts Qety—sz Aa—4ty ener 
e a? ee Qe a 

S. If S , then 2 er = 
9. If (23 —br)(b?—ac)(c* —ab) =9, shew that— 
] 1 1 a + D3 43 


a3 h3 23 a2h?c3 
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10. If a number contains x digits, how many digits will its 
“square root contain? How many will its cube root contain : ? 
IX. 


1. If A contain p digits and Bicontain g digits, how many 
i ig will A x B contain? 


3 
2 If a ek then a(a? + be) + b(b3 + ac) + c(c*? +.ab) 
c oa 


— 6ubc . 


If #= 5 (P" + q"), find the value of "ue + 


3. If xt*+pi%+qz?+p+1 be a complete square, then p? 
=49—8. 
4. Find the product of (I+a+a?+........ +a") and 
(l—a+a?—a>+at—... +a*") without actual multiplication. 
1 3. 
5. Resolve into factors (i){]--a*—a+a? ; 
—3 1 a) -} -! 4 
(ii)a *+b +e —3a *b 3c 
6. Iifw+abea factor of a?#*—b5z3+ac3s+4+3a%be, and if 
a is not equal to zero, prove that a5 +)5+c 5 =3ale. 
14 
7+ Divide (i), 2yz+ 224+ 20y—2? —y?— 23 by w + 2e ZY? 
FYy—s; 
a: ee i ce 
(ii) a8 +094] by xipe? +1. 
&. Reduce to its sim =. form— 


(YE DCH 


9, Shew that (.+y)°—.«°—y® is divisible by 

GF tayty?). 
t ; “, prove that (2+ y? +2?)(a? +b* +c?) 
a c 


=(ar+ by+cz)3, 
x. 


2 


y 
1. What is the difftrxence between a’ ard i(a')'}° if 
1 


1 : ne 
yd)? mee (p24) as 
=2,y=c=3? Shew jist ee 7 1° 
wey a + 4° 
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2. Find the co-efficient of «7 in (#—2a)® and of «® in 
(B80—a)t?, 

3. What value of 7 will make 4y! + 3675+ 85y? + l6y+5 
a complete square P What must be added to (au + b)(aa—3b) 
X (aav—b)(aa +30) to make it a perfect square ? 


2 
4. Kind the fourth root of ( a?--6+ =) . + (40-7) e 
a a 


5. What value of « will make w? + 3er? + 26744 Se8 
=(x-+c)" P 


d 
6. Express 24 ?y? + : aay as the sium of two squares. 


<5 and a+l=2an;rbew that— 


C i) = =a 


w+ 2hepat+JSa--2h + a? 


7. If a?+b4=1, 2el= 





&. Ife=? avartls +64, ce 


Jr? — 13 
9. Simplif , —o 
- Simplify ,- ray 3t Tea2 Jb 1 - f2+/3 
1 
Ft JBL 


1. tye ee 


e+ .3 -} 


1 
e 


shew that 20=y+y~ 


CHAPTER XXII. 
SIMPLE EQUATIONS INVOLVING ONE UNKNOWN QUANTITY. 
134. Definitions. When two algebraical expressions are 
connected by the sign =, the whole is called, according to 


circumstances, an tdentity or an equation. 

An Identity ts merely the statement of the equality of two 
different yorms of the same quantity, and is true for all values of 
the letters involved intr. Kx. a?—b? =(a+6)(a—D). 

An Equation is the statement of the equality of two different 
algebraival yuantities ; and ts true only for some particular values 
of one or mure of the letters contained in tt. 

’ Thus the equation :.—2=4, is true only when 7=6. 

The expressions x -2 and £ are called the sides of the 
equation. 

Kyuations are divided info classes according to the highest 
power of the unknown quantity or quantities involved in them. 

Simple Equations are those which when reduced to their 
simplest form contain terms of only one dimension in the 
unknown quantities. Thus #+y=0.+4; and ar+l=c are 
simple equations. 

Quadratic Equations are those in which one term at least 
is of two dimensions in the unknown quantities. Thus a:*+ba 
+c=O and x?+2y+ y? =a? are quadratic equations. 

If the term of highest dimensions involved be of the third 
degree, the eyuation in which it occurs is called a cubic equation 
or an equation of the third degree, and so on. 

135. Unknown Quantity. A letter to which a particular 
value or values inust be given in order that the statement con- 
tained in an equation may be {rue is called an uvkuown quantity. 

moos of an equation. ‘The value or values of the unknown 
quantity or quantities which make both sides of the equation 
identically eynal are called the root or roofs of the equation. 
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1386. Axioms* The following self-evident statements 
are of constant application in the solution of equations :— 

(i) If equals be added to equals, the sums are equal, 

(i) If equals be taken from equals, the remainders are 


equal. : 
qui) lf equals be multiplied by equals, the products are 
equal. 


(iv) If equals be divided by equals, the quotients are eyual. 
(v) ‘The same powers of equals are equal, 


(vi) The same roots of equals are equal. 
Cor. 1. .1 term may be taken from one side of an equation to 
the othe,, provided we change tts signe 
Thus if ¢+p=q, then #=q-- p. 
For by (ii), a+p—p=q—p, Le, =q—p. 
Similarly, uf e-—p=q, then c=q +p. 
For by (), @ -pt+p=qtp, ies, w=qtp. 
Cor. 2. When the same term preceded bylike signs appears 
on both sides of an equation, we may omeé or cancel it. 
Thus if r+ b=c+tb, then #=c, 
For by (ii), 2+b—b=c+)—D, i.e., vse. 
187. In this chapter we shall treat of simple equations 
involving one unknown quantity, under the following heads :— 
I. Hqyuations not involving fractions. 
IT. Eguations involving fractions (vulgar or decimal). 
II, Hguations containing radicals. 
General Rule.—‘‘ To solve asimple equation of one unknown 
quantity, we must clear the equation of fractions and radicals 
when any enter into it, bring all the unknown terms to one side, 
and all the known terms to the other; add all the terms on 
each side, and divide both sides by the co-efficient of the un- 
known quantity: the result is the required solution.” 
188. Equations no: involving Fractions. We shall now 
work out some examples. The unknown quantity 13 always 
denoted by :. 


* These axioms are also cnunciated in the Chapter on Identiti -> ~ine> 
operations with Identities are similar to those with equations, 
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Ex.1. Solve 4:—15=2: +5. 
Since 4r-—15 =2) +5, by transposition we have— 
4 — 27 = 154-5. -. 2:=20. Divide both sides by 2. 


ee =10. 

Ex, 9. Solve 23. —4) - (42) = oe °)). 

Removing brackets we have 3. -12—2. —-4=4r+ 20, 

Transposing, 3r—2r—4. =20+ 12 +4 or—3: =36. ols: 
—36, Multiply both sides by —1. Dividing by 3, » =—12. 


Ex. 3. Solve (r+2)@ +8) + G+ 46 +5) =(2: + D(a + 4). 
Multiplying out, we have-- 
e514 64074 9 + 20H 2.7 + 9et 4 
ov 2:9 + L4e 4 26=219 4 Oe 44. 
Cancelling 2:? which we have on both sides, 
14 +28=9.+4, 
Transposing, l£:.—9. = 4—26 or 6: —22. 
Dividing by 5, «= —42, 
Ex. 4. Solve (: +a). + by=( eet d). 
Multiplying out, we have— 
wetai+bi t+ab=27 +cx+ da+cd. 
Cancelling «? on both sides, and transposing, 


act br—e.—di =cd—ab. 

“ i (a+b—c—d)=cd— ab. 

ieee cd ~ab 
atb—c—ad 


EXERCISE 55. 
Solve the following equations :— 
1. Qe+ 38-7417. 2. Q2r4+7=104+a 38. 7: -6=6r—A4, 
4 Gat2=5'4+4.5. Ta—-38=5 +4 6. Sr—-5=138—72, 
7. 3e#—15=2(a—4). 8. Iv—3— (4x + 22) =0 
9% 2e—-4—(38.—11)=0. 10. 21,.—-12=4/#—8)+ 3+ 42. 
Ll. 34¢412=50+ 559-185. 12. 2e—5(1+ x)—7=0. 
13, awt+ b(utay=c'rth). Ll. (1 —a)(a—b) = a(—c), 
Loe (wt 1)(%+3)=(7+3 (7 +4). 16. (a—2)(2—6) =r —7), 
17. 5(e+1)4+-6(04+2)=90 +3). 18. 0 —-a=(b—a)e. 
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(ov + 1)(e 4+ 2) =(@—3)(e —4). 

w(t 2) + e(c +1) =(21—1)(+ 3). 

(a—1)(w— 2) + (2— 3)(a— 4) = 2(a— 7)(e— 8) + 116, 
(82—1)8 + (40+ 2)? = (5x +2)? + 4. 

(x +1) (1+ 2)(e+3) + x(v+7)(1—#) =0. [+l. 
(#—1)(@— 2)(e— 3) + (e+ 1) (4 + 2)(e + 3) = (Qe? + 21) 
(a+b)(a—«)=(a—b)(b+ 2). 

(%—a)(x—b)=(w—c)(*— a). 

(2+2)(a—3)=4—2ax, 28. (m+n\im—a2) =m(n—«)e 
2(r+at+b)=(at-a—b)- (w—ath). 
a(e+b+c)+ b(a@tateyt+e(rta+b)=0. 

a(ata)tae(s +b)—2(1 +a\e +b) =0. 

(x+a)? =5a*+(1—a)?. 

(8a—2x)(a— b)— 4U(a +2) + 2ax=0. 
(a+ 3a)(2—3b) + 3(1—3a)(a + 8b) =4(.—3a)(2 — 3b). 
(a + 22x)(b+ 22) =4(.0+2a)(a + 2b) 

(w2—a)> + (@—L)> + (a—c)® =38(x— a2) (x— b)(x—€). 
(2b + 2o—a’)? + (QU—2e4 r)?— (2Lb—vd +2)? 

= (2b+2d—2)*. 

(ata) >+(r+b)> +(et+c)? =3(a+al(e+ bite. 
(62+ a)? +15. —b)? =(1027 + a)? —10a?. 

(27—a)(x— 6) +0? + b?=(a2—a—b)?. 

(x2— a)(22 — b)? =(a%— b)(2x—a)?. 

(e—av—h (at oo 2b) = (a + 2a)(#+ 2b)(7—a— Lay, 
(mz—a—b)(ne l—d)=(m1—a—c)(ne—c—d). 
(xz+a)(22+ Seas =(z+b)(Qa+atc)?, 

(w— a)? (a +a—2b) =(a@—~—b)>(v—2at B). 

(t—c)(v—a, +(c—a)(a—b 3B + (\a—b)(a—r)> =0. 
(b—c)?(a—a) + (c—a)3(w—b) + a—b)*(a—c)=C. 
(b—c)(at+ b?)(a+c?)+ (c—a)(e- + ¢#)(a+a%)+ (ab) 

X(e+a?)(a+b?)=0, 
(b—c)*(224+b+c)+ (c—a)3(Qa+e+a)+(a—b)* 
(Q2%+at b) =O; 


(a+ a)(a+b)(vt+e+d)—(at co) et+d)(atatb)=0. 
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139. Equations involving Fractions. 

If an eqnation contains fractions, it may he reduced to a 
form capable of solation, by multiplying each side of the equa- 
tion by the 1.C.M. of the denominators of the fractions. 

-1. Solve Fa" 41. 
Ex. 1. Solve (—3=,+ 


Multiply each side by 30, the l..C M. of the denominators. 


We have 15:—10z=62 + 40. . l5xr—lOr—6e =30. 
.. = 1 = 80. mye ¢=—30. 
a—1l. Gre¢3 Or4)9 
ae S ly ae + ecg ens 
Ex.2. Solvo "=; 3 8 


Multiply each side by 24, the L (' M. of the denominators. 
We have 12(:—1) + 8/24 +3) =3(6r + 19). 
ee L2e— 12416. 4+ 24=1844 57 


° 2r—18e=574 12—24. . LOv=405, 
es pads 


Bx. 3. Solve Ob Me _(-03— O2r) = 03, 


Reduciug the decimals to vulgar fractions. we find that the 


D aah ; 
an | 100) 100 ne 2 )= 3) 
equation becomes 1 —\ 607 100 100 
1vU 
” ] > re By 
C —_— —_—-—+ (a | —., 
" TO 10 m0. 100) 100 


Multiply each side by 100, the LC. of the denominators. 
We have 59-10: —34+ 2, =.3, 


o —S8r=3+3—50= — Ft. oo ete, 
Ex.4 Solve a + i, * - + : ‘ 
e-l «tt 2-2 3412 


The J.C M. of the.denominators is 6(: —1)(@+ £). 
Multiplying each side by 6(:—1)(v7+ +4), we have— 
18(a + 4)+ 12(, —1)=21(a+ 4)+ 8¢: —1). 
* e472 + 12: —-12=21:4+ 814+8-—8. 
“. 18: +12.—21.— Bx=84—S4+ 12-72. ee = 16. 
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Ex. 5. Solvel + —_ sR: 
ve tta atb 


Multiplying each side by «(« +ua)(1+b), the L.C.M, of the 
denominaters, we have (: +u)( +b) + ba(et b) =e +a)(1+b). 
oe tH u(at b)+ abt ba? + b21 4? + ba? fae babe. 


Cancelling like terms on both sides, we get bi +24 —abe= 
—ab. 


Dividing both sides by bh utbe—-ar=—a, 
ee (lL +4— a) = Aa. ee Sse ee, ess 
te eh 1yé—-a a—b—-i 
In the following examples. the solution is facilitated by’ 
suitable transposition and cembination of terms. 


l 2 3 
. 6. lve —— “= 
Ex. 6. So Me ere 1-8 
l 2 2 1 
h = ey Eig ae etal De ; 
we eae | ee w--3 4s 
sa I ] 2 2 
By transposition, Beal wre : 


ot BH et] Br — 1-2, 46 
"G—Bye=1) (rai — 2) 
—2 - .a~-l_ | 


“"(u--B)i— tL) ( rm 2a ° ‘z—1 7 t—2 
Multiply both sides by @==tr=_2). (0-3) 

We have —1(e—2) =:—1. ee aa f2=,—1. 
a ee oe 


b—e ae oa -e 
e e S 1 e@ —_ bal 
Ex. 7. Solv ME gos, ae 


a b—e  a—b_u -b+t—er _a—6b , b—e 
bl Bare ane he tee rere gaara 


By transpositior, (U—c) ‘a7 } =(a—b) 





b—r 


1 L > oe Cn a eee — ee ei emer enn 
rset Opera OO CREED 
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eerie a 5 Multiply both sides by (« + a)(c+ 6). 


We have (1+ !)(e—a) =(u — b)(w +a). 
2°. a(e—a) + b(e— a) =a(a - b) + a(a—0). 
2.a(e—a—a+b)=a(a—h) ~b(e—a)=a*—be. 


=e (3 > 7 2 
Ex 8. Solves 7 +724 





a+a a+ ura pare: 
We have by transposition, 2 — 1 —- at =. ey 
Simplifying, — ee a i EL — "20. 
~~ (e-a —a*—a)} aptantat inf) 
Dividing both sides hye + ] +——_, we have s —a* 


at+a a?+l atl 
—@a?—a=0. ow w=at*+a?+a, 


EXERCISE 56. 


Solve the following equations :— 
1. “032+ :02 =:022—-06. 


2. 07(e— 20) +54. =-2(-1-— Le) —3(-05— 022), 
Ole « <Olez 

2 =p ap ge 

4. 


(1—22)(-01—°03 2)— '23= (62 + °1)Cla—‘1)—‘08e. 


3°75 "B= 2°25 e e aot 7 1 — 
a5 +8. 6. —— pet pe agg, =0- 
452—°75 1:2 ‘Br—6 
7. 5 = . 
saa 6 Z ‘9 
022+ °07 «+2 
8. ee . 
Sat a3 p95. 


en 
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405 3 _18 36 
92 “S—2e wv B4—-6e 
°001,—"125 _ 5—-x 























: lle - —" —-— = —" — 1 48, 
10, -Oll# + 7 rc ams 
“OR, , ree oe IQy __e 
11, 652+ v8or ae = ] 0 39. - 78 
6 Sw) z8) 
a9 qe, 1BBR—'225 36 -09r—+18 
12. aca | rama ye 
1D ‘03:— "O01 -02G@r—1) _ “Oler— 03 42 
7 02 03 td EPs 
14, (-le+°2)?+°7(-3a—']) ='06(224 4)+(‘le—:2)2—-65. 
15. ee" HO: 16: wet rte 16+ 243 =o, 
4, 6 3 
vr w—l 3r—4, xv 
Br agg as hy 
12 a—] r—2 r—3 _ 5av-—1 
~ QF 3 4, 6 
2r—6 @—4 0 Br 
€ aie fo 
oe 5 g ~13— 
20 Ay—17 Dee 2—°( 1- a 
9 oe 
9). x¢#10 aio 7) (332- 2)(2r- r _ 2 
a aes oO 15 
99 lla—13 19% +3 Ser 2 D, og: eet 
Bb 7 . : 21 
93 102417 12e+1_5 ra— 4 
. 18 ~—s Llw—8 Qg ~ 
1 2 1 ‘ 1 1 2 
*) . — HH =< a a Se awe So 
4 z—-l «2—7 Wae—1)> ‘ pe" 726 w— 9 
2 5 3 ~ t a a 
6. | ee ete ae ary =(. 2 5, = e 
2 tm gm TG ; a bea b+a 
98 1 1 ee 3 3 





t—3 a4 3e—13 32-16" 


192 


Su) 
(hy 


O39 
"© 


49, 














Zu—3 


t—-2 Be +2 
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eed. - v+6 3 t—h 
3 4 De oo § af 9 _ 7 ' 
a—2 «—-6 £t+38 2Zr—-l 3z—-l wr+l 
iia 1 _ 6 9 3 4 7 
Be 5 a - 8B Ba Age det 4e4.3 
l 1 2 ae 5 ” 4 
ie eee ae or jsue (eee to 
21 3 2 s 1 2 1 
See aa apace 5 eee ae =(), 
Sum 7F atd amo 37 lo wt? aed 0 
a—c b—e + b—2e 
et+2b aw+2a ath+.- 
a—Gab ,a¢—dar — be _ 5 
2 ooo tS b 
Seeoh? Suen bee ee 
g—ab .a—a ub 
ene Cine, =l+eb+era 
a+b ar Mee ve 
a—ub a¢a—be EO a 
at+6 b+ c+a 
arm—at r—b? yom 2 =3 
bitc? c? +a? at+he 
rata r+b ie rad 
— ep 4 = (, 
b+ce+d c+dta d+utl eb pe 
wt te 2 lan th ote © 
ot6a @—3Ba ata atu 
1 1 ] l 
-_ Se, 
eG g218 0 
oe ea oe 
a—6a atda a-2e a—a’ 
b+c b Cc l J a—th« 
= =. + e 2 —_ = ae 
t—-a aw—e wb a wma al wt—al’ 
2 | 6 50, a+b a a di h 


i =™C ip a= (t 
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1 1 1 1 
Sa er eat, a ae 
59. 1 1 1 1 ; 
o—DO uvuell w—-35 «—17 
De tent = l i : 
t—h@ w—-ate amb—c amb 
ye 2a2 ne m(r+a), nfs +b) pate 


a—b atb at—vl?- (+h) L#ta 
140. Equations involving Fractions—Special Methods. 


A. Write the fractions in mixed form, by dudding the 
numerator by the denominator. 


i—] iD 
Ex.1. Solve = 
ta dame 
e e a id ] 4 
Dividing out each fraction, we have 1 + 51+ — 
ft rp) fom od 


1 ms 
o< —— ~? a 1—9=9 (—2)=3.—6, 
w—2 d= ed 
nw —-2Zr=-—Ii, Lae 


Ot FF + 241430 _ 203+ 11074 5604 45 


ante | 


Ex. 2. Solve 








at bOebl3 7 B44 70 +20 
Dividing out each fraction, we have— 
4, 21+ 
atl+ nc = +24 -—. . 
2+ 50413 202 +70 +20 
° i+4 a 21-5 2 tt 5 15 
oo —— = 6.6 SS 
2450413 Bite Te $20’ r+ 4 
_ 2727471420 
Pr he 7 
Dividing the numerator by the denominator, we have— 
9 15 9 15 
et14 —=-+14+ —~— — =. aS E 
ss Barca Beto bh Bit’ 
. oe 8 bet 15 = 52420, ev <5. 


at 4 Yat 5 
w— 1 aw—2 2-5 r—6 


BX: HONS 8 eS a=6 a7" 
13 
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Dividing out each fraction, we have— 


1 ; 1 1 
Re ae a Saree =] -_—{ ] 
ares +=.) ¥ 8 ( : 








z—7 
sfx) Fr eee 
“¢—-% #3 oer co’ ae 
ae 7] —1, 
(med ye—3) aoe 
Be ee ; stad _a#—3 
(2—2)(a—3) (e—6)(@—-7) "y— 2 a7 
Dividing out each fraction, we have 1-4 =1 + ss , 
wma + al 
<s ae vem (a@— 7) Ha 2, Be = —9, eth. 


EXERCISE 57. 
Solve the following equations :— 


ct4 0 t8 GQ 17 _ Or 7 7t— 4A i 26 





























7 ce atia 5 See en, ae t=—3 
Q7—7 xr—2 » wah wn~? 

4. Sea , Big = 2. 
Ip 3 +2 MP ogee. eee 
x+15 +3 4 - wml] td _y 

: a+10 «+6 - fan = 

Py Hat Ol ee 8) 9 9. 2r+15 2a—1 _o 
£+6 Z+0 2a4+49 Ze-s 
ee +2—3 7eI—Br—Y 3a 32—2 

° — ° 1]. -_— een 

oy 52—4 “z— 10 : e+l 32—5 

19 ata _x2+b 13. See 2r+4 _ 
t—a a—-b : 32-5" xr 2 

14 r+ log +56 _ Qe? +2374 63 

: 2+8 L+7 . 

15 22° + 02?+7r+5 _25+4+929+ llet 10 

R 229° 4+3242 22+. Bx+ 2 
dar? + 6e% + lle+7 Se? +629 + lz +9 

49, .  40°+22+5 Qe +4e+5 


2 
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17. 


18 


19, 


20 


33. 


35. 


36. 


ye 


39, 


pe? ga) 3S Tse Be es TS 
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21° + 1dr? + 181-34 _ (3+ 4.2 —20.—76 
212+9,—11 = 24 ,—94 
(2+ 2e—2 18 —2:—2 2129 —6e+2 











i—] z+l x—-3 
oe ee he? + 46e9—1447. + 163, 
3462? +132+10 592 +260 +38 

eet di +a+2h_. 

ttath tab 

i+2a_ =('*¢ a oo «2 3 _4:+9 Bet 
2b i) ; “at i+] 4 + 4, 31+) 
ti—f t—-J. m4 i—) 1—G6 1 — 3B cB 
eee” ees =3 Q4 — = : 
re i—l i—4 s—5 . 4 3 
a ee ee 

ey eee 1—Y 


Bk re PO ttt 
Oth a -4h to $e 2 
+6 ct1l_+? +10 ays) bat b_ 1 —u—sd 
+7 112 164+8 > c+) 7 1—a—b + t+atd 
t+ 4a 2b | 2i~-a—2b sae: 

i-a—2b t-a—4h 
(1 —a)(i—b) _ 1 —a—b 3] -(555-) 








(r—c)(i—d) ted eh a b+) * 
Ii—a t—a—1] rb tbat 
‘ogea:. - ee ee ae 7, h— | t—b—Q 


— i — e ‘ 2 ‘ 
e pend el. S 4, B41 2+ _ 1+ 


cond 





Ce 4) _w—2at+b 
a— ab a— 2 


v* + 2a+ 2 et +8e+ 17 wt 4atd 272? 4+624+109 


e+l z+ 4 2+2 a+3 

ee2—Qr+2 2*§—S8r+ 20 _2*— dr +6, ne 6r-+ 12 
sedi “ce eid i Meas : 

2—l a— 4 gD 2z—33 


w—5 a—9 2-8 u—6 


(a+ 2a)(2 + 2b)(e—a—b) =(a— a)(a— b)(a + 2a + 20). 
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r— 7 Yreld 1 
bi r+7 Qa—-6 B(e+7) 

a+1 x42 _ glle+l8 
st as ee “Tye ts: 


r—5 tO a3 
42, es ee eee l. 
+5 U—D w2F—LVS 


27—1  Sa— 6 Be—15 jrth 4g 


me ta=8" Bem 5 Tad Fem} 
xa—4 Za—3 2y—7 al 
43 a +a r+ 4a_rtia w+ 2a 
r—-Q 2d 2-380 re2a 
46. 4z—3 42 tad _4a~lo 
42-5 47-9 4a 15 4¢—-17 
7t—5) 2a—l7 G»—7) . Se—14 
oo ee eas 
4g - e343 3 o-— bs 1% + Cet 1 ada - 20 
UL a4 ate esr 
49 a+ida rl aot g+ 1a 





r+6a a -3a atta eta’ 
#w2—(a—b)P+e? (ata -hy®4.2 of ¢3 (2 
ez—-ath ita—b . OC Psa) 
B. When an equation consists af tivo fractions only, its 
solution may le simplified by the application of one or other of the 
following results :-— 
t= then (1) ae 


c _ate se 


d itd b-d 
eS we 
Br 1. Solve So aoe 
, —_ Se iaegeen oe 


Pe isd ne 8 ee ma—am~b=—nrtc+d, 


b—c 
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at+b+ctd 
m+n 
2 2 2 
‘ 2? +3a a +302 
BES OOS Tae aaa gi 


o (+? + 3a?) Ua? +37) oO F3a2 2 ot 43er? 

* ec? +37) ce? 2432) “a rr ar ene E38 

0 4+ 307% 14 a5 435ar? _ ¢ 4 BerF 4 3 + 3x07 by (8). 
4 3421 —a8—Bart | CEH obre eee 


2 (= S fei \ sc tp-a vps 
ee eee — ca e ie a 
pony tee e~? t | C— id 


Again by (3), rea ee sie ara oe 
(tai ta cti—c+e 


ve (mt n)=atb+ctd. oot 








ee = roe (fear. Pal be ete Sipe 


Ex. 3. Solve ()-—WGi—t 1 —T)( —9) =(1 — 2) — Hs 


X (c—-6)(r— 10). 
i HDR 5) _ (r= 2) = 4) 
We may write ar Miia. 19) FS 


2am Ged _ 3—6.+8 
2 167460 -2?—160.4+63 
,2— 17— 6G, »— 2 >— 
- by (1). eT a = 6 ae a  . 
2—16+460 4 le +60 -.+4+16.—63 
—3 


— 
= o 


—3 
ve (27 ~ Or fos 1 27— 1614+ 60. -, Wison, ts ve 
Ex 4. Solve ( —a)*(i-u—2b) = (1: — hb)? (1 — 2a +B). 

. Cies)7 reed 


ee ee 


bane i+a—2b- 








io- » t can 
by 3 oe etl + ( oy eee eine 
(i a) i—(1— 6) 1 Ja+b-1-—a+26 


Gina} ~(atb)epa? —ub+b2} _ 2e—a—d_ 


(b—a) {8:4 —3(a + b)c +a? +ab+b*}  3(b—a) 
. 3(2+—a —b) fe? —(a+ b)i +a? —ab +b7} 
=(2:—a—b) {5 *—-3(a+5) ea? +b? +a}. 
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ee (227—a— db) {2a*—4ab + 27} =0. 


* 2e—a—b=0. »«. Qrzeath. oa a+b 





EXERCISE 58. 


Solve the following equations :— 


1. 


ies 
12; 
1. 
14. 
Lo. 
16. 
17. 
18. 


z—l = l—a 











l—a g e—a _x—M+2 
etl I+a " 2b etm—n 
ar—b—c a7 by 4, MmEtn _ b+c—a 
pr—-gq-r = pe—c—r me—n cra—b 
av? +bae+e arth 6. % +a _ (a— c)(b+ d) 
pa z+ Q' + , pet q j ea (a +c ‘\(b—dy 
(#—1)(2a—v)? = (7—3)(Qr¥—1)?, 
a—b—a - (x—a)(x—b) 





w+ 2a¢2b (x+2a)(v+ 2b)" 
pe f+ 30% 2.2 4 4+ 3x8 
c* + 323 xv* + 34 
G et + 10x28 + 1)(5at* + 10a? + 1) 
(%* + 10z2 4+ 5)(a' + 10a + 5) 


(@ +1)(22 +5)? =4(2+2)5. 
(z—a)(2a—b)*=(2 b)(24—a)?. 

(a+ 1)(a+2)(0 +3) = (v4 4)0e4+ 5)(@ -3)- 
(2 +5)(@ + 6)?(x+ 9) =(7+4)(e@ +7)? (e+ 8). 
(a+ ])(x+ 6)? =(x+2)(a7+4)(a7+7). 

(e+ 2a+b)lat+at+2b}=(r+utb)?. 
(e-1)(x 2)(a7+ 6)=(0 +2)(7—3)(e + 4). 
(2--1)(a -2)?(@--5) = x(a—3)?#(2— 4). 








=ag. 


141. Equations involving Radicals. 
Ex.1. Solve Va+44+/%2+ 1ll=7. 


Transposing, we have, V.c+ 4= 7— Je+ ll. 
Squaring, a+ 4=49+2+ 11— 14/2 + LI. 


2 14/¢411=56. & Yx+1l=4. Squaring, e+ 1l=16 
eo T =O 
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Or thus: Jit4+-Vatll=7....... GR Rien eee (A). 
Tdentically, (: +4)—(#+1l)=—7.......... .. (B). 
Dividing (B) by (A), /x+4—Vx+ ll=—1....(C). 
Adding (A) and (C), 2/z44=6.  /144=3. 
Squaring, «+4=9. «=. 

Ex. 2. Solve /os—a—vVe tb4/dita—-Vd:—lb=0. 
Writing it thus: /e,—a—V.1+b=V/d'—b—Vdi ta... (A). 
Tdentically, (¢: —a)—(¢: + b)=(di —b)—(di ta). ...... 20. (B). 
Dividing (B) by (A), Sor sat Vit b= Vidi -—b + /det+a (C). 
Adding (A) and (C), 2/¢, qg=2Vdi--b. 

di —a=Vdi—b. Squaring, c-—a=di—b. 
a ahs = : a—b 
 ‘(¢ -d)=a—b, o% aes, 
Ex. 3. Solve pn Saat =b. 


at t—/a— 





/ —it/ i—Va—" 
Applying (3) of Art (140 BY, ——, ipves eRe reso yawee 


at: +Vu—' -/a+ re ia 


_b+1 

b—-1 
S ee Squaring es Ls 
Va-x b=1 a “"a—ax (b—1)? 


sand a 28 
Applying thesame formula, i i _(b+1) + (b—1)? 


atev—ate (b+ + 1)2—(b—1)?” 
~ a_b?+1 , ~~ 2ab 


. as : 
v 2b b4+l 


a 
Ex. 4. =o = V ic 


; b+o 4 2 
Putting a for, / 3 nea "and | _ for ie er. we have— 
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“§ iehta1 ° l+e_, «1+? 
A Ae l—xz “j—s 


* l+eavzl—z % 2e=0. .% w=0. 
Ex 5 Solve Ya+2+Va—v=b. 
Cubing both sides, 
atita—2x2+3Vat 2eVa—eVatrt+Va—u)=d*. 
 Qat 33g9—a(Yarat Varn =d’, 
But Vatat+Va—-webe o. 2a43Vat—v?, (B)=D!. 


ok 3b7u2 —7*= b8 <= 2a. es / a? saad = b* —_ 





Cubing both sides, a2—2? = (~ i): 


setaat— (AEE )* ow ty / {a -( “a )'}- 


x? + 16a? 23 4+ 6402 
. 6. Sol enn ee a De, 
Ex. 6. Solve at4a+ /8ax v4 sat+/l6ae ae 


a?+ 16a? =(v+ 4a)? —8ar=(r+ la+ /dax) (a + 4a—V/8az) 
and 2? + 64a? = (. +8a)? —16q: = (1 +8a+V]6a0)(t + 8a— 


tI 





/16u2). 
. the equation becomes x + 4u—/8a.—(1+8a—V l6az) 
m= —2q,/2. 
 Vi6ac—V8az = 4a—2a/2, oa (b-2,/2) =a(4 —22). 
% Var=a. & azar oe =A, 


Ex. 7. Solve BI Pe = SV +- au) =(), 


1 Z 


1 1 


ad. LY p q <e 4 
° r 219 —— ' ad e ‘e : [ =r, 
ne 2c a ) ° pa 

2 2 

1 ? +4 1 1 2 

» y Tis a) 297 \ 
. toe +2 c+] ‘ i of] \ _et+l 
ee I Tae ee ae ee 

+ 2y 


p q 214] 
Lb oea —20 C= 
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1 LL er ak ead 
ae rv Lt ft these l 
ae ged og ee ed ct 


t om | t 


a a Vet ltevi— i 


os ie Vi +l—Ve— L 
es ines pal 
os vitrl—v—l ; 


Ex 8 Solve Ve tar Vet+b¢Vi4e=0. 
If pt+g+i=0, then pi +q8 +73 =spqr 
Sotbabi th tise HBV (atalet br +0) 
eo. (314 a+ b40)3=27( + ali. 4+ bate) 
-< 9% 23 497. 4a + bte) + 9e(atb+e)? +(atb+c)§ 
= 27.5497 4tb+c) +27 (ab + be+ca)+ 2¢abe. 
oe Oe fat b FO? — Babar iy} =2tabe— (a+b+e)*. 
2lahe -(a+b+c)3 


— Qathe j2--27(ab+ bc + ca) 
Valu —(a + b+0)$§ 


~~ att b? +, %—ab—ac— be) 
2e -_ 

— VatVJatpa® 

_ a+z—(a—r) 

7 VatJdat ee? 

/atitvu visa tactor of each side. 





Ex.9. Solve at+s+ 7a 


Whiting it thus ati t/a 


me ee eee 


Dividing each side by it, we hie l= 


ae Vat+VJVar+ Seu tum Vue 
Squaring, a+ /a?+a%=at 2+ a—2—2V a? —2? 
oe a2 + O89 = — OV 2 — 2? 
Squaring, a?-+¢ 240g? —Da/a? + 1? =4(a?—1?). 
oe Seta? =2aJ/at +22, 
2. 20a! +4tat*—20a? 23=Jdat+4a?2?~ OC 952+ —Qha?.? =U. 
e Or,2 ») e 2 24. Q@syi 2a 6 
eo wt ad a 4yy? ee tl =s-a", pe i= + V2 = 
: %) 
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EXERCISE 59. 


Solve the following equations :— 


]. 


e 
e?, 


a 

fi 

4D 
10. 
11. 


235. 


20. 
26. 
ant. 
28. 
29. 
3U. 
23]. 
32. 
Bu. 


“ 
ory, 


Met Vb —7=7. 2 Wet Dey —- 1 T t. 
Sat llg+Ve—9=10. 4 (9444-479 —-L ES. 
JA + 4ab)= 2a— fe. Oe mae b= Va. 
(1+ 8a) — /(1— 2a) = a. 8 Va ple Vu —s=o 
Jat 4a— Ji + Bae Qa —u. 

/e—sttSipoae/4e4 1. 

JS de + 0 = 2/0 + — 2. 120 wt/2ar tu? =a. 
VatatV/a—a=2/x. 14, atwt+V2aeta2=b. 








Var Vt UR Jayavb. 1G 4 aaa! 
2a 6 
SitJ/ata tee 18. VitVe—9= ,— 9 
Sa—9 _y_V5r 3 gg, SET Leva: b. 
Jott Ps /aet+b H 
ba—l4—N on -2ZL= 1. 82. Mn? 434727 45=9. 


z+ Jb Ves. 

J b—a ay wt fb 
nf eee Jemag Tio 

JC — an axt+ /c 
Vi tpit+Vitq?= = /2;—p? + V2r—q? : 
Jita—ce¢Vv i $b—cH=Vvce—at+Ve—b b. 
Sittin s—8=V31— 14 -V31— 24, 
Jatt 94/i9-Y=44 S34, 
Vi—24+Vvi—-T= JS 3i—10— S3c— 15, 
J51—-4—-JS 4 — B= V2 J—l4JS42—2 . 
Jartb+Var+e= Vdiptb4Vde+e. 
Mable Vit 2)b Ji 24+ ub + 2) =2. 
Vit 34+Vu—6 =3(1+,/2). 
Maw + b— a Hepa Ha b+ Cite 
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35. 


36. 


39 


4] 


ol. 
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Mees DSO 2, 8 
i—Jf/a ata “9° 
1—. J+, 2 
+. =e 
l+J/a I—-/Y/a 1—a? 
J/3.- 3, 
Me EVO 3 ag ) ree lo. _ 
V3 +1l—V/3, > aa: l=. 
ET 10 136) + 1+ V7 36. —f 
a—/2a:—a? /36:+-1—-/ 360 
Vitvi-a_ aq » Mar t5tyi 
pe Se = ae eee —_9 
Vi-Vie—u i: a AS he te 5 J! = 
Ve--a+r’r—a _im +97 ma Vitaty 't 
Vt-a—V/i—- a M—xX af pgqeen/ 4 
; J %2a1 4 2) ,% sar 
Lie aa ee ED 46° T°! Lp, 
At tm—J/2ur+ 2 d7+1 
tet Pig iy Vaito+Vai—b_ (p+) ). 
i’ + 1) s/ai+b—/ai—b p—t 
24? ' ge oe : i 
Qe? +14 v4 +3 5 50, Leet 782, 1+ 
ne er J— 1 +4 63 Le, 
Ss OT es 
Si 88" fiamaes V4 —342 
1 1 54, 
ee ean ee ~— 
l i" 1 _ _ Aa 
Jati+t,/a Jatin Ja _ —_ 
Yita—vVi—a=2Va 35. ta b+ 3Vub: =0. 
b+ 62+ 3b Qtek ot. Si. — F444 27a+4 72 Yab: =0 
1+: T—. 
—— = + —— =b, 
ltr¢Vl¢e? l—-rt+V 142? 
J/l+2 Li vitatt_ 
Vleet] Vlta—l — 
Sight Vit 24+V1—3=0 
Vi s8at Vit d+ yi te =0. 
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62. _9 i+] i i—] i Seen 
(a ) (45) +(a42) ("TS 7=2/q9— 4, 
63, Veat 1 = 20/7? — 4q2?— 4a, 
24903 9 2509 
C+ 3047/6): 6 5047/1000 
} 
65. (1 (FN das) ie )! = (1—49)), 
a-. a+ 
124 4, _ 1*4+9-30 = D4. 
M— 242 SES 4s 


8% pyres 49 a (iy i. 
oe (p+2) 14 TeV P(P+ 2). 
68. Vl+ 04 VY1l—1 =22. 

OO, UY — 5 ID ae )=U. 


b. 


“2 p?+y? 
9 en ease dutaae tac es 712992 
70. io M2439 FTE Vit 2041) ay / EE 


_ 142 Asimple Equation cannot have more than one root, 
very simple equation can be reduced to the torma:+b=0, If 
possible, let this equation have two different roots a and &. 


Then we have ae “. by subtraction a(x —8&)=0. 


If a=0, then there will be no equation and a—@ is not 


equal to zero by supposition. 
“a simply equation caunct hare more than one root. 


CHAPTER XXIII. 


PROBLEMS LEADING TO SIMPLE EQUATIONS OF ONE 
UNKNOWN QUANTITY. 

143. Nogeneralrule can be giveu for the solution of 
problems ; the student; must depend more or Jess upon his own 
sagacity and expertness in expressing inalgebraical language 
those relations which are given in the problem. ‘Ihe following 
HINTS, however, will be of some use. 

i. Represent the quantity to be determined by « and state 
precisely what « is chosen to represent. 

ii. Express the conditions of the problem in algebraic 
language, nsing » wherever the unknown quantity enters. 

iii. If one-half, one-third, one-fourth, &c., part of the 
unknown quantity is to be tuken, then represent the unknown 
quantity by 21, 3, 4:, de, so as to avoid the introduction of 
fractions into the equation. 

iv. Represent cdd nunters by 21+], and eve numbers 
by 2n. 

v. If. represent the digit in tbe tens’ place, its value 
should be denoted by 102; if « represent the digit in the hun- 
dreds’ place, its value is denoted by 100.. 

vi. If be the units’ digit, y the tens’ digit and z the 
hundreds’ digit in a number, the number should be denoted Ly 
100z + 107+ 2. 

We shall work out some examples to serve as illustrationa- 

Jox. 1. The sum of two numbers is 30, the greater exceeds 
three times the less by 2; find the numbers. 

Let a=the greater number; then 30—a=the less. 

It is given that 2 exceeds 330—2) by 2; hence we have 
e= 3(380 —a") + Te a 2=90—Axt+ = ae At 292, 

 %2223(the greater number) and 30—2=7 the less. 

Ex. 2. Divide 46 into two parts, such that if one part be 
divided by 7 and the other by 3, the sum of the quotients shall 
be 10. 


Let wsone part ; then 46—. =the other part. 


206 ALGEBR \. | CHAP. 


And * Page is the sum of the quotients referred to. By 


the sib t+ Oot =10. Multiply both sides by 21. 


o. att 1(46— 7) = 210, 

eo 4t=—112. % w=28=o0ne part and 46—z2=18=the 
other part. 

Ex: 3. A father’s age is twice as great as that of his son, 


but 10 years ago it was three times as great, find the age of 
each. 


Let «=son's age in years; and 2r=father'’s age in years. 
Then by the question, 2:—10= amas) ve 1 —20, 

. «= 20 years=sun’s age and 2: =40= father’s age. 

Ex. 4. There isa number ot ao digits whose sum is 13, 
and 11 27 be subtracted from the number, the remainder will 
form a number with the digits znve ted , find the number. 

Let «=the digit inthe units’ place . then 13—.=the digit 
in the tens’ place. 


The number= 10(13—w2)+ +. The number when the digits 
are reversed =10:4+13—¢. 
By the question, 10(13— + i—27= 1014+ 13—.. 
° —10; + + — 100 + cel + 27-130 
“ —18:=—90. “ «=o=the digit in the units’ place 
and 13 -x=S=the digit in the tens’ place. 
Hence $0 is the number. 
Ex 5. Divide £160 among A, Band Cso that A may 
get £10 more than Band B £12 more than C, 
= feta=share of C in pounds, ther :+12=share of B in 
pounds and » + 12+ 10=share of A in pounds. 
By the question, :+.+12+2+12+410=160, 
. x= 160—34=126. = 42, 
°.C’s share= £42; B’s share=42+12=£54; A’s share 
w= By 10= £64. 


Bx. 6. At what time between 5 and 6 o'clock are the 
hands of a clock exactly at right angles to each other ? 
The minute-hand travels 12 times as fast as the hour-hand 


When the hands are at right angles there must be IE 
minute-divisions between them, They will be at right angleg 
twice before 6 o'clock. 
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Let the hour-hand travel over «+ minute-divisions before 
they are at right angles first; then the minute-hand travels over 
12+ minute-divisions ; the hour-hand then points to 12¢+ 15 
minutes measured from XIT, and also to 2542 minutes, for it 
pointed to V originally, and then travelled # minute-divisions. 


Hence 1274+ 15=254+.:. & lle=10. & w=??9 


cee J =11°8 
ee Le =) =1039 minutes past 5 o'clock. 


Suppose the minute-hand has passed the hour-hand ; then 
we see at once that 12. =254+.4+10. .. lla=40. . 2=3,’,. 
ve J2e ey = 43,7; minutes past » o'clock. 


Ex. 7. A workman was employed for 60 days, on condition 
that for every day he worked he should receive ls. 3d., and for 
every day he was idle he should forfeit id.; at the end of the 
time he had 20 shillings to receive ; tind the number of days he 
wwo2ked. 


Let x =the number of days he worked ; then 

6O—-@= e« . . . . was idle. 

His pay for a days in pence=lo5e. 

The sum forfeited in pence =5(60— 2) =300—o.. 

By the question, 15¢a—(300—52) =20xX12=240. .. 20« 


=0940. .. 2=27, the number of days he worked ; 60—. =33, 


the number of days he was idle. 


Ex. 8. A hare is 50 leaps before a greyhound and takes 
+ leaps to the greyhound’s 3 leaps; but 2 of the greyhound’s 
leaps are equal to 3 of the bare’s ; how many leaps must the 
greyhound take to catch the hare ? 


Let 3¢=number of the greyhound’s leaps; 
then 4: =number of the hure’s leaps in the same time ; 
since 2 of the greybound’s leaps =3 of the hare’s; 


| 9 
therefore 3v % » => » 3 
ad 


By the question, of 4e=50. ve je=50. 2. co =100. 
ae 3. = 300. 


208 AI.GEBRA. [ CHAP. 


EX. 9. Acan doa piece of work in a days; P can do the 
same in b days; find in what time A and & will together do it. 
Let «=the number of days in which 4 and B do the work. 


vr 


Then, if IV be the work, Wx work done by .1 and /? in 
1 day. 


W ewok done by .t'in I day ; =-work done by Jy in, 


1 day. 
ei Sree i : wy: 
vt, =the work done by .fard Bind day, 
G ) 
By the question, : +4 ae 
Oh ’ 


11,1 
oe = +, ae A i —— 
tah : 


Ex. 10. <A person bnis two sorts of ghee, one at Re. la 
viss and the other at Rs. 1-Sa viss. He wishes to mix them, 
so that by selling the mixture at Rs. 1-3 viss, he may gain 12! 
per cent. on the whole. What is the proportion of the mixture ? 

Let «=the fraction of a viss of the inferior sort in ove viss 
of the mixture; then l—w=the fraction of a viss of the supe- 


rior sort. 
The price of a viss of the inferior ghce=Rs. a. 


" ]l—, . superior ,, =Rs. \(l—.), 
e the price of 1 viss of the mixture=:1+i3(1—:), 
The gain =12), per cent. of the cost price = 
[itd )f. 


} 
-. the selling price of 1 viss of the mixture = 
HfetM1—o}. 
By the quastion, ?{'+*(l—:)} =1,3. 
oe 18{ct+31l—u)} =19. 
we 181 4+ 27 — 270 =19. 2. —Ou=—S. gs, (=> 
, viss of the inferior sort and 1—} or } viss of the superior 


sort. 
ee Superior : inferior=}: *=1: 8. 


209 


XXIII. | PROBLEMS LEADING TO SIMPLE EQUATIONS, 


Ex. 11. An officer can form his men into a hollow square 
10 deep. The number of men in the regiment is 2,800. Yind 
he number of men in the front of the hollow square. 


the number of men in the front of the hollow 





Let «= 
then the number cof men in the synare = 1:?—(1 —20)? 
A ef B 
10 
the question, a b 
t?—(1— 20)? =2800 1 20 | 
 402—400 =2200 10 10! 
* 402 =3200 90 ~~! 
ee = RO, d ane 
10 
D ( 
Note.—ABCD ss a soled square having omen in the front. bed is 
- and (BO Dealied w ai holliw 


another having .-2)J men in the tront 
square having « men in the front but only 10 deep 


Ex. 12. A man rides one-third,of the distance from 4 to # 
at the rate of a miles per hourand the remainder at the rate of 
26 miles per hour. If he had travelled at a uniform rate off 3c 
miles per hour he coull haveridden from .1 to B and bach again 
Prove that te = 
ab 


c 


in the same time. 


Let . =the distance from Ato B in miles, 
then?" =tims in hours taken to ride } of the distance, 


ay . 
oD ? ” 4 29 “ 
Qe - 
and |, = i 3 " from A to B and 
: 
2. 0; 


| 


Ls 
By the question, » we 


iv 
Lor | 
ons 
¢ 


back again, 
e8 ey 5127 3 
ste a “até te 

14 
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EXERCISE 60. 


a]. Find a number from which if 6 be taken and the 
remainder multiplied by 6, aud then 6 added to the product, 
this sum divided by 3 shall give the required number, 

2e Find two numbers the difference of which is 14, and 
the greater number being divided by the less is 8. 

3./ How many trees are there ina garden containing one- 
fifth mango-trees, three-sevenths apple-trees and 26 trees of 
various other kinds ? 

4.0°A house and garden cost Rs. 850 and the price of the 
garden is equal to ,,ths the price of the house, Find the price 
of each. 

YY. A can doa piece of work in 50 days, B in 60 days and 
Cin 75 days. In what time will they do it all working together? 

6. Twopersons A and B own a flock of sheep. They 
agree to divide its value. A takes 72 sheep, while B takes 92 
sheep and pays A £35. Required the value of a sheep. 

¢. Acandoa piece of work in 4 hours, Cin 3} hours 
and Bin 5! hours; in what time will they do the work to- 
gether ° 

8. Divide 19 guineas among 3 persons, so that the first 
shall have twice as much as the second, and thethird 5s. less 
than the second. 

9. At what time between 7 and 8 o'clock will the hour 
and minute hands of aclock be (1) together, (2) at right angles, 
(3) in a straight Jine. 

10. The ages of twomen differ by 10 years, and 15 years 
ago the elder was justtwice as oldasthe younger. Find the 
ages of the men. 

11. Aman has a Jabourer on this condition, that for every 
day he worked hie slrould receive 2s. ; but that for every day he 
was absent he was to forfeit ls. 4d.; when 90 days were past, 
neither of them was indebted to the other. How many days 
did the man work ? 

12. A person bought a certain number of eggs at 2a penny 
and as many at 3a penny, andsold them at the rate of 5 for 
9d. losing 4d. by the bargain. How many eggs did he buy ? 

13. How much tea at 4s. 6d. per 1b. must be mixed with 
50 Ibs. at 6s. per lb. so that the mixture may be worth 5s. 6d. 

er Ib. ? 
: 14. From two bags containing the same number of coins, 
sums are taken in the ratio of 4:5. Andif 12 more coins 
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were taken from the bag that now bas the fewer, the number 
of voins taken from it would be double that taken from the 
other. How many coins were taken from each ? 


lo. A certain fraction is equal to 2; when its numerator 
is incrensed by 5 and its denominator by 9 it becomes 5. Find 
the fraction. 

16, A person bought equal numbers of two kinds of sheep, 
one at £3 each, the other at £4 each. If he had expended his 
mouey equally on the two kinds, he would have had 2 sheep 
more than he did. How many did he buy ? 


17, A labourer is engaged for 2 days, on condition that he 
receives » pence for every day he works, and pays q pence for 
every day he is idle, At the end of the time he receives a 
pence. How many days did he work and how many was he 
idle ? 

18. A person has just 2 hours at his disposal, How far 
may he ride ina coach which travels 12 miles an hour, so as to 
return home in time, walking Lack at the rate of 4 miles an 
hour ? 

19. There is a number composed of two figures, of which 
the figure in the nuits’ place is 3 times that in the tens’, and if 
36 be added to the number, the sum isexpressed by the same 
digits reversed. What isthe number ¢ 


20. The length of a field is twice its breadth ; and another 
tield which is 50 yards longer and 10 yards broader, contains 
6,900 square yards more than the former. Find the dimensions 
of each. 

21. The length of a room exceeds its breadth by 3 feet; 
if the length had been increased by 3 feet and the breadth 
diminished by 2 feet, the area would not huve been altered. 
Find the dimensions, 

22. A number consists of two digits; the sum of the 
digits is 8, and if the left digit be diminished by Zit will be 
equal to +of the number. Find the number, 

23. A number consists of two digits whose sum is 5; if 10 
times the digit in the tens’ place be added to + times the diyit 
in the units’ place, the number willbe txverted. What is the 
number ? 


24. Ifa train, which travels at the rate of 35 miles an 
hour, start one-quarter of an hour after a luggage train, and 
overtake it in 10 minutes, find the speed of the luggage train. 
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ts 
jront 
to 


20. Two passengers ate charged for excess of luggage 
2.. 10d. and 7s. 6d. respectively ; had the luggage all belonged. 
to one of them he would have been charged tor excess 14s. 6d. 
Flow much would they have been charged if none had been 
allowed free ? 

“6. Two persons. and B were engaged in counting a 
Lulaiter of sovereigns, and A counted three for every two 
counted by B; when B had counted 22 he torgot his 1eckoning 
aud was obliged to 1recommence,and when he bad counted 64 
there were no more left to count. Find the number of 
sovereigns. 

27. Two persons walk at the rate of 6 aud 6 miles an hour 
respectively ; they set out to meet each other from two places 
22 miles apart. Having passed cach other once, find the place 
of thei second mccting, supposing them to continue their 
jeurrey between the two places. Also find the time when the 
secord meeting tahes place. 

Z-- Diside the 1 umber uf into 4 parts, such that if to the 
frat you add B, from the second subtract B, multiply the third 
by B, and divide the fourth by 4, the resnits will be all equal. 
li .t=90, B=2, what will the results be 7 

20 <A greyhound spying abare atthe distance of 60 of his 
own leaps trom him persnes her. making 4 leaps for every 
2 leaps of the bare, but passing over as much ground in 3 leaps 
2a the hare does in 4, How many leaps did each make during 
tle whole course fF 

“0. <Atthe review of an army the troops were drawn up 
1 to a solid mass 40 deep, when there were just ,fth as many 
meni front as there werespectators. Had the depth however 
been increased by 0, and the spectators drawn up in the mass 
wath the army,the number of men m front would have been 
160 fewer than betore. Find the number of men im the army. 

31. Find a number of three digits, each greater by unity 
than that whieh follows it, 50 that its excess above jth of the 
yuimber formed by inverting the digits shall be 36 times the 
sum of the digits, 

32, 4,B,(' travel from the same place at the rate of 
4,5, 6 miles an hour respectively and B starts 2 bours after A. 
How long after L must (‘start in order that they may both 
overtake A at the same instant ¢ : 

33, A train which travels at the uriform rate of 40 miles 
an hour meets a person walking along the line in the opposite 
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direction at the rate of 4 miles an hour, and passes him in 
95 seconds. Find the length of the train, 

34. Two trains running at the rates of 25 and 29 miles 
respectively on parallel rails in opposite directions are observed 
to pass each other in 8 seconds; and when they are running in 
the same direction at the same rates as before, a person pitting 
in the faster train observes that he passes the other in 31) 
seconds. Find the length of the trains. 


35. A garrison of 1,500 men have provisions for 36 days ; 
but after 16 days it was reinforced ; and the provisions were 
exhaustedin 12 days. ind the number of men in the rein- 
forcement. 

36. An officer on attempting todraw up his regiment in the 
form of asolid square tinds that he has 51 men over and that he 
would require 24 men more in order to increase the side of the 
square by 1 man. How many men were there in the regiment. 

37. Atacontested election, 1,793 votes are polled, and the 
defeated candidate is left in a minority of 313. Find the number 
of votes for each candidate, 

38. Twocoaches start at the same time from York and 
London, a distance of 200 miles ; the one from London travels 
at 9, miles an hour, and that from York at 103 miles. Where 
and when will they meet? 


39. Two men set ont on a journey, walking at the rate of 
! miles an hour; after walking for six hours, one of the two 
lessens his rate to 3 miles an hour; the other continues on at 
the same rate, and arrives at the end of lis journey an hour 
before his companion. ind the length of their journey. 

+0. A rower who can pull at the rate of 6 miles an hour 
can pull 10 miles down the riverin half the time that he will 
take to pull 10 miles upit. Find the rate at which the river 
flows. 

41. A railroad runs from 4 to C;« goods’ train. starts 
from {at 12 o'clock and a passenger train at 1 o’clock ; after 
going two-thirds of the distance the goods’ train breaks down, 
and cau only travel at three-fourths of its former speed. At 
20 minutes before 3, a collision oceurs, 1 miles from CG. The 
rate of the passenger train being double of the diminished speed 
of the goods’ train, find the distance from .1 to ¢', and the rates 
uf the two trains in miles per hour. 

42. <A luggage train going at the rate of 10 miles an hioir 
us some distance in advanceot an express engine, which starts 
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to overtake it, and just comes up with it in 5 hours; had the 
express engine tiavelled J0 miles an hour less, it would have 
been 73 hours in coming up with the luggagetrain. Find the 
distance between the train and the express engine at first, and 
the rate at which the latter travelled. 


3. A landlord let his farm for £10 a year in money, and 
a corn-rent. Whencorn sold at 10s. a bushel he received at 
the rate of 10s. an acre for his land, but when it sold at 13s. 6d. 
a bushel, 13s. anacre. Of how many bushels did the corn-rent 
consist 
44. A person buys some tea at 3s. Ib. and some at os. a 
Jhb. ; he wishes to mix them so that by selling the mixture at 
3s. 8d. a lb. he mav gain 10 per cent. on his outlay. Jn what 
proportion should he mix them? 


45. An officer can form his men into a hollow square 6 
deep, and also into a hollow square 6 deep, but. the front in the 
Jatter formation contains {1 men fewer than in the forme. 
Find the numbe of men. 


46. Ashipsails witha supply of biscuit for 60 days, at 
a daily allowance of 1 Ib. a head; after being at sea 20 days, 
she encounters a storm in which o men are washed overboard, 
and damage sustained that will cause a delay of 24 days, and it 
is found that each man’s allowance must be reduced to ‘ths of 
a lb. Find the original number of the crew. 


47, A person rows from Cambridge to kily—, a distance 
of 20 miles—, ond back again in 10 hours, the stream flowing 
uniformly in the same direction all the time ; and he finds that 
he can row 2 miles against the stream in the same time that he 
rows 3 miles with it. Find the time of his going and return- 
ing. 

4$.0 On a certain morning mangocs were sold at a certain 
price per score: the next morning as many mangoes conld be 
bought for one rupee as scores for Rs. 50 the day before — the 
whole price of 30 mangoes, 10 bought one day and lo the 
other, was 12 as. 6p. Find the price of a mango on each day 

49. Tocomplete a certain work dA requires a times as 
many days as Band (' together; B requires n times as many 
days as .! and O together and C requires p times as many days 


l 
3 together. Prov . é = 1. 
as A and B together rove that ae ae 


CHAPTER XXIV. 
SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE, 


144. Suppose we have an equation of the form a:+by 
=e where. and y are both unknown quantities, and a, 6, « 
known quantities, it is clear that we shall obtain from it, 





s 
ame ()} . e . 
ae. !. and since y is an unknown quantity, the value of » 
; : 


must still be unknown also. But if we have a second equation 
pi +qy=r where vand y have the same values as in the first 
equation, we may reduce this second eyuation to the form 


pads ss 
o = (p, Y, 7 are known quantities). 


Since the value of « is the same in both equations, we have 

aes Sel Le an equation containing only one unknown quan- 
Q 

tity 7, from which therefore the value of y may be found in 
terms of a, b,¢, p,q, which are known quautities, and + can 
be determined by substituting the value of y thus found in 
either of the equations a +by,=r and pi+yy=r. 

As these equations are satisfied by the same values of the 
unknown quantities, they are called Simultaneous Equations. 

Hence it follows thar if we have two unknown quautities, 
we must have two independent equations, 

145. There are three methods by which such equations 
can be solved. 

let the equations be 46437 =51 and 3:4 2y= 22. 

First Method. Eyualize the co-efficientsof ove of the un- 
known quantities. 

404-37 =3L00.. (1) oy S22. ..0(2). 

The L.C.M. of the ed efficients of 7 is 6, and of those of + is 
12, so that it is easier to eqnalize the co-efticients of y than 
those of :. 


Multiplying (1) by 2, we have 8 + 67 =€2...... (3). 
Multiplying (2) by 3, we have 9 +67 =66...... (+). 


Subtracting (3) from (1), we have «= t, 
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Substituting 4 for « in (1), we get 4X 4+3y=31, 
oo Sy=L5, “Y=. 
The required solution is « =4 and y=5. 
Notr.— This method is the one generally employed. 
Second Method. Find © in terms of y, or y in terms of « 
from both equations, and equate the values so obtained. 


d+ 3y =3liee(Le Ba 2y=22..4...(2)- 








From (1), 4re=31—3y. 0 ok age vetseae (oO), 
From (2), 3e=22—2y. a tt (4), 
¥rom (3) and (4), 2173" 2794", 


4 9 
J“. I3—Gy = B—Sy. y=. 

From (3), « oe = 4, 

Third Method. Find # in terms of y, or y in terms of ¢ 
from one of the equations, and substitute the value so obtained 
in the other. 

4a4+ 3y=31..............€1). eA OY =H 2 ciccveodsanc ss 


— 
ll 
Qt 


From(ijsytieie = een) 
Substituting this value of y in(2), we get J: — 
=22. .. Gr + 62—8x= 66 “esd. 


From (3, yore oO. 


EXAMPLES WORKED OUT. 


lL. Solve the equations ba—8y=12 .. cesses seeeee eee vee (1). 
La 2 06 sccig tissaieeeeeredes C2): 
Multiplying (1) by 3, we have l5v—2d4y=36 ... .....(9). 
Multiplying (2) by 2, we have 22a+ 24y=112......... (4). 
Adding (3) and (4), 87r=145.  .% w= 4. 
Substituting +4 for a in (1), we get— 
20— 8y=12. 0. Rye —S. ° y=. 
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2. Solve the equations a: +ly=c..... 


Sesiepaeseee)s 
At + DY HCl occ cco ncercvcee( bo 
Multiplying (1) by U’, 18'c + bb’ y =cb' 00. 00000 (3)o 
Multiplying (2) by b, a’b: + bb'y =c'b.........(4). 
Subtracting (£) from (3), «(ab’—a’b) =cb’ —c'b, 
3 beh 


®e t 


ab! -a'b 


Instead of substituting this value of + in either of the 
equations, it is easier to get the value of « by the same method. 

Thus from (1), a’u: +a’by sa'e 

trom (2), a: +a y=a’, 

Subtracting, yia’b -ab yea oa. Se Y= Leal! 


a’'b—ub’ 
}. Solve the equations— 
thy tm ye CA Ua 
ew =Il1, 9 =8. 
Cleaiing of fractions, we get— 
hit 4y4+30 -Sy=132, or 7) +y =132.,.(1). 
and 3:438y 2:+2y= 48, or, '+5y = 48...(2). 


From (1), 30: + 67 =060......(3) From 
Subtracting, $f: =612. =] 
Substituting 18 for in (2), we get— 
18+ 5y= 4s. fey 30, “. y =6. 

Solve the equations- - 
20+ shy sl 2.1). 


(2), + 5y =48...(4). 


ve 


be.) 


4. 


3 4:—-O2y= 01... .....(2). 
Fiom (1) x34, we have 6 8: + l36y=4°08 ...()- 
From (2) X2, we have 68: —‘O4y = 02 we ( 4). 
Subtracting, | fy=l00. y= te =2°9. 
Substituting, 20 for y in (1), we get 2e+1L16=1°2, 
ae Dy, ()f. es r= QU, 


%. Solve the equations-— - 


Sil twacusee( 2): 
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Here the unknown quantities are Lager. 
voy 
ab Lb? a 
From (1) X b,—— + rag bm ue wee (3), 
7 6 ab a? 
From (2) Xa, “+ an... we (A). 
roy 
Subtracting, 1(49—a2)=bm - an. 
y 
. 1_ bm—an Bs te b+ —a? 
“y  b§—a*" bm an 


Similarly the value of bean be got; hence the value of « 
x 


6, Solve the equations (a+c): (Ut+d)y=ce 12. cee eel) 
(atd): (b+eyad i... cee ee (2) 
Subtracting, «(¢-—d)+y(r—d)y=r dd. ve tty =1,,.(3). 
oe (L+ d) + (b+d)y=b4d. 
and (ate): —(b+d)y=c 
Adding «(a tbh+etd)s=beidse 
a b+eetd 
ee atbecgd’ 
aes ee b+e4d = a 
Qtbh+e+,4+d atbectd 


EXERCISE 61. 


Solve the following equations : — 


From (5), y= 


1 wty=S) 2 46 42y=19) 
w—y=2y- Vie -Dy= 1g ° 

ML ey Fe 

3. 3 +20 =] A YT -Wy= 314 
ie : Tirt y= GOV 
sty" | ‘ y ) 

. er f=13) BY ty 

ay J x _ = Z —() 
ae : 3 5 
ey 3) wey x2-y, 1 ; 

ee 77 ) 

38" 7 ag tye 
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‘ 


y= 3 





7, 2t—*—- ee g. haat ed a 
om (=35?/—_— 
3y =9— : y 
9. ait by=c) 10. a: +by=c 
pitqy=rs- b:—ay=udf§ ° 
ll. ai—by=0 12. ar—by=m 
th y=ry? cotdy=n J° 
, ol ee) : 
12. woo 4. ,=™{ 
2. 5 1 4 : 
ice =7 i 
Ba’ 2y ru ‘ 


( 
15. ‘Bat *l25y=3:—y 5 Be toy = 2°20— 3 y. 





106. 41+ 8y =2-4 ? 17 772, + 3:G6y =H) : 
10°2:—"06y = "C3 5 230 + Oy =23 ) >! 
' ae ne ; ee 02) 
1S. atbat C 10 t 22) ; = 20 y) ; 
Yala] y Yrs =30— 63-34 
a ae ur as 3 
ss Yrs 8 2 
20, 2i— a ae | a C to)(yt+7=( +1)) 
° t—Oo  FY—-7 ae 
wf 4 a \ 214+ 10=3y+ 1 
22, a(ity)tb0—myy=ld 28. avy =c(h + ay) ) 
clit y)td(ii—y= Ly bry =c(ar—by) \ * 
24. a8a1+bey=b? wo, a8 + By = 7 
au + by =e S° b8upa2y~= us? 
2G. we en) a a? ba (a+b)? 
~ a: by ab ; wee y ty 
1 1_2 \ 4h 
oy a ee a 


28. (ath): +(a—b)y =2a)) : " a 
(a—i)i+(at by =2a) § ae eo tea 


W-y=2a s" 
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% b ay ath ab 

30. % = as ol. ~+- y = 2a 
2) eee | 3 7 ° 
yo! nd 
pe 3 ye) 2 ) 

aw @ ; eee od at ,>* 
7 & 5 2. 3 47° 
a 5 * 2y=20 } 

S$. a + by =C° Bo 91 4+ 8y =43ay 

a es -9 ¢ Suw+9y =42ay } ° 

b+y a+. 


36, (a—d)e+ (b—d)y =(b—a )(c—d) 5 axr+ by =(b—a)e. 
37. at yptl=0; a2 438 yte(at hy Hab. 
BS, (b— ta—(1—b)y=cema; (a—er)) (6 ajyohb—r. 


39. (G+e—a)re+(c+a—b)y=2 | 
(e+a—b)i + (atb—c)y=2a i" 


10. ae + by=a?+)? ; (bD—cjrt ( —a)y=(b—c)a? + (c—a)b?. 


a+tob y 
+1. (4+ b)1—(a—b)y= - (a—y?) | 


b 


a—b)e+(atbjy= or (+2—7?) | 
7 


12,0 fy Vana el ym WV y— 1 4 OV a— ea Na 8 
13.0 /emNaticeVery;s BVarrt 2a tye 9Va+ 2. 
a+b amb 2a = 1, F_ Bart db?) 





Lt, 2 -y ur—b2" ov y (a®—b2)< 

e . : xifat bh) 

15. (ba +b). + (a+ 6b)y= age } 
(Na—2b)e— (2a—9b) y= a ( 


46. " 4 VY 2.) wt) ee ee 
atb ab zoey yo ow 


47, we ty=ath; (at+2b)*:—(2a+ b)*y=(a—b)* (ath). 
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ee ee 49, ®4¥=1 
aap lt bel a? — §? ) ae 

0 oa Y - 1 \ by a as 
at—i 6-1 ut+b? ey bry y 


50. (pat qh): + (pa? +qb?)y =pas + qb? t 
(pa? + qb*): + (pa*+4b%)y =pat+qb* f° 


146. Simultaneous equations of the first degree involving 


three or more unknown quantities. If we have three indepen- 
dent equations, involving three unknown quantities, for example, 


Cle Ui edie So OH oa 5 deaaia da lemlanien tae ee de ween eciae a L)s 
a vebob, oe sd dieeiicax nas wenn see) 
eee are ee Spade Wudeoanwavatue a eeeonaeaiuentcueen 


the values of «, y and =z may be determined thus :— 
Multiplying (1) by a,, aa, +a, by+a,cez=a,m. 
Multiplying (2) by a, ua, :'+ab,y+ac,2=an. 


oe Y(a, b-—ab,)+ 2(a, Cm ac) =A, MHAN. ee eeee ee (4). 
Again, wultiplying (1) by a,, aa,a+o,by+a,¢cz2=a,% 
Maltiplying (3) by a, aay: +aub,ytacgs =ap. 


ve y(a,b- aby) tla, ¢— ar.) HA, — OP ersereceree (0). 


The values of y aud zs may be determined from the equa- 
tions (4) and (5) ; and by substituting their values so obtaine' 
in any of the given equations the value of « cau be determined, 


Nore. This method may te cclonded lo equations coniorings « ¢ 
more unknown quantities. 


Kx. ]. Solve the equations— 
4A; —2y + or=18...............(1). 
Qi4+4y — 8=22..... ee 
Ga 7 —z = 6B... cece ee seeeee(B), 


From (1), 47 —2y4+ 52=13. 

From (2)x 2, 4¢+8y— 6: = 44. 
Subtracting, 10y—11z= 26............ (4). 
From (2) x 3, 6x + 12y—9: =66. 


to 
tS 
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From (3), 60+ 7y—< =0s: 
Subtracting, by —8=z =3.......40.5.(0)s 
From (+), 10y— 11s =26. 
From (5) x 2, 10y—16s= 
7 OF=2Q. Ose 
From (4), aco w le =26444=70.  y=7. 
From (1), +#e=184+ 2y— 52=]k4+14—20=12. Sw=3. 


hx. 2. Solve the equations— 
ety=en. (1). ypose.....(2). s++=b......(3). 
Adding (1), (2) and (3), 22 +442)=a+b+e. 


. aty+ts ates E sihgihat hy: 


EURO... 25, SU OS Te 
2 2 
_ a+ b+e_ ee b+c—a 


SViacaesanasseuee 2 aersnaeeuness r= ? 5) 
: at b+ a+c—b 
Ot veense sionaicen (od Neweees voeees Y= » — b = 


Subtracting (1) from (+), = 


EXERCISE 62. 


Solve the following equations :— 


1. cChytr= re es ae 
wt2yt3c=14 21+ dy 4c —4 
t+3y4+4:=19. 3t— 2y—3z = —10, 

3. wtytz=90 4. ont ee =29 5. Se+3y=65 
Q2—By=—20 oat 2yt o2=32 2y—c=1] 
Qe—4e=—~—3). de + 3y4+22=25. 3e+ 45=57, 
, a 7. wety=3 

Ue grat ge oe yes=d 
CY 2 s+a=4, 
ot tpl 
3 4 5 8. ety—s= 
CY 8 4 Z+r—y=10 

+< == 38. y 
4° 576 Yt z~—u= 14, 
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” vr 9 A 
~ =‘ 5 10. pa . Ba Zi 
a EC go 3tga™ 
vel ye? rt5 Pe Ye 
4 5 10 a a aia 
Qy— ee ry, 2 
a == 38. 
a tok ‘og 
ie, “ae ees je pee 
aoy. a oy om 
3 4+ 2 bel 
ey 2 y tn 
Sree as 1d egal 
‘ Ys 2 & Pp 
wy, labor *¥270 yn 344138 
wy vy ec Oy s 0 
2 
Let gy Wt +2140 eee 
y o8 Ys be ly s 6 
ee ee 4 me 416) 
er =e ne 2y s 10 
~ 2 13 3 ) 2 
15. Tee = 16. t+ Syts) = yt Sets) 
t y ~ a ) 
eee = 3 4 
ea wins get yqetyti— , 
11 4 -~ Oymdar__ ose _ yds 
=, ] Acai —— i a = 
rae 3 og 2y— 32 3y— 22 
18, wvt+yts=U 19. xy=a(xty) 
(at+b)e+(a+ )yt+(b+e)z=0 yo=cly+ =) 
abe+ary + bez=1, ~e== b(a-+ =). 
20. e—uy+a?z=a* 21. brtay=c 
v—by + b?s=b5 ce+az=b 
w—mcyt Pr=ct. cy +bs=a. 


t 
i] 


: re ee 
yo 5 @ @ y 
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23. 3(w—z)=by; 2(a—y)=2; (y—2) = 1. 

24, gyre a(ysmar—ay) = b(vs— yz — vy) = (ey — yi Bz). 

95. axtbytczr=a+ bee; eeytr=3: aytlr=atb. 

OG ay + be = betey a: gs 1 

~— c a b 

QV. atytstu=10; 2—-Qy452=6; yt2—-2u=—3; and 
Sa—224+ 4u= 133. 

28. wtytrtu=0; lde4+ Bas —(1)74+92), Tlv43ly = 
— (4724+ 23s); 14+ 105u= — (45.24 217). 

29. xetytstu= 10; e+yte—r =2: ytrtu—e = 8; 
ctatu—y=6. 


30. Moiylog lies. Lid lig 
o Ys co You re | 
lytille 
Yo& 4 


147. Method of Cross Multiplication. 
If a,ew+b,y+c,2=0 and ay: +b,yt+e,~*=U, shew that 
a = y - : 

Li cy— bgt, dy rgd, = by ay,” 
Multiply (1) by a, ;a,a,: +a,b,y+a,¢,2=0. 
Multiply (2) by a, ; a@,a,2t+a,b,ytu,c,:=0. 
Subtracting, y(a,b, —a,b,)+2(a,¢,—a,¢,) =0. 

~. y(a,b, —a,b,)=—2(a,¢,—a,¢,). 

Y oes 3 

aga ye, esi ne 

Again, mu tiply (1) by 8, ; a,b, ¢+0,b,y +b, ,2=0. 
Mulauply (2) by 6,; a,b,0+5,b,y+4,:,7=0. 

Subtractiv:, 7a,b,—a,b,) +:(b,¢,—), )=0. 

&, 2(a,b, —a,b,)=—2(b,e,—L,¢,). 

Ee aa Ce 

big? oe, a, bygma,b 
Hence fruin | and (2), 

a = y s 


tured 
Ce oe 


te ae cs ce _ = te, oe 
OiCgam Onc, «C4 %g—m esa, a, by—a,6, 
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These results can be easily remembered by writing“down 
the co-efficients thus :~= 
a,b,c,a,. 
agbor,a,. 
The quantity under x is obtained by writing the co-effi- 
cients of y and z and multiplying across thus -— 


P b, Cy 
=b,¢,—c,b,. 
L ‘\ 
b,— +C, 


The quantity under y is obtained in the same way from 
tne co-efficients of = and «. 


Cy a, 
/ 
am Oy Ago Oy 
f 
Va —~\ 
to +2, 


The quantity under z is obtained in thesame way from the 
eo-efficients of a and y. 


a, bs i 
na 
“ \ 
L N 
a= +h, 
Note—If =1 in the above equations we have ’ 
ri¢ pum oe 
7) ] : . : 
= Pea 0 = ae nae which gives the solution of the equations. 


a,obbyte, =O and a_t+b_yte, =0, 

If the above values are committed to memory, it will 
enable us to solve readily simple equatioas involving two un- 
known quantities, 

15 
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| CHAP. 
Ex. 1. Solve 5y—3:=9; 5e+2y=16. 
Writing the equations thus: 3x—5y4 9=0 











. QQ). 
oz+2y—16=0. . . (2). 
Here a, =3, 6,=—9, ¢, =9 and a,=5, b,=2, ¢c,= — 16 
Bs ea ee ae ee 
"(= 5)(—16)- 9x2 9xX5—-3(— 18) 38x 2—(—5)(5)’ 
or is = — u = 1 - = 4 = 1 
S0—1s 45448 6425 62 93 3L 
93 
= ~“=Vand ye =3. 
z an : 31 3) 
‘ rs) rs) 
Ex. 2. Solve Lae sree Le 
vey t y l2 


Write the equations thus: 3 (:) +4()) —2=0.,.....(1) 
y 
2 (;) +3 ()-B-° veau(2) 
t y 2 
1 
Hence ——-—_____ = —_—_——__— 
4(-| nm) (-2)(3) (—2)(2)- 3(-j 13) 
1 I 
3% 3—2x4 OF 47 6 4,17 9-8 
4 
1 1 
ime Ll pes ant es oye 
sy Toa Sal ae Ded ena oY 4 
3 4 


Ex. 3. Solve 2—2y+4 2=0.........(1). 
9x—8y + 3z=0,........(2). 


20+ 3y+ oz =36..,ces0000( 3) 
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From (1) and (2), (=2)3)—()(—8) X9—1x3 
= s or — = Y= =, or 5 
1(—8)—(—2)9) 6 +8 9-3-8418" 2 


j 


= rom (suppose) ; then a= 2k, y=6k and -=10k. 

Substituting in (3), we get 44+ 18k + 50/= 36, or T2k= 55, 

or y=, ee 2x GH), yb x =3 and s=1Uy 5 =5. 

Byo4. “Holvee-by + 20s wsisvisvisertelianscsian (li 
HE DY Cs Ossian ca deiesicnastumed (oeaeauee (2 )e 
ha + cy+az=a? + 69+ ¢?—ab—uac—be...(5). 

From (1) and (2), "7 = ¥ =~ =k (sttppose). 

c—b ac b—a 

o. w=)(¢—b), y=k(a—c) and -=h(b—a). 

Substituting these values in (3), we have— 

Uh(c—b) + ck(a—c) + ak(b—a) =a? +b? +0? —ab —ur— bee 

Je bem b+ ca— * +ab—u?} =a? +b? + ?—ab—ac—bee 

A os ne v=—(r—b)=lb—o), v= —(Ii—r)= (e—a) 

on] :=—(b—a)=(a—b). 

Exe 5. Solve rt ytiHat b+ Crrcccercceee(L). 


Wg ee coeneeneever sist) 
a e 


b 
az+by+es=a? +b? +c’... (3). 
The equations (1) and (2) may be written thus :— 


(va) + (y—b) + (z—¢c) = 0. 
Mena) + t(y—b) + “(e—c) =0. 


H t—a_y—b_s—e 
ence, Ti an 11 rl 


cbacobea 
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or be(w—a) _ ac(y— by all(z - r) =k (suppose) 


OG ca a ob 
Then @ -a= a Ol w2=a Mb) 
be be 
kr Ka is. h) 


Similarly y=b+ me D sae lea zn 
ac 


al 
Substituting the values of 2, y, = in (3), we have— 


bie e~-a) 
(EC 


be ab 


p Fen, ees mare 


6, (tt ab 
k=(. . aza,u=b and z=. 
EXERCISE 63. 


Solve the following equations — - 
1 4a4+3y—24=0 and oe—2y— T= 
2, xt liy—67=0 and l0ct+ 2y—1L30=0) 


8 Vle—Ty—4l EV and Tz Sy—19=6 
4, TV) =0 and "477 =0, 
2 0 coud 


& 
us, 
6 arty—p=0 and e—ay—q=V. 


oo 


- +12 


Jo 
ew. _—_— —2=OQOand a 
A i B 


L=0, 


— 


“1 


oz+ 674+ 82=0, da+4y+ 6z=0 and 2+57 4+ l6z=3, 
fe—4y+22==0, 2v—1l0y+ 7:=0 and jet ty + 52-535. 


- 


9 xtyt2=0, artby+ez=0 and a2z+ 6274 02?2=(b—c) 

x (c—a)(a—b). 
10. e+y+2=0, art bytez=0 and bez + soy +abe=(a—b) 

x (b—c)(a—r). 
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1. av+by+ez=0, ber+cay+abs=0 and «+y+z2=1, 
12. (b—c)s + (c—a)y+ (a—b)s =0, ar + (a—c)y—rz=0 and 
Ztyto=atb+e. 


IS. a@+tyt i= 


] 
~+ 
a 


ae ay +b?y4+c%z=a+b+c and are 
P 


Ee) 


+ Uy+ciz=a?+)3 + ¢?. 


Ye = 2 4 s 11 

“= oe ee and aa + by + ¢: 
=a? +b4+¢?, 

15, atyts=O, bexwtacytab:=1 and (b+c)a+(at )y 
+(at+b)z= z 

16. etyto=athbt+e, be+cy+az=a? +b? 4.? and ne tay 
+ bz=a* + 0274+ ¢%. 


li. atyti= tpt ae t by tes=3 and a®x+l?y4. 7s 
a ° 
=atht+e. 


18. etytssatbte, beteytassabtart+be and -r+uy 
+ br=ab+act be. 


tv “ t-_ —b 
WwW. = +7 47 =3, aut by+ez=a’ +h? +c? and ae oe 
Cote b+r cra 
WT" el), 
t+b 
e ie. xr * 
20. «ty+:=0, 5. + 7% + =(0 and een 


ath ater b+ ¢ a-b «—-«@ 


+. ~=2(a+ b+c). 
b—r 


148. Miscellaneous Examples. 

lL. Solve «+ y=8, xy=15. 

We know («—y)$§=(a+ y)?— hey. 

Ifence (w — y)? = 64—60 = 4. 

“ w-yset2Zand e+y=8. 2. 2x=10 or b. 

“ e= or 3 and y=3 or 9, 

If .—y and wy be given, we can find the value of :+¥ from 
(wy)? =(Comy)? + hey. 
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2. Solve 25+ 45=35 and z+y=5. 

e+ y=(e+y)(u*—ay+y?). 

Hence 380= 5(@?—ay+y?). 2°. x? —ayty?=7.........(1). 

Since «+y=5. 7. OF Day ey ® =D... es cceeee ee eee( 2): 

Subtracting (1) from (2), 8ey=18. .. ay=G6 andu+y>d 

Hence x and 7 can be found as in segs 1, 

3. Solve ay=a?; yr=b? and z=? 

Multiplying the three equations, wy Xx y>X ze=a?l?,?, on 
x2y22¢=a4h8e2, 2. ryz= babe. 


: be ac Ye tabe_ ,al 
Hence v = x = ka = —, 7? I oe a aud 
one yz b® 7 6 i= XZ c4 c 
ga HP ae 4 rial 

vy 7 a 


4, Solve e(atyt+s)=a?—y:; y(etytz)=b4 — x: and 
a(etyts)=c8— xy. 

We have Ue bY +2) + yr =a‘. ve tC tyes bya’. 
“. (St ylets=a?,........CL). 

Similarly from the other two equations we can get (+2) 
* (ys) = b?...., (2) and (24: (z+ y) = C7 ....0 0G). 

Multiplying (1), (2) and (3), (e+y)(@te)yt+eNuter) 
* (star +y)=ar bret, . (a+y)*(y+2)* (a+ 2)* = 04d? c?. 

(LAY) YAA)(S + LC) Aad eee veel bdo 

Dividing (4) by (1), (2) and (3) successively, we have 


vere t Oe £7 t-eart= pale ae and i-+-+y= 4 abe 
° a® b? b ‘ sc 
8 

Cc 


Fiom these three equations, the values of 2, y and = cau be 
found. 


o solve Ly! Co +y), ys= (y+) css) (s+) 


From (1), pais ! seq, CF = Oseesar vee (a) 
ay y 


XXIV. ] SIMULTANEOUS EQUATIONS OF 


From (2), 


From (3), 


(ad+(3)+(Y)_ 1 
ee eo 
2 ¢ 


a+b+c 


ite 
2 


y 2 


o 
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ween (BD 


Subtiact (a), (3) and (x) successively from (3). 


Then Lorene: }latb—ce, gliate—6 
Fo 2 el y y 2 
6. Solve #(¢+y+ 2) =a*............(1). 
ya yt z)=d?.. wee(aa)e 
c(a-yt a sacl) 


Adding (1), (2) and (3), we ise 
Hence a+ytz= 
Dividing (1), (2) and (3) 


Af (a2? +52 +002)... cccrecevees 


by (4) successively we get— 


(eo t+y+2)2?=a? +b34r3, 


(4). 


@eeae 


2 


aaa roar ew 





a? 53 
sae Var+br¢c2 7 ~Jare yee! 
7 Solve a(y+-2)=14............(1). 


y(u +2)=18...... 
Ax + y)= 20... ...... 0s 
Adding (1), (2) and (3), we have 
Hence ry + yz+ 


oh 2] 0 a ree @e@eeseeegeese @@ee 


elec ye 
(3). 


2(ryt ys tz) =o2. 


(4). 


Subtracting (1), (2) and (3) successively from (4) we get 


ys=12, :2:=8 and sy=b 
zcan be got as in Hxample 5}. 


From these the values of 2, 7 and 


S. Solve «y+3a+y)=11............(1) 
yr+3(y $2) HAL... (2 
set 3+ nH lL5.. .........03)- 

Krom (1), zy+ 3(@+ y) +9=114+9=20, 


Se (@+3)(y + 8)= 20... cer eeees 


(A) 
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From (2), y+ 3(y + =)+9=214+9=30, 
fe (CY #3)(Z4+3)H 30... ccc ceescrecesccccorevecerse  (B) 
From (3), 2° + 3(s+2)+9=15+9=24, 

*. (2+3)(7 +3) =24... veseseasseceusateen: “CO 
(A)x (B) X (C) is (: +3)*(y +3)*(243)2=20% 30 X 24. 
 (¢+3)(y+3)(s+3)=10 X 12=120........008 (D) 

D 120 


gorts= 37 Se: es to 
D. ,9.1200_, . ._ 
3 aoa *. #2). 
bis y+ 3= = =5. yo 2. 


C 


EXERCISE 64. 


Solve the following equations — 


lL. wty=Land z°4y3=1—3)4 553. 
9 


3. .4y=7 and :2472=25, 4 e—y=band’ =. 
y n y w— an 7 4 


l 


eo. r+ y =4 and itynh 6. r—y=Jand si —y> =. 


7. t+ y=l2, 2?ty2=7h 8 et y=11, 28§+y°=1001. 
9. abey=az-+ by, acez=ax+ cz and beyz =by + cz. 

10. 2(%+yt+2)=6, ylat yt =) 12 and s(v+ y4+2)=158. 
Vl. (#2 + y?)(y9 + =7)=65, (y? + =*)(2* +22)=130 and 


(x? 4+ 29 (13 + y#)=50. 


12, (prt qyt rz) =p(p?+q2+r?), y(prt qy +72) =9 


(p?+97+77) and =(pa+ qy+rz=r(p?+q*+r*). 


13. e(y+c)=a, y(et+z) =b and s7+y)=c, 
14. ty t+u(e+y) = yz+a(y+s)=22+a(s+ 2)=d3a*. 


XXIV. | SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE. 233 


15. aytatye= ll, yet yt s=19 and ze+zt+c= 14. 
16. avtbytcsc=miyz, bitcytaz=nayz and cxtayt bz 
= leyz. 


17, wtytr= ce sea ama 
x y g 
y? + ~? 8 + 2 2 2 
18. 7 og mes —— =b? and — wt me? 
YZ aru y 


149. Method of Undetermined Multipliers. 
Take the equations az+by+isHd............(L), 
a,++bytesHd,...... (2). 
a,v~t+ byte s=d,.......(5). 
Multiplying (1) by 1, (2) by #2, (3) by 2 and adding, we get 
(alt+a,mt+a,n)e+(bl +h, m+ bonjyt+(cl+c,m+c,n)z=dl+d,m 


Since 1, » and n, are quite arbitrary, we may assume them 
to be such that the co-efficients of y and = shall vanish ; hence 
bl+bym+byn=0.... . 2.  .(5) 





elte,mecgn=O..... eee (6) 
and (al+a,m+a,n)esdltd,mtdzi.ccccccccens (7). 
From (9) and (6) by cross multiplication, — — 
bicg— b,c, 
= “ = "_ =k (suppose). 


be—be, , be, —bye 
“ l=(b,es—dyc, hk, m=(Lc—be,)k, n= (be, — by c)k. 
Substituting these valnes of J, m, 2, in (7), we have— 
fa(b,e¢g—bac, )+a,(b,: -be,) +a,(be,—l,c fx 
=d(b,¢,—byr,) +d ,(b,c—le,) + d,(be,—b,¢). 
. wp tO amber + dy (gem beg) +d, (be, — Be) 
a(l,e,—4,c,) +a (byc—mbe,) +a,(bce,—5,¢) 





In the same way we can find the value of y by supposing 
the co-efficients of xand = in (4) to vanish, and the value of ; 
by supposing the co- efficients of x and y in (4) to vanish. 
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Ex. Solve the equations r+ 2y+828........ ooo(1). 
Qemy+3r=Q9 aetna jel) 
SEY Ss HBL. eens .o(3). 


Maltiplying (1). (2) and (3) by J, m and x, respectively. 
and adding, we hare— 
(1+ 2m + 3n)2+ (2l—m + n)y + (1+ 8m—n)a= 81+ 9m + 2n... .(4). 
Equating the co-efficients of y and = to zero, we have— 


(2+ 2int 32 )e= Bl + Ot Que. c ccc ee eee ee (5). 
Pd hea a | ak 0 Re aa Oe ee eee ee ..(6). 
UE 0 nia 2 ea Reel Ge EEA (7). 


From (6) and (7) by cross multiplication, eae 
— ( 


(suppose). 
Substituting —2s, 3k and 7k for 1, mand x in (0), we have 
(—2+ 64+21):= —164 27+ 14. 
oe 2ox=25.  @=1. Similarly we can find y=2 and 2:3. 
Note.—In Practice, thiy method igs not simpler than the one given iy 
Art. (146) when the co-etticients are numerical. 


CHAPTER XXYV. 
PROBLEMS LEADING TO SIMULTANEOL 3 EQUATIONS, 


150. The »umber of unknown quantities which enter a 
problem and the number of independent conditions connecting 
them with the known quantities must be the same. 

The unknown quantities are usually denoted by x, y and :. 

Bx. 1. There is a fraction, such that if its numerator be- 
increased by 1, its value is ;; and if its denominator be in- 
creased by 2, its value is \. What is the fraction ? 


Ket the fraction be = 
y 


rel 





Tf we increase the numerator by 1, the fraction becomes 


{ 


: : Q 
denominator by 2, the fraction becomes 


? ys 
By the conditions of the problem, ae , and acl =. 
y yt? 


. 4e+4=3y and 2u=yt2. & 4e=2y+ 4. 

o. 2ytdtt=3y. 2. y=8 and x=5. 

Hence ; is the required fraction. 

Ex. 2. There isa number consisting of two digits; the 
number is equal to seven times the sum of its digits, and if 2¢ 
be subtracted from the number, the digits interchange their 
places; find the number. 

Let «=the digit in the units’ place, 

and y= the digit in the tens’ place, 

Then 10y+ =the number, 

and 107+ =the number when the digits are interchanged 

By the conditions of the problem, 10y+2=7(a+y)...(D 
and 10y +.7v—27=10x + 4...(2). 
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From (1), 3y—62=20. «. 3y=6x. o. y= 2a. 
Substituting 2x for yin (2), we get 2074+ 2—27=102 + 2e. 
“. 99=27. .. e=3and y=6. Hence the number is 63. 
Ex. 3. There is a number of three digits ; the sum of the 
digits is 9, the digit in the units’ place is twice the digit in the 


‘hundreds’ place, and if 198 be added to the number, the digits 
are reversed ; find the number. 


Let e, yand = be the digits in the hundreds’, tens’ and 
units’ places respectively ; then 1002 +10y+< is the number, 


and 100:+10y+. is the number formed when the digits 
are reversed. By the question, t+ + 2=9.....ccccecccccee crocs: 

c= 2y...(2) and 1002+ 107 + =+ 198= 100s + 10y +.7....~(3). 

From (3), 992—99:=—198. .. r-z=—2 

but s=2e, ww. a—2r=—2. «. w= 2 and s=4. 

From (1), y=9—G6=3, Hence the reyuired number is 2:34. 


Ex. 4. .{ and B working together can do a certain work 
intdays. -fand CU can doitin 3% days, while B and C can 
do it in 5! days. How many days will .4, Band C each take 
to do it alone? 


Let 2=the uamber of days .1 takes to do the work alone ; 
y=the number of days B takes to do the work alone ; 
and :=the rumber of days (' takes to do the work alone. 


Hence in oneday A doves ] of the wor k, B does : of the work 
ve 4 
and C does ; of the work. 


es in one day A and J} together do ( + "Jot the work. 
y 


But as they take 4 days to do the whole work, in one day 
they must do , of the work. 


Therefore De cleanly: 
zy + 
es 1,t 1 5 
Similarly - = =~. .,,,.....(2). 
MBNA ee gc age eer) 
ad eee ee (8). 
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12 


~ 


From (2) and (3), ns oe — : . «=6 days, 
a Y 0 


and from (1), tas and 1. =p *. y= 12 days, 
and from (2), | =o ue *. 2=9dars 
ye ~ Tg 6 9 


Ex. 5. A man bas to travel a certain distance; when he 
has travelled 20 miles, he increases Lis speed 1 mile per hour ; 
if he had travelled with his increased speed during the whole 
of his journey, be would have arrived 40 minutes earlier ; but 
if he had kept on at his first rate, he would have arrived 20 
minutes later; how far had he to travel ? 


let =the distance of the journey in miles, 


and y=rate per hour in miles. 


» oo. 
At first he takes (=+ ‘ 1) hours. When he travels the 
is Ut 


whole distance at y+ 1 miles per hour he takes —— hours and 
y 


. * 
at y miles per hour, he takes — hours. 
at 


By th to 20, r-20 a +" ab 
e nest) n. _ ai = OT cet cw eee td 
f a uooy+tl yl : 


o —_-? 
and ae Saami: 
yoyth y » 


e@ 2 2 | 2 


pte. = 1 [From (1) and (2)]. 
y*+1 3 y 8 y ea rom (1) and \ 


2 
. -_= *f> yi }). 
ied x= yy) 
oo y(y+1) for « in we get— 
4 Vly co gee ee u(y +1) 


+2. 
y ytl yt1l 3 
805 pO eg 2 420. 208 
yo ge By ytl 38 
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20 2 3 
Pas —_———_—- = ae + ] = y =e (), 
yytty 8 WUE N=_XB=e 
e. 2=30, since x=y(y+1). .% the distance =30 miles. 
.6. <A pound of tea and three pounds of sugar cost six 


shillings, but if sugar were to rise 50 per cent., and tea 10 per 
cent., they would cost seven shillings. Find the price of tea 


and sugar. 
Let #=the price of a pound of tea in shiliings ; 
and y= the price of a pound of sugar in shillings. 
When the price of tea rises 10 per cent., the price of a 


pound=z + 2 or 13a shillings ; and when the price of sugar 


rises 50 per cent., the price of a ‘ound =y+.y or Sy shillings. 
By the question, z+3y=6. ... (1) 


and 1i2+3X% fy=7 .- 1 0 ee (2), 
From (2), lla+45y==70. From (1), llz +33y =66. 
e. lQy=4. «. y= and e=6—1l=.. Hence the price of 


@ pound of tea=os., and that of a pound of suyar= }s. or 4d. 


Ex. 7, ‘The dimensions of a rectangular court are such 
that if the length were increased by ©} feet and the breadth 
diminished by the same, its area would be diminished by 18 
equare feet ; and ifits length were increased by 1 foot and 
the breadth ‘increased by the same, its area would be increased 
by 18 square feet. Find the dimensions, 

Let «=the length in fref and y=the breadth in feet. Then 
ay =the area in square feet, 

By the question, (r+ 9)(y—3)=ry—18 . . . (1) and (+1) 
X(ytl)=ayt18 .... (2), 

From (1), 3(y—#)-9=—18. oo yom = — 3 

From (2), cty+t1l=1& ..2¢y=17. ..c=10 and y=7. 

-’. length=10 feet and breadth=7 feet. 


EXERCISE 65- 


1. Find two numbers such that one-balf of the first and 
one-third of the second is 14, and one-third of the first and one- 
half of the second is 1). 
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2. Hight years ago .4 was 5 times as old as B, and in 
2 years he will be 3 times as old; find their present ages. 


~~ ¥, Kind the fraction which becomes |; when 8 is added to 
its numerator, and -7, when § is subtracted from its denomi- 
nator. 


4+. Anumber consisting of 2 digits is such that, if it is 
divided by the sum of its digits, the quotient is 8 and the 
remainder is 2; butif the number with the digits reversed be 
divided by the sum of the digits the quotient is 2 and the 
remainder is 8; find the number. 


»). A number of three digits is such that the sum of its 
digits is 16, the digitin the units’ place is twice the digit in the 
hundreds’ place, and if 297 be added to the number, the digits 
are reversed ; find the number. 


6. A person buys S Ibs. of tea and o lbs. of sugar for 
19s. ld. ; and at another time he buys 5 jbs. of tea and 8 Ibs. 
of sugar for ids. 8d., the prices beiug the same as before; find 
the price of each. 


7. Inamile race A can beat B by 10U yards, and C by 200 
yards; by how much can B beat C in a mile ? 


8. There is a number consisting of three digits, and is 
such that the sum of the first aud last digits exceeds twice the 
middle one by unity ; when the digits are inverted the original 
number is increased by 297, and the sum of the digits is 16; 
tind the number, 

9. ‘l'wo trains start from two stations, and each proceeds 
at a uniform rate towards the other station ; when they meet it 
is found that one has travelled 108 miles more than the other, 
and thatif they continue to travel at the same rate they will 
finish the journey in 9 and 16 hours respectively ; find the rates 
of the trains and the distance between the two stations. 

10. A person wishing to relieve a certain number of beg- 
vars finds that if he give them 2s. each, he will not have money 
enough by 3s. ; but if he give them ls. 62. each, he will have 
ts. 6d. to spare. What money had he in his pocket and how 
many beggars did he relieve 

11. A-certain sum of money is to be divided amonga 
certain number of men; if there were three men less, each man 
would have £150 more; but if there were 6 men more, each 
man would have £120 less; find the sum of money and the 
number of men, 
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12. <A person bas two horses, and a saddle worth £10; if 
the saddle be put on the first horse, his value becomes double 
that of the second ; but if the saddle be put on the second horse, 
his value will be less tlian that of the first by £13. Find the 
value of each horse. 

13. <A person walks from A to B, a distance of 7} miles, 
in 2 hours 175 minutes and returns in 2 hours 20 minutes. His 
rates of walking up-hill, down-hill, and on level road being 3, 
34 and 3, miles respectively ; find the length of the level road 
between df and B. 

14. There are two fractions such that the fraction formed 
with the sum of their numerators for numerator and the sum of 
their denominators for denominator is § of the greater ; and the 
fraction similarly formed with the difference of the numerators 
and denominators is 3 ; also the sum of the numerators is twice 
the difference of the denominators. Find the fractions. 


15. If A and B together can do a piece of work in a days, 
A and ( together can do the same in / days, Band C together 
in c days; find the time in which each can perform it 
separately. 

16, The fore-wheel of a coach makes 6 revolutions more 
than the hind-wheel in going 120 yards; but if the circumfer- 
erce of each wheel be increased 1 yard, the fore-wheel will 
make only 4 revolutions more than the hind-wheel in the same 
distance. Find the circumference of each wheel. 

17. A fish was caught whose tail weighed 9 lbs. ; his head 
weighed as much as his tail and half his body, and his body 
weighed as much as his head and tail. What did the fish 
weigh ? 

18. Two trains 140 feet and 80 feet Jong pass each other 
in opposite directions in 2 seconds; bad they been going in the 
same direction the faster would have passed the other in 10 
seconds ; what was the rate of each in miles per hour ? 

19. A cistern is filled in 25 minutes by 3 pipes, one of 
which conveys 8 gallons more, and another ¢ gallons less than 
the third, every three minutes. The cistern holds 1,050 gallons. 
How much flows through each pipe in a minute? 

20. AandBrunamile. First A gives 2 astart of 1 minute 
30 seconds, and is beaten by &8 yards. At the second heat A 
gives B astart of 80 yards and beats him by 30 seconds. Find 
the rates of A and B per hour. 
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21. Two travellers A and B set out at the same time from 
two places P and @ respectively and travel so as to meet, 
When they meet, it is found that A bas travelled 30 miles more 
than PB, and that A will reach Q in 4 days, and B will reach P 
in 9 days after the meeting. Find the distance between P 
and (J. 

22. A boy when hestarted for school, a distance of 4 
miles, found that if he proceeded at his walking pace, he would 
reach school just in time. But at the end of the first mile, he 
turned back and ran home to bing a book, and thence back to 
the end of the first mile, increasing his rate by ] mile an hour. 
If by walking the remaining 3 miles at twice his walking pace, 
he reached the school exactly in time, find bis walking pace 
per hour, 

23. Two post runners start at the same time from two 
towns and each proceeds at’ a uniform rate towards the other. 
They meet at a point 3 miles nearer one town than the other 
and they expect to finish the journey in 2 hours 30 minutes, and 
> hours 36 minutes respectively. Find the distance between 
the towns and the rates of the runners. 


24. A and Bsct out tegether to walk round a field one 
mile in circumference. When .!, who is the quicker walker 
has passed B twice, # turns and going 1n the opposite direction 
meets A at the starting point. The whole time since they 
started is 3 hours, and A has walked 2, miles since they started 
more than B. Find their rates of walking. 


205. A mail cart was travelling from A to Bat the rate of 
10 miles an hour, and when only 7 milesfrom B was met by a 
man who started from B at the same time that the cart left 4. 
The cart then went onto J? where remaining 1 honr and 12 
minutes, it returned overtaking the man 6 miles from .1. Find 
the distance from A to B and also the rate of the man. 


26. A rectangular Court having been measured it was 
observed that, if it were 5 feet broader and + feet longer, it 
would contain 116 square feet more; but, 1f it were 4 feet broader 
and 5 feet longer, it would contain 113 square feet more. Find 


its dimensions. 

27. Find a number of three digits, the last two alike, such 
that the number formed by the digits inverted may exceed 
twice the original number by 42 and also the number formed 
by putting the single figure in the midst by 27. 

16 
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28. Asum of money is divided equally among a certain 
mutmber of persons ; if there had been four more, each wonld 
have received a shilling less than he did; if there had been five 
fewer, each would have received 2 shillings more than he did; 
find the number of persons and what each received. 


29. Two plugs are opened in the bottom of a cistern con- 
taining 192 gallons of water ; after three hours, one of the plugs 
becomes stopped, and the cistern is emptied by the other in 
eleven hours ; had six hours elapsed before the stoppage, it 
would have required only six hours more to empty the cistern, 
How many gallons will each plog-hole discharge in an hour, 
supposing the discharge uniform ? 

30. If there were no accidents it would take half as long to 
travel the distance from .4 to B by railroad as by coach; but 
three hours being allowed for accidental stoppages by the 
former, the coach will travel the distance all but tifteen miles 
in the same time ; if the distance were two-thirds as great as it 
is, and the same time allowed tor railway stoppages, the coach 
would take exactly the same time. Required the distance. 


31. and Brunamile. First A gives /}} a start of 44 yards 
and beats him by ol seconds; atthe second heat A gives Ba 
start of 1 minute 1 seconds, and is beaten by $8 yards. Find 
the times in which .4 and 7? can run a mile separately. 

32. and # start together from the foot of a mountain to 
go tothe summit. .{! would reach the summit half an hour be- 
fore B, but missing his way goes a mile and back again need- 
lessly, during which, he walks at twice his former pace, and 
reaches tle top six minutes before 2. C starts twenty minutes 
after A and J}, and walking at the rate of two and one-seventh 
miles per honr, arrives at the submit ten minutes after B. Find 
the rates of walking of A and B, and the distance from the foot 
to the top of the mountain. 


o3. A-railway train after travelling for one hour meets 
with an accident wich delays it one hour, after which, it 
proceeds at three-fifths of its former rate, and arrives at the 
terminus tliree hours behiud time; had the accident occurred 50) 
miles further on, the train would have arrived 1 hoar 20 
minntes sooner. Required the length of the line, and the 
original rate of the train. 


34. A-railway train running from London to Cambridge 
meets on the way with an accident, whioh causes it to diminish 
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its speed to lin of what it was before, and it is in consequence 
” 


a hours late. Ifthe accident had happened b miles nearer 
Cambridge the train would have been c hours Jate. Find the 
sate of the train before the accident occurred. 


35. A shop-keeper on account of bad book-keeping, knows 
neither the weight nor the prime cost of a certain article which 
he purchased. He only zecollects that if he had sold the whole 
at 30s. per Ib. he would have gained £5 by it, and if he had sold 
it at 22s. per Ib. he would have lost £15 by it. What was tha 
weight and prime cost of the article ? 


36. The vent of a farm is paid in certain fixed numbers of 
quarters of wheat and barley ; when wheat is at 00s. and barley 
at 33s, per quarter, the portions of rent by wheat and barley are 
equa] to one another, but when wheat is at 65s, and barley at 
41s, per quarter, the rent is increased by €7. What is theearn 
rent? 


> 


37. A train GO yards long passed another train 72 yards 
long, which was travelling in| the same direction ona parallel 
line of rails in L2 seconds. Had the slower train been travelling 
Vialf as fast again, it would have been passed in 24 seconds, 
Mind the rates at which the trains were travelling. 


38. Aand Bruna race round a two-mile course, In the 
first heat Breaches the winning post 2 minutes before .t. In 
the second heat A increases his speed by 2 miles an hour, and 
2 Ciminishes his by the same quantity, and A then arrives at 
the winning post. 2 minutes before B, Find at what rate each 
ran in the tirst heat. 


39. Aand Brunamile. At the first heat .{ gives B a start, 
af 20 yards and beats him by 30 seconds. At the second heat 
A gives Ba start of 32 seconds, and beats him by 9,5 yards. 
Find the rate per hour at which .1 runs. 


40. A railway train after travelling an hour is detained 15 
minutes, after which, it proceeds at three-fourths of its former 
vate, and arrives 24 minutes late. If the detention had taken 
place 5 miles further on, the train would have arrived 3 minutes 
sooner than it did, Find the original rate of the train and the 
distance travelled. 


41. Thetime which an express train takes to travel a 
journey of 120 miles is to that taken by an ordinary train as 9 
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to 14. The ordinary train loses as much time in stoppages as. 
it would take to travel 20 miles without stopping. The express 
train only loses half as much time in stoppages as the ordinary 
train, and it also travels 15 miles an hour quicker, Find the 
rate of each train. 


42. Two trains, 92 feet long and 84 feet loug respectively, 
are moving with uniform velocities on parallel rails; when they 
move in opposite directions, they are observed to pass each 
other in one second and ahalf; bat when they move in tle 
same direction the faster train is observed to pass the other ir 
six seconds ; find the rate at which each train moves. 


43. A general finds that his cavalry with half his artillery 
and infantry together, or his artillery with one-third of his 
cavalry and infautry together, or his infantry with one-fourth 
of his cavalry and artillery together, make up the same number 
ef men; t7z., 5,990; how many men were there in each arm ot 
tl.e service ? 


At. There is a certain number of three digits which is equal 
to 48 times the sum of its digits, and if 198 be subtracted from 
tlhe number, the digits will be reversed; also the sum of the 
extreme digits is equal to twice the middle digit; find the 
rumber. 

4. Three cases of goods cost Rs. 4,000 ; they are sold again 
at a profit of 2, 3,4 per cent. respectively, and the whole profit 
is 3 per cent. on the total cost ; if the first and second cases had 
been sold for Rs. 5 more each, and the third for what it had 
cost, the profit would have been 2 per cent : what was the cost 
of each case 

46. Inaschool consisting of 5 classes, there were in the 
second class » per cent., and inthe third class 10 per cent., more 
than in the first class. In an examination, each boy in the first 
class occupied thrice, aud in the second class twice, as much of 
the examiner's time as each boy inthethird. The examination 
then Jasted 3l hours. In the next year the tirst class had 
doubled in number, but each boy only required 3 of his former 
time, there were 10 boys more in the second class, and each boy 
in the third class occupied .,}- hour more than he did before. 
The examination now lasted 43 hours. How many boys were 
there in the echool at first ? 

47. A person starts from A to walk to FR, and after he has 
gone 16 miles, another starts from B for 4 aud walks at double 
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the rate of the former. Thirty-two minutes after they meet, 
the slower of the two halts for two hours, and then does the 
remainder of the distance in 4 hours and 48 minutes. The other 
proceeds without stopping to A and immediately returns to B 
which he reaches 4 hours 24 minutes after the other. Find the 
distance between =! and 2, and the distance from /} of the 
halting place. 


45. A and /} start from opposite corners of a square and 
run round in the same direction, If B stops for acertain time 
at every corner he will be caught by -4 when he is just com- 
mencing his (1 +1)th circuit ; but if B runs continuously and -4 
stops the same time at each corner, .{ will be caught when he 
13 just commencing his (m+ 1)th circuit. Shew that A’s velo- 
city: B’s velocity as 4427! : 44 m7). 


CHAPTER XXXVI. 
QUADRATIC EQUATIONS. 


151. Quadratic Equations are those into which the second 
power of the unknown quantity enters, with or without the first 
power. 


If the second power of the unknown quantity alone enters, 
such equations are called Pure (Quadratic Mquations; thus «¢ 
=25 and «*—b=7, are pure quadratic equations, 


If the first power as well as the second power of the un- 
known quantity be involved, snch equations are called dAdfecter 


> 


Qvadratic Equations: thus «?+2r=5 and az? +be=c, are 
adfected quadratic equations. 


152. Pure Quadratic Equations are solved in the same 
Liauner, in every respect, as simple equations, except that, at 
the conclusion, the square root of each side of the equation has 
to be taken. The signs + and—are prefixed tothe root, because 
tle square root of a yuantity may be either positive or negative 

Ex. 1. Solve 12.?—16=28}. 

oe L2e?=2844+16=300. oo. a? = 799 =20, 

oe t6=/25= +0, 

ie, HHH +5, 4-00-45, — = +5 and —r=——S, 

.@., 2= +9 or—o, ie. ue +d. 

Hence it follows that-when we extract the synure root of 
tLe two sides of an equation, it is sufficient to put the double 
sign before the square root of the right hand side. 

Ex.3. Solve 2b2?+a—4=rxr*—5+ d—b2z?. 


o «= 2bz*? —cx? + 1x4 =d—H—at4; 2. 2*(8b—0) =d—a— 1 


‘: »._d-a-t ,. _ Oe rama 
Ex. 3. Solves+ Vz*—aie 3" 


xe? —? 


or eV ec? — a? +.c%? —a? =2a*, or ae? — a? =3a? — 23. 
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Squaring, #2(.?—a*)= (3a? — x)*, 


or 2* —a*z?=9at + 2*—6u2c?, or Sa*xz*?=9a*, or 52*=9a?, 








ore? = 28" ee a tt 
e) Jo 

b— Sb 18 

e e S lv Ppa gee eee ee 

Ex. 4 oe b+ Site 


, o- JO? ~ 2 bb? — a? ae 
ig ies Sic ao Il of Art. 132 
i a/ det —b—a/ha 1? era rae 


or — -—= b __@tl © eit 
/b?—-2* a-l ~° b a+ 


eae ie (“= g ae ee a—l 
ore ioe Pe 
. 2 se On 2 4a 

"e U8 a+] (a+ 1)? 

e oe? ae 4al? — Qh/u 


(apie 77 (at hy 
EXERCISE 66. 


So've the following equations — 














1. (e#+3)?=6:+10 2 a(z+1)+ (a—3)(et+ 2) =f. 
2 » 
3 —— = 4. , 2+ (a4—a)?*=Sa?. 
as ke D (a+a)? +(a—a) a 
a ee ee 6 Bre Us 
by i—l zs 

7 t+2 _ wt C fo ps) 

© Obl Bete) g+2 ae “t—3 

9, a ee 
10. J 422 44 Game f/f 2? — 7 = 2 


ll. Ve?+ 138-08 Ll=? 
12. Yl¢a4+Y1l—z eve. 
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Vat at 
(43 v—-3 2-3 

lf. Sa : 
129" 28 al 


15 SS ee ee 
Va—2a+-/e+2a a 


13. e+ fait it 








sata ie oak a /Sat—z? 
ee ee ee 
16. Sm er 17 or - , 
/4e2—1 ar area 
ig Set aetml_ 4» yg Nattatea Db 
9x—/4e?—1 Varpgetma  C 


JSat—at —2*—J/b* +2? _¢ 





206 ee : 
Ja®—at+V/Vb2+22 d 
1 I 2 
21,-— Soo ‘ 
am~Vat—z? at+JSat—g? 7? 
9) ” 
22. . - : 


ea ete a 
23, 2or{V(1+27)—a} =3. 


te shatioivnn ITTF 


25. \/ or) t af a = 


{i 


153. ye Quadratic Equations. 


The most general form of such equations 1s ax?+bzr +¢=0 
where a, b,c are known quantities, positive or negative, integral 


or fractional. 
aa a sides of the equation by a, the co-efficient of 


bee } 
a? , we have 2 age + =” or a? + "ec + =O, or ato 
a a@ ay a 


Cc 


=— “Or @ e+. t= : 
(L 
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To make the left side expression a perfect square, we must 








b \* b? So" “d 
add ( x; ) or 4," Adding -; to both sides, we have 
‘ b ee ee hb tia __ 63 —4ac 
ee Base 4a? 4a a@ as ( aun 4a* * 
Extracting the square root, 
r+ b= eae or 2= —~bivbi—4ac snecsemasel A). 
2a 2a 2a 


Vote. —The quantity to be added to rage to make it a complete 
L 


; : b\? 
ayuare is the syuae of half the co-efficient of ¢, ie.) . 


From the preceding we derive the rulefor the solution of 
an adfected quadratic equation :— 

“ By transposition and reduction arrange the equation so that 
the terms involving the unknown quantity are alone on une side, and 
the co-efficient of x* is+1; add to buth sides of the equation the 
square of half the co-efficient of x, and extract the square root oy both 
sides.” 

Ex. 1. Solve—3ea? + 36r— 105=0, 

Changing the signs, 3e? —362+ 105=0. 

Dividing by 3, 7? —127r+35=0 or 2? —122=—35. 

Adding to botl. sides the square of half the co-efficient of x, 

2 
oe (5 , Le. 86, 2*— 122+ 86=36—35=1 or (z—8)* = 1. 
lixtracting the square root of both sides, we get x—6=+1. 
eo t=6+ 1] or 6—1, i.e, 7 or o. 
—b Sb? —+ac 


5 and 


We may make use of the formula r = 


get the values of x thus :— 
In the equation—3r? +362—105=0, a=—3, b=30 and 
C= —105. 
Hence putting these values for a, b, c in the formula, we 
—36 + ¥36# — 4x (—3)(—105)_ —36 4. V1296— 1260 
a —6 ~ —6 
= 7364736 _ 3646 — 12 _—~—30 


—6 —5 ~ -—6™ -6' 


getz= 


ie., @ or Oo. 
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Ex. 2. Solve «? + pr+q=0. 
Transposing, 27+ pr=—q. 
Adding to both sides the square of half the co-efficient of 


2, 1.€., (2) . ie. E, we have at ppa+h, oE 9. 


‘ or (7+2 gp aii 
4 





2 e+ B= Pid ced et 

Applying the aa (A), and putting 1 for a, p for l and 
q for c, we get « a 2b ae (the same values as before). 

Ex. 3. Solve 2?—2ca =a?. 


9 2 6) a 
<< wt—2er+ (3) =u? 4. G) 


or #?—2er+ c? =a* +c? or (c—c)? =a? +c%e 
ee w—-c=tvVu?+c?. ae w=ctJ/a?+c?, 
Applying the formula (A), ee + 403 
=c+V7c? +a‘. 
Ex. 4. Solve 322+ 27 =456 or 312+2c— 156 = 
Here a=3, )=2 and c= — +456. 





Hence by the formula '(A), « = —24V4+ | + 12x 4 $965 


6 
met 74. er —123, 
6 
et] 13 
Ex. 5. Solve ot ee 
ve Gla? +(at1)*} = 13a(e + 1), 
oe 602 4+ 602 + 127 4+6=1be? 4+ Loe. os —v24—g+6=(), 


w?+a—6=0. Herea=1, b=1 andc=—6. 
ama 1 t 4x6 15 
2 8 


= 2 or’ — 5, 
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Ex. 6. Solve- : ve = 
Z—-A wv 
Multiplying both sides by («a —«a\e—b)(#—c), we have 
(x— b)(a—c) + (2—a)(x—c)=(x—a)(« —b), 
or g27—(b+c)r+ bc + 2?—(at+c)et+ac=ai—(at+b)etab, 
or x* —2ca+ be +ar—ab=0. 


Qe+V/4c4—4( be + ac—ab 
o t= ‘ ee is formula (A)? 








=¢t/¢? — bo —actab=c+V(c—a)(1—6). 


1 z+1 l_iat+l a—1 
Ex 7%. Bee aaa a a—l a+l 


Putting y for = aud } for ee we have yt = =h+ : 


ee y(t + h)yti=o 
b+ t/ (*s) ae | b+ e(0- 7) 
Sy 


1 
=f ye 
aes 


oo = 


e+1_a+] : iti_a aA. 
aml a-—l v—1 atl 
~ e+l+ar—l atl eu—l e¢+1l+27—1 _d—l+a+l 
epee ea ol = 
ztl—a+l ati—a+l etl—e+l a—l—a—l 
ee (=a Or 7 =—a. 

Ex. 8. Solve GBe—1)(42 +1) =0. 

The equation (8z—1)(42+ 1) =0 states that the product of 
the two factors (37—1) and (4+ 1) must=0 ; and it is required 
to find what values must te substituted for « to produce this 
result. 


Hence 


Now it is evident that 1f owe only of the factors be made 
equal to 0, then the product of the two most =0, whatever the 
other factor be; hence, if we can find those values of « which 
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make each factor separately equal to 0, both of those values 
will be roots of the equation. 
Therefore, to solve the equation, 
(i) put3z—-1=0. “ 3z=1. “ geet, 
(ij) puttz+1=0. % 4r9=—1 © wa=—}. 
That is, } and —; are the two roots of the equation. 


Generally, ifan equation can be put in the form (x—a) 
x(x—b)=0 the roots of the equation can be at once determined 


‘by putting each factor separately =0. 
Ex. 9. Solve /z+34+ Vx+8=3/u. 
Squaring both sides, 2+ 3+ 1 +8 + 2/(e+3)(# +8)=25c. 
Transposing, 2/(2+3)(@ +0) = 23: - 11. 
Squaring, 4(:+3)(« + 8) =(232—11)? 
or 42? +442 + 96= 5291? — 506: +121 
or 525"? — 500. +25 =0 or 21.*—222+1=0 
or (2lz—1)(a— 1)= 9. 


- (i) 2le-1=0. - Qle=l. ww w=,). 


(1) x -l=0v. ee w=), 
Therefore the roots of the equation are 1 and |). 
e—-Viti 5 
Ex 10. Solve a er 
a+Vz41 Ll 
. —vV i+] +i+Ver+ L541) 
(tv ¢l—eevaeti Il) 








rs v $ bd ed 
oe = cg 3 r= h/ l. 
S/eel 3 =m 
oe 91? =64(e2 +1). “. 9a?—6iz—6L=0 
8 


or (9: + 8)(e—8)=0. “. «8 or a 
Applying the formula (A), we have— 


_ 54-4 (64)9 +36 x64 _ 64480_ 8 
ge sige ee ge 
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Ex. 11. Solve (7—4,/3)x? + (2—,/3)#=2; 
Transposing, (7 — 4,/3).c? + (2—,/3)r—2=0, 


7-—4,/3= (2— 


Ja)? 


Applying the formula (A) of Art. 152, we have— 
—(2—J/3) AJ {(2—./3)* + 8(2— /3)?} 





ae ~~ 22 — 73)? 
—(2—./3)4302—y3)_ I as ee as 
= ao iy oe wR ee aL or 
—2(2+./3). 
EXERCISE 67. 


Solve the following equations :— 


1. 
4. 


7. 


10. 


12. 


14. 


16. 


18. 


20. 


22. 
23. 


x? —2r =8. 





+) 





v?—Ite =120. 3. 2? 4221 =3820. 











Pb Fe=B&. 5, 2t#t+19r7= 6. a?+1llle=3400. 
1 u > mm 6 = 

=S+ oe 8. tasdt 9, 277+1=I11(¢+2). 
2 ee: l = ‘2 i8—S oo, 
a 3) = git: oy) YL ut ar ar 
] ] ] ; +2 4—2 
_ oe ey, = =(), I be __ | =! 
3tepat args w—l sa . 
r+22_ 4 uv—6 lo 12 4 " 32 

30 ew 2 "me tee ree 

1 1 1 17 oe Br—2Z oo 
—--— eS. (. ma =. 
w—-Ll out3 So r++ 2x—3 
3¢—7 , 4+—10_.,, > c 22? — 36 
Sy nee, rs ee i = 

i ito z—7 t+6 cF§—y — 42 

1 1 1 9 x,a_a,b 
_——— = . 21. -+-= Py 
ab—ax lc—be cd—au ag bu 

wt a 
2+ Qaveb?—a*, 24. a*+a(1 + 3d)at+ 3a°d =0, 
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29, (a—c)?—(a—a)(b—v) + (x —b)? =(a—d)?*. 
26. a®(x—b)? =b?(x—a)? 
1 l ] l 
2 ce Se ae ; 
ae a e+ pconee + 
op, t+ Fy} no, 
aatw a+22z 
29, (2a —b—- 2)? —(a+b— 21)? +n —h)? =0. 
P v= —h . fe=@ t4(,—J)4 5 
30. i ie af. Be _ — ——— ae aan 
Fee gq (a—a)(b—1) 2 
39 r+a—b_a a-+a+5b 
a mab b Ges): 
33 atatlb l—2a+2: 
™ a¢ta—2b b4+2a—v. ‘ 
34. (i_ta)?+(r~b)? _a?+i4 
* (cu)t—(*—b)e 216 
a b Qe is ] ] 1 } 
Qe, —— —_ = 23 =o 
” z—a t—b w-ce eer ee aeob 
Bf. gee Ss. ae ERA: 
ib (—(c ab 
—1) (r+ 3). +4) 
39 1+ ae = +/ , 3 4) c = 
a u+b en) (c#L (ec +2) (0+ 0) +0)" 
1 J } 23 ; LE ote 
41. i+a i+ Za ie ae i = ath+ eee 
43. (3a? +0?) (29—24+1) = (3)? + a*)(2? +7+ 1), 


45. 


47. 
49. 








~ (a:—b)(bs—a) =c?. 


sta +d ete ls 46. xrth/r=21. 


F ional 6 cmb AC 


ctV5xe+ LO=8. 48.0 r—2/(u* + + 5)— 140. 
2a V 424 B=), 50. /2e+a4Vc—a=V/l. 


KH 
ul. 


isk 
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J 2+ 8—Vat3=./2. 
(4—2,/3)z? -—(/3—-l)e= 
w?—(2+ J/3)a+(7+473)=0. 
(27— 10,/2)x? +(5—,/2)a—2 =0. 
Jet 94+Ve—4= J60+ 1. 
Vet 4—J/29--J=V/e—1, 
J3e0+44+/7227+2=/100+ 11, 
V 30+ 3—V/S e+ o=V2—7. 
VrtltvV 2x4 ReV/ditl. 
VRe+2tVbut2=V ld + 2l, 





Sil a a aay an —_—— 12 
= ‘ 62 i eae + / = Se 
b Vaputl aa i J+. 
bet ($2 = ott 3 

t—] 2 c—3 


0D fe =v) —3)—/(82—2). 
e+e 22+2 2 th +8: r$20 144-4246 4 +6. +12 





ee SE Ee ——— 


a+ 1 z+ 4 r+2 t+ 
Jam fatJ/(ita—by=JSb, 
(a +a)(c + mb)(me— b) = (me + 1)(e + b)(e~ma), 


3 » 
c= 3 o9. 





Ae et 


3 - 
—— . _ 1- 2 = *+2*), 
4 ao 10 wt 4 en +2*) 


e+l e-i_4r—7 


1° e+l ae ee 


#(c— f2—J3—3)+ f/2+ /3+2=0. 


Miamne mite 
m* + n° (in® — 1207 )a 


ako etl m+ 
, = 
a ce m—l 
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e+ /e? —a* 





1 +a*.? _1+b%2* =(a—b)ex. 70. 


75. y—-az l—be r—/ t=? 
ee /A+2)+/(] —e) _ _ 


(i+ 2)— y—f/(l—2) 
TS. J/(ar+b)—/(ba+a)=a/(atb). 
79, 3 {28 (a+ 1)4+ 1024+ 1} =2x+ 1. 
80 eas ae Aa oe 
" T+ H(z?-1) et (2748) 
*154. ee between the Roots and Co-efficisnts. 
Let a and @ be the roots of ar +c=0; then 


a= x(- b-+/b?—4ac) and a= 5-(— b—/b? —4ac). 
We have ata= = (—b+/ 6? — tac —b— VW b2— 4ac) 
=—“ and age 5 (— b+/b4—4ac) a (H b—J/be— har) 
1 
== —_ {U2 —()2— me 
Pera ( Aac)} . 


Hence the following relations -— 

i. Whenthe co-efficient of x* ws unity, the sun of the rovts 

=the co-efficient of the secoud term with the sign changed. 
ii. The product of the roots is equal tu the last term. 

*155. JT a and j3 be the r00ts of x? +pi.+y=0, then the 
expression u* +pi+q=("r—a)(t—,3). 

Since p= —(a+,3) and g=a)3. 

ve Lt petg=2*—(a+3)e+- asg=(r—a)(. —,3). 

Hence we can resolve any quadratic expression into two 
factors. We can also form the equation of which the roots are 
given. 

We shall work out a few examples on the preceding 
articles. 

Ex. 1. Find the sum and product of the roots of— 

o2*—72+9=0, 


If p and q be the roots, p+q=2 and pq=°%...(Art. 154). 





* May be omitted on first reading. 
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Ex. 2. Form the equation whose roots are —: and 8. 
The equation is {s—(—3)} {z—8} =0 or #?—5,—24=0. 
Ex. 3. Resolve into factors Ree re 
The expression = 12(#? — ,°;2—{), 
The roota of the equation 2 — /;:—+=0 are 
Have adel =;or—'. 
-. the factors of .*—~;.-- | are (2—?) and (+4), 
-. the factors of 12(r7— ,°,2 - |) are 12(:—3)(x+2) 
= Er CET D = (de — 3,324 1). 
Ex. 4. Ifaand @ be the roots of az*+ bz++=0, find the 
value of a?+8? and a°+8, in terms ef a, b, ec. 





We know from Art, 154, a eer a3z=", 
a a 


a*+8* =(a+ 8)? —2aa= ¢ os 20 Ee, 


a° +38 = (ats) — aaa +s) = (— ) ~(- ‘)- 
6°, Bbc 


as a 
Ex.5. Given one root of the equation (b—c)x? + (cma)a 
+ (—v=O0to be 1, find the other root. 


The product of the roots is — and one root is 1. 


b 
-. the other root is — 
EXERCISE 68. 


Write down the sum and product of the roots of — 
1, wt—Set+1=0. 2. 38r°+72+3=0. 3. 472743=0. 
A, 5e2+7r=0. 5. (a+ 1):*+(a?—1)r+a34+1=0. 
6. (u2®—d*)a? + (b8——c*)u +c2--a?=0. 

Form the equation whose roots are— 


7. 4and —3 8 —aand bd. 9. —a+l and a+}. 
17 
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10. a—bandb—c. 11. —aband —be. 12. 2+,/3 and 
2—,/3. 
If a and 2 be the roots of av? +-bv+ec=0, find in terms of 
a, b, c the values of-- 
] 1 a, I 1 a* 83 
13. —. ld, ae oe - 16, — +—. 
aa aa get 8 : B a a 
V7, a®¥—ag+ 87. 18.0%? +a8+6?. 19. at+a%e?+ 8". 
Resolve into factors : —[See Kxercise 22 for more examples]. 
20. (a? — b?)a? + (b?—c?)ar+c?—a?, 
21. 27+ (a—c)a+ (a—b)(b—c). 
22. (b+c—2a)x? + (cta—2b)z + a+ b—2e. 
23. a(b—c)u? +U(c—a)« + ce(a—). 24, w*¥—Sc+1). 
25. «*+(at b)?2u +ab(atb)?. 
26. x? +(a—b)?«—ab(a—b)?. 


CHAPTER XXVII. 

EQUATIONS SOLVED LIKE QUADRATICS. 
156. I. Equations of the form x7’ +pe*=q. 
Ex. 1. Solve.* -—6:2=16. & a#*—6-?—16=0. 
Putting y for z*, we have y* —6y— 16=0. 
oe Y=3(6+ V36 + 64) =3(6 410) =8 or —2. 
es 12=8 or —2. oe x= +.,/8 or +7 — 
Ex. 2. Solve v3 — de? =2). s vw —4e?—2) =Q, 
Putting y for %, we have y*® —4y—21=0. 
oe y=h44V164+84) = (4410) = =7 or —3. 
2 =Tor—-3. a= (7) or (— 3), 
Ex.3. Solve Vatu—2Va+u=4, 
ee Jaeu—Wata—4=0, 
Putting y for /a+2, we have y*— 2y—4 =0. 
2 yH(Q4V4416H=1475. © Yate=—1+V5. 
wate=(1+/5)*, t= (1ba/5)*—a. 
Ex. 4. Solve 4+ 2'+:=80, v. 23'+2,2'—80=0. 
Putting y for 2', we have y rs 0. 
*e Gra 8) =) y=8or—l0.  2°=Sor —10. 
oe 2° = 28, os 1=3, 
1]. Equations of the form X?'+pX"=q, (in which X 


represents any simple or quadratic expression involving the 
unknown quantity). 


Ex. 5. Solve 3294 15:—2=V/2?+5r+1. 

oe CFS —Z— 9 + e+ L=0. 

oe 0? + 5a + 1—4/ mn? + 5a4+ 1—Z=0. 

Putting y for Vc? +5c+ 1, we have y*—jy—5=0. 
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, if] 1,20\_1/1, /61\_14V61 
a ian (34/ +f) a st) — 

=p (suppose). 
oe J w* + 5u+ l=p. ee we? + Se+Ll=p?*. 

oo 2+ ou tl—pP=O mw =4f{—54V725—4(1—p?)} 
§—5A4/(21 + 4p?)}. 

Ex. 6. Solve (#? + 5x)*?—8c*—402—84=0. 

ee (#2 + 5)?—8(a? + 5x)—84 =0. 

Putting y for .* +52, we have y? —Sy—84=0. 

. (y—14)(y + 6) =0. “. y=l14 or —6. 
oe e724 50=1]l4or --6. 0 2 +527—14=0 or on ?§ + 52460), 
oe (2+ 7)(e—2)=0 or (1 +2). 4+3)= 0. 

 £=—7 or 2 or —2 or —3, 

Ill, Equations of the form (x+a)(x+b)(x+e)(x+d)=p 
when the sum of any two of the quantities a. b,c, d.is equal 
to the sum of the remaining two. 

Ex. 7, Solve (a +1)(@+2)(6+3 )(a+ 4) = 24. 
Since 1+4=2+3, we multiply together the first and last 
factors, and the second and third; hence 
(a? + da +4)(m? + 5a+6) =24. 
Putting y for 7*7+52+4, we have— 
y(y + 2) = 24. ve Y? + 2y—24=0. oe (y+6)(y—4)=0, 
. y¥=4 or —6. oo e?+907+4=4 or —6. 
2. 2*-+5e=0 or 2? + 52+10=0. 2=0or—5or}(—5+7—15). 
Ex. 8. Solve (7+3)(#+ 5)\(a~—4)(#—6) = 280. 
Since 3—4=5—6, we multiply (#+ 3) and (1—4) together 
and (x+5) and («—6) together ; hence 
(e2?—2— 12) (v2 —2—30) = 280. 
Putting y for «*—e—12, we have y(y—18)—2SC=0. 
ee Y27—18y—280=0. .% (y—28)(y+ 10)=0, 
&. y=28 or —10. —. @® —e¢—12 = 28 or —10. 
*% x*—a2—40=0 or 2? —-2—2=0. 


o e=i(evi6l), 11479) =4(14vI161), 2 or —1. 
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IV. Reciprocal Equations. Every equation of the form 
tei + b23 + cv +ba+a=0 in which the co-efficients of the terms 
equidistant from the beginning and end are equal is called a 
reciprocal equation, and may be solved as a quadratic by divi- 
ding both sides of the equation by x*. 


Ex.9. Solve «*—323 + 4¢? —3e+1=0, 


Dividing by #7, we have #?--37r+ 4— 4 = =0, 
ez, 1 9 l 
Or & te a+ ; +2=0 
or (2+ 1)" —3 (141) 42=0. 
ry a 
Puttmg y for # + : , we have— 
y? -~3y+2=0. ve (Y—2)(y—-1L)=0.  y=2Zor). 


os r+} =2 oy I. ee v? —Q27+1=0 or v2?—v +1=0. 


ne z=], 1, 4(14/7—3). 
Ex. 10. Solve «* + 2#3—.«?—2+1=0, 
1 


Dividing by z?, we have a? +." —1— + = 


1 1 


or wv? + Reet tem +1=0. 
& 


v 


or(a—> )'+ (-—) )+1=0. 
x a 


Patting y for «— - we have 7?+y4+1=0. 


11 


f y=h(-1kV=3), tev bo} 


(—14+/7—3)=p(sup- 
pose). 
“ w%—px—-1=0, w= S(pv pet 4). 
Ex. 1]. Solve (#+1)5=16(2°+1). 
Dividing by #+ 1, we have (2 + 1)* =16(u*— 3 + «2 —x+ 1). 
Reducing, 150+—20x? + 10%28—20c+15=0. 
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Dividing by 5:#, 3.2°—4.42—"4 3 =0 


or 3 (2? _) —4 («+ )+2=0 
t al 

or 3 (2+) er (; + )-4=0 

& a 
Putting y fora+ : , we have 3y?—4y - 4=0 

x 
° ‘ 

ee y= (48) =2 or =S ne rt =Bor— 3 W hence 


we find a =1,1. (= £2/ 2), besides -1 which corresponds 
to the factor (a+ 1) which we tuok out at first. 
V. Miscellaneous Examples. 


Ex. 12. Solve /e?—57+44 /a?—4a4+5=2041......(A) 
Identically,(.? ~5a+ 4)—(a¢—da +5) = —( + Lee (B) 


Dividing (B) by (A), 414-51 +4 — V0? — 4 4 = — LC) 
Adding (A) and (), DS et—5at 4, 
Je A(u®—Sa+4)= 12. 0% Be? —20,416=0. 


Ex. 13. Solve 4? -6: 4154/7. 2—6, 413 


= /(10)—/(8)... Jaiecaes Semcvenienes(A) 
Identically, ae —6, 415)— Ce —6, 614.13) = oe -10—¢ Sseeee (B) 
Dividing — 7 a Vit —614I5—V 19 — 61 +183 
=/(10)+./(8)... si veanedelstin hiseence) ctasseeduewenl O) 
adding (A) and 0, Qa =e +15= =2/(10). 
oe (261 + 15=10. ve (761 4+5=0. 
ee (« —5)(4 —1) =0. v2 =d orl. 


Ex. 14. To find the cube roots of unity, 
Let ¢=8/1; then«*=I. 2. —Ll= 0, 
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or (x—1)(2? + #+1)=0.  v—1l=0. oe i 





Also a? +e2+1=0. eo ts '(—-1L4v/— 3). 
The cube roots are lL, ee and —l sage . 
If oie? be denoted by ar, then aw? = ( =. ee) 


1-3-2 —3_ —-1—-V -3 ae | 

> 7 = ~ Hence one amaginary roof 78 
4. ” : : 

the square of the other. Also L+ae+ w*=1+ —1 — 


ene v= 2 =]—1=0. The sum of the reots=0. The pro- 





2 
duct of the roots, ie, LXwxae*? or —1>~ (FS JV --3 *) 
ef lev a) \ ole ag 
: ee le 


Ex. 15. Solve Vr—u+Vw--b4-Ve—c= 0, 
If p+q+7r=0, then (p? +97 +72)? =2(p* + y* +7%). 
Hence (w2# ~a+xu—b+a -c)? =2f(x— a)? + (a— b)? 
+(@—0)?}. 
ve 30? —2(at bc) =a? + b% +0? —2Qbe —LZac—2ab. 
ted fatb+c42Va? +b? +c? —ab—ac—br}. 
Ex. 16. Solve— 
] 1 
Se ee oars oe Re FG 4+ 1, 
6c Jee. Ieee igeeG 
1 } 3 
Sean nnn 4u—1), 
OF Q2—1)\(3e—2)* Gr— —2)(4a-- 33) eae 
4¢—3-+-22—i —(9 a, | | 
°" Gx—1)(B2—2)(40—3) (eer: 
2 ; 
-- eee = (22— 1)(4a— 1), 
Vs 1)(de—3) (2a— 1)(4a— 1) 
2. (2a—1)*(4a—1)(42—3) =2. 


26-4 
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Putting y for 2v—1, we have y*(2y+1)(2y—1) =2. 
ee y?(4y9—1)= 2, oe 4y4*—y?—2=0. 
ve yo i(1 +/33). ee y= +/!(14+/33). 


Ql =tV1(1 4/33). ek (LEVEL EV33)}. 


EXERCISE 69. 


Solve the following equations :— 


1. 
3. 


pond 
OS is 


12. 


al antl one) 
Se 


Lb 
ed 


5 Ww 
ae 


t> t 
wld, 


25. 


bo 
o>) 


27. 


a 
fest 
e 


xo§—Oxs = 46, 2. vwt—2a8 + w= 132. 

Qt —Tar? =99, 4. ™—m2"—p=0, 

2+ 6fx = 27. @ ouieope. 
/E 


2 i 2 
(x#+m) 2 — 5(m?—2?)4 = —4(m—)?. 


YA+r)t—2VO— 0? =V1—.*). 


2° +1=0. 

(L+2*)=a(1l+-)*. LL. WA 1—et =a(l at). 
5" 4+6x5'=775. 13. 3#42x 3* =783. 

77 4+-2X 7'= 63. 15. 11°4+ 21x 11*=143. 


v2 ut BV a? + 5+ 74+3=0. 

(ve — 38) 4+ VaP +91 43=3°9—42). 

2a fe2?—5=l]l 19. .2?9—8x— Qu? —8r + 40= —5. 
2t*—wr+3 J 29 — Be B= +70 


Ze a J/ 1 2?§— Ye —3 =4a+ 9. 

2? — Te tV/ e*®— 7a +18 = 24, 

wv? +3 =2,/(2* —2a+2)+2x. 
51a? + 5.0 4+ 28 =a? + Sat 4, 

(v + 5)(1 —2) + 81 (e+ 3) = 0. 
(a + 1)+ 3/22? + 604-5 = 25 —2z. 


J (A= 2049) = B04, 
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28, 0 9#43— JS (20? — 34 2) =3(04+1). 


29, v9@— n+ BY(Qu? —Be4+2)=7 +; 

30. 3ut?§—2av+ b= 2/(380? —Zae +4). 
2 ~—- §2 1 1 

31. ow a ae eee (ve pers). 


$2. 227 —3x Q+2 + 32 =0. 
33. (9e)'—23 Bt N=Be+s, BA Qeeta gt S17. 


35. (L4)3+ (—«) Fa — 298. 

36, «ot —1l0e2 +120. +4 144=0. 

37. vt + be3 ber? —br + a=0. 

38, Brt—3u 8 — 402 +3¢4+2 =0. 

39, «t*—9u3 +8le4+81=0. 40. 2tpu3—4e2? +7410. 
AL. et ~Qe8 42072? —2e4+1=0. 


HW. et But ladies 4 * 


g® 
4. ot ath (et 1) 1 


$4: Gut— REx? + 6e? —35c+ 6-0. 

45,0 tm Oe 3 He? — Su be t=O0., 

AG. ot $2038 — Lee pact 40, 

2 4 15 15 | 35_ 

AQ, + cae” Paar aa 

48. (a—1)(e—2)(e—3)(w— 4) = 120. 

49. (r—2a)(.r —3a)(e— 4a)( e— 5a) =360a*. 
00. 16eQe—1)(«—2)(+—3) =9. 

al. (w—a)(v-— 2a)(w—38a)(s— 4a) = 8a*, 

92, (ua) (1+ 2a)(0+4+ 3a) (+ 4a) =c*, 

53,0 ct eae? + be? + erty a =0. 

a 

54. (w+a)(u—a)(e—3a)(e— 5a) =16c*. 
09. (v—3)(u—4)(e— 5)(e— 6) = 24. 
36, (e+ 3)(e + 8)Ce+ 13)(¢+ 18) =51. 

57. (ata)(e+at+b)(e+a+2b)(2+ a+3b)=c*. 


266 
a8. 
59. 


6l. 
62. 


64. 


66. 


77. 


78. 
79. 


80 


&1. 
82. 
83. 


C4. 


85. 
86. 
8&, 
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Qu? - WS x2 + 4a—5 = 402 + Set 5. 

(a+ syi+ 45) 12, 860 yee THY 41. 
l6:((¢ #1) +2)0 +3)=9. 

(:—2)01— Br —-4)=6. 63. ('—1)( —2)C: —3) =24 
S249 4/81 —1Lb=V Te +8. 

S22 +9 + /22—VY HJ/B44+4, 

J x? + 2e— ler’ e? ta+ 1 = /24+/3. 

Ji? -an—1l+ Sx? 4+ be -—l=JS/at Jb. 

ai + 2)(#+3)(2 +5) = 40. 

(7? 4-3. )9—2a7¢— 6. -S=0. 

2(4? —3.)?— 26.7 + 21a +5=0. 

(xv? —5.+7)% —(a#7—2)(v—3) = 1 

(2? + )(v2?74+1.4+1)=42, 

J 302 +71 —5—V/ a2 + 74+ 8=97—2. 

J 24 Bat lta? +41 —B3H 24/0. 

3414.9 = 108. 76. DEQ es 


Pee Vet + 1— Tat 1) =0. 
(w+2)(x+4)(a+ 6) =(2e+ 1) (327+ 2)(4. 45) 
(ot 4)(0 + 1-5 (i +5)=10. 
1 1 

WS Tsetse Te 
et $9 +10 
Se*+lia+1lU 6227+ 19,415 150 : 
(27+ 3)? —2(.2+4+38)=21(. +1)? 

PES PT Vt) =0. 

' 2 p?*+4q? 

2 2 ] 1 

(: +m)>+(e@—m)>=(n+ >) (12 —m*): 
hae oe oe 10,/(? +3. +16) = 2(20— te 
pata = 72. 87, Dr Ba? + 4/(1? = 32. +5) =0. 


v5 +. 6.2 — 127 +8=0, 89. oe ee ae 





b2—m? mm a2 
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© (2) 2-4) 


=(2—u)(a~b)@—"), 


Ql. PY ed 2. a4 b 








a b eth eta 
2—137+31\4 9 ,a2—3 
gy, a ) —3 6 
22mm —]] ara 
98, (r#—4)?—-7 =2 (-«). 
xe 
fa 2 
94, See oe 95. wt ba*+-8a—S=—0. 
V ot Jet +4 
96. Slae(a+1)( +2)(7+3) =40. 
1 1 
Ue a ee =18r?— 90+ 1 
1528 Llep2* 102? —Orpe 
1 1 
98. 1 ee 1. 
: Ae? -—-9n-4* 48 — Ge $B (@ -1) 
99, : 2 e232 +2. 


2—4g43 2? —~32z42 = 
100, @*DO+2), O-DE]EzD_ + 3)(e + 4) 
" (aL) — 2) (@+-1De+2) (@—-3)(2—4) 
+ (4 —3)(e—4) 
(w3)(r + 4)" 


CHAPTER XXVIII. 


SIMULTANEOUS QUADRATIC EQUATIONS. 


157. Simultaneous Equations: where one or more may 
be of a degree higher than the first. 
We shall work out some examples. 
Ex. 1. Solve #* +4? =25, .y=12, 
From these («+ y)* =49 and (#—y)?=1,. 
fo (by=+7 and a—y=+1. 
i-y=7 pla i-y= 7 ety=—7 
(Y= it comy= 1S? i sae AE is alas 
“. ' =4, —3, 3, —4 and y=3, —4, 4, —3. 
Ex. 2. Solve :*+y* =97, #y=6. 
i pyt = (a? + y?)2—Qaery?. (ae? +y?)? -2x 36=97. 
oe (P+ y?)?=25 Ww? ty? = +5 and zy=6. 
From these the values of : and y can be found as in the 
last example. 
Ex-.3. Solve §+7°=33, .+y=3. 
1? + y* 
Cy 
or (ty? + 2c 27y?)— cy(0? + y2)—a2y? = 11 
or (0? + y? )?§ — xy(1 7 + y?)— e8y? = 11, 
but ee y®=J—ZBy, SS 1+y=3. 
ve (9—2ry)? — -y(9—2iy)— #7y?=11 
or 52°7%*—45z2y+ 70=0 or wy? —I.y+ 14=0 
or (wy—7)(ay—2)=0. & ay=7 or Zand at y=3. 
Hence « and y can be found. 
Note.—The following zdentitves will help usin solving similar equa- 
tions. The student will have no difficulty in verifying them. 
1, @* by? = p?—2q 
i. «S +yS =p$—3nq 
lil, r*+y* = pt—4y?q + 29? 
iv. z>+y° =p*>— dp'q + opq*® 


Hence 


=at— Sy + vPy?— cys tyt= = Ll 


if -+y=p and y=q. 
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i. e347? =p*+ 29 

li, «8 —y? =p* +39 
lil, wt + yt = pt + 4p2q + 2g? 
iv. a8 —yS=p* + dp>q+5pq? 
Ex. 4. Solve «®'—y> =211 and «—y=1., 
We know «5 —y* =p* + 5p8q+ d5pq? if «— y=p and wry =q. 
Since z—y= 1, «® —yS=1+59 + 5q?, 
oe 0g? + Og +1=211 or 59? + 5g—210=0 
or q? + q—-42 =0 or (q+ 7)(¢—-6) =0. 
. ¢=—7 or 6, 1.e, «y=—7 or 6 and .—y=1. 
Hence .« and y¥ can be found. 
Ex. 5. Solve 2u—y=3...........(1). 

ou? — Gry + y? =1.....(2). 

From (1), y=2:—3. Substituting in (2), 
32? — 61 (20 —3) 4 (2r—3)% = 1. ee ou? — Ga— 8=0. 


| if r—y=p and «y=q. 


fe a —'1 (6 4.14) =2or—*, Hence y=L or <— 
10 9 o 
158. Homogeneous Equations: when the terms contain- 
ing « and y are of the same degree in each. 
Ex. 6. Solve #?+ay=21, y?—ay=4. 
Let y=rw ; then these equations become— 


e*(l+ejy=21........ (Ql). -w8(v#§—v)=4........ (2). 
By division, <1" =". 44 dye 21e? Qe. 
° ve--v | 
1 ‘ 4 1 
° +: on s—4=— sé —-~— = - —~ =» 
 2lrv®—Qv—4=0, v has +31) yo" 5 


Hence from (1), o*(1 + ;) =21, or ot ( i 7) =21. 
7 . 1 

%=+3,ore=+ ~. Since y=v2a, y= toor F —. 
S2 4 Je 


Ex. 7. Solve 5ey—2x? =12 ; 3y3+a = 18. 
Let y=vz; then these equations become— 
x*(Sv—2)=12........ (1). w3(3v?+v)=18........(2). 


sa & 6v2 +2y=1d50—6. 


By division, a 





270 


ALGEBRA. [ CHAP. 
3 


. Gv? —1380+6=0. Lose gilt 5)=5 or ge 


2 
3° 
Hence from (1), as —2 Ja or “(Cg —2 )- = ]g. 


2 


C= n/ 2 24 or. =+3. Since y=, 


a 4= t/F or +2. 


EXERCISE 70. 


Solve the following equations :— 


1. 


+48, a 2 94 
eB By 
lig = 30; ut + y* = 82. 
94 y2=10; + )Dyt+)) =8. 
te vty? tyte2ls wpy=7. 
+ 6cy+ 17y3 =33 5 Bcy + 16y3 = 22. 
cy y? + 2e—y =2; w—yés =]. 
4 ey—By=1; 2—-y= —3. 
l 1 7 - 
re os as = 75° z—y =xry— 13. 
2(9— ay) =y(cy— 36) 5 «(Se + 1L2y—.cy) = 108(c-+y—3), 
Ay? + Bay— x? =0; (y—a)(u—y) = (ww + 2a) y), 
v2 mm Bey =7 3 2y? —cy =— 3. 
wt tyr tupy)=26; Aet y =Bey, 


. Gut By= 8454002: Seb 4y =P 44182, 
2 y ey 
y+v2?—1=2; Ja+l + Vxe—) eo 
vy 
ee? 20: je aD, 16. eee sei . 
y x ety: S—-Y=M: 


w+y? =a; c+y=b. 

w—y=l; (x? + xey+y?)(ei—ys) =361. 
2a y =40? 5 dy —2ae=y?. 

cyby? =3; ct—y! =6(79+3y?)me27. 
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21. cty=a; a +y=d, 
22.0 (lL + a? )(e + y) = 2m(1 + cy); A+ 2? )(a—y) =2n(1 —ny). 
23, 49(0* + a*)(y? + 6?) =50(vy + ab)? 5 (v?—a?)(y3— 6?) 
=24(ba— ay)*. 24, Samy 5 =3l ; v—y=l), 
25, 4(e? + y?)—day+3(2 + y)—37 =0 ; 3(a? + y?)— Bay 
+4(a+y)—47=0. 26. 3¢—-y=5; 22°—4vyt+y% =1. 
27. 8e+2y=5; 4a?+9y? = 13. 
28. 1? + cy=126; y2 +ay=198. 29. 23 —y> =63; a—y =3. 
30. 2? + ay+y? =84; «—-Vay+y=6. 
Bl, ett cty? + yt =243 5 vretay ty? =9. 
32, Yar+-¥Yy =6; «+y=126. 
33. (8+ y?)(a3 +y8) =45 5 aty =3. 
Bh. w? + Qy2? =17 ; 3x? —5ry+ 4y® = 13. 
35, #8 +ay? =a; y>+yz2 =)5. 
36, ue ath 87, 4 mo, 
a b @ y ye? 
38. w8§—ay+ty? =21 5 y2—2zy+15=0. 
39. wt yt =14.7y? ; e+y=a. 
0g Tee 
a+x2 b+y 
159. Weadd afew examples of quadratic equations in- 
volving three unknown quantities. 
Ex.1. Solve e+ y+2=a?+y? +2% =a8+y2423 =), 
Sinceatytc= 1]. Sw? +y?24 294 Way + yrte)=1. 
and #?+y? +23 =], 
ed (ryt ys oe) =O. 8. cyt yst 2T=0.....0..cererwe(L)e 
Again, since 23 + y°3 +2° —dayc=(8+ y +2)(2? + y? + 59 —ay 
- ys—@z). & 1—-Beys= 1X (1—O)=1. A Bays=0,  zyz=0...(2) 
Now (1 - «)(l—y)(1l—2)=1—(a@+y + 2)+ (ay + ys+ 22) —2ys 
-. one of the factors lz, 1—y, 1—= must=0. 
Let 1—.1=0; then r=1;  & ypr=O. 99 et yps=l 
and from (2), y=. y=0 and z=0. 
Ex. 2. Solve 27+ 2yz=13peese0(i), y?+ 22 =10...000.0.(il) 
and 37+ 22y=135,.,...(i1i). 


=); #+y=a+b. 
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Adding, z *+y" + 22+ Qay+ 2yz-+ Qex = 36. 
ay e+tytz= ee (AV v). 
Subtracting (iii) from Gi a 294 2y(5—a) = = (). 
ee (w—2) (t+ 2—2y)=0 » % @ts=2y. .% from (iv), 3y=6. 
. y=2. & x+z=4and from (ii), 7z=4(L0—4) =3. 
* « =3 or 1 and z=1 or 3. 
Ex. >; arene eeyts= 6; wi +y34c5=36 and (#+2) 
KX (y+2)= 


Since ener oe OB bY bed + 3(U t+ yMyts)(s+:)=216. 
= 20. 


But . 5 ys +5 = 36 and (: +2 y+s)= 
© 3643X%20+y)=216. ty =3. 
*, c= sat ytc=6. 
From the last equation, (: + 3)(y+3)=20. 
YAS y= IL. oe ty=11—9=2 and rt+y =3. 
°. «=2 or land y=1 or 2. 
Ex. 4. Solve « ie (i) ; o 2 ey? +22 = 14, , (it 


and yr— 27 =5...... 00 .-. (iii). 


From (11) aaa (ii), « ay? +272 + 2(ys—wv?) = 144 10. 

ve (ys)? — a? =24. oe (ytst+2)\(y+s—:)=24; but 
e+ yt 26,  ytcmn =4 and t+ y4+2=6 

. «=Land y+-=5, 

and from (iii), yw=6, . y= and s=2,. 


Ex. 5. Solve «?—yz=a....(i); y2—a2=b...(ii) and 
s— nye... eee (iii). 
(2? —Yyz)® —(y? az) (2? —ay) =a? —be. 
7 e(3 + y5 +45 — 3zyz)==a* —be. 
Similarly y(a + y8 +25 —3ayz)=b?—ac and 
a(eS ys + ri B.cya) =e? —¢ 
7 see = y = inet 
a*—be b?—ac c?—ab 
Sanaa 
oe each = ay er see (ere HRP 
Ja 
= £7 +63 4 ee 
Lb. - 1 a*—be' 


20. # Zar pli yot— Baba *~ © Fae poe 4 c8—Sabey 
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Ex. 6. Solve x? +:y—y2=19...(i); y2+ yr+ 2? =37...(ii) 





and 29+cz4+.?=28...... (iii). 
From (i) and (11), r*#— 23 +y(4—2z)=—I1b. 
ee (@—s)(wtyts)=—1B.......... (iv). 
Krom (i) and (ili), y?—=? +a(y—2)=—9. 
oe (Y= 5) (Oy Fa) ace ie es (v). 
Ry division, 7=F-=22 2 w—-s=2y—22, y= Zt? 


(r+ 2)? 
4, 


Substituting in (4 ), 





~ . ~ ~2 am 
Feta) +s = 37. 


we 02? + Aas + a? = 148, 

and -3+ce+e?=28, Letz=v.; these equations become 
e2(70 2 + 40 + 1)= 148...(A) and a?(v? ++ 1) =28...(B) 
7v?+4r+1] 148 37 =~, : 
eee, = og oof 127 2 —97-—30=—0. 
. 4v?— 38uv—10=0. (rv 2)(4r4+5)=0. vr =2or —}3. 
Hence from (A), #2(28+8+ 1]1)=148. r= 42. . c= +4 
= 


By division, 


and y= + =-+:3. From the other value of « we can 


t 


get two more a ieee for each of a, y, :. 


EXERCISE 71. 


Solve the following equations :— 
lL, wr ty?pe2?=65 cyt ystixv=5 and ays =2. 
a ae =Uby ts. 
vw oy & 
ebyts=H7; ey t+2)=12 and «a? +42 +2? =21. 
4, BP y? 4+ c27=1 5 ac? + by? +¢22=0 
and bex? +acy2+abz? =O. 
5. wt yts=0;3 (bte)et (c+a)y+(a+b)z=0 
3+ y> +23 = 3(a—b)(b—c)(r—a). 
6. iby +c=6;5 Sige 14; td YS 23 = 36. 
re py pbsHO; arty? + 22=293 Fey 4r3 =O, 
R ety 4+ 23=36;5 (ety) (yts)(e+2)=605 (a ty+5) 
xX (ry + yz+-2) =66. 


ae 
ww 
e 


18 
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9, zwttayty’?=c; y2 yor =a; +cat era. 
10. (yrale—a=B 5 GYD Seas (“OG I= ah 


1}. 


X% (cma). 


12 
13. 
14. 
Lo. 
16. 


17. 


18. 


19. 
20. 


x+ y-c=9, at +bhy+c2=0, es +y>+2° =3(a—b)(b—r) 


a(y+s—1)=Ha; Webi y=, s(t ys) =e. 
pray tsea, vty =b, q2yts8 =C. 
Tat aa, yet ( eed, Demy) =e 
Pp yse yr prt Ha FH RC 
ipyti=at bee, e+ y2estsat tle tet , 
"pa a3. 
a boe 
yes ite ety tte 


a ob a? +b? +c? 
13 4 Qyz=148, y° $212 = 145, =? + Qay= 14d. 
wey? + yFa? $s2e2ee dO, wet ye +2” =14; x(y+-)=9- 
atytz=l, wep yetst2=1, SH yF+c8 =19, 


CHAPTER XXIX. 
PROBLEMS LEADING TO QUADRATIC EQUATIONS. 


160. We shall solve some problems which lead to qua- 
dratic equations. 

Ex. 1. Divide 15 into two parts, such that their product 
shali be 56. 

Let r=one part; then 15—2z=the other part. 

By the condition of the problem, #(15—a) = 56, 

or #22—15++56=0. & (:—7)(#—8)=0. 

*. 2 =7 or S=one part; and 8 or 7 =the other part. 

Ex. 2. Divide agiven line into two parts such that the 
square on one part may be equal to the rectangle contained by 
the whole and the other part. 

Let a denote the line, and # the length of one part ; then u— 
i3 the length of the other part. By the question, «? =a(a—z) 


or i?+av—a?=0. 2 v=3(—at V5a8)=)(—14/5). 


“3(— 1+,/®) is the length of one part. 


The negative answer is the solution of the following pro- 
blem: produce u given line, so that the square on the given line 
may be equal to the rectangle contained by the whole line produced 
and the part produced. 

Ex. 3. A man buys a certain number of oxen for £100; if 
he had bought 5 more for the same money, each would have 
cost him £1 less ; how many did he buy P 





Let : =number of oxen ; then —-= price of each ox in 
pounds. 
If he had bought 5 more, a would have been the price 
t 
of each. By the question, foul ste es or 100 (- ae :) =] 
O+e 2z x OF 


or :7+5.—500=0,  .=200r—25, .”. the number of oxen = 20, 
The latter root must be rejected. ; 
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Ex. 4. ‘The length of a rectangular field exceeds its breadth 
by 33 yards. Its area is one acre; find the dimensions of its 
sides. 

Let z=the bieadth in yards; then #+33=the leugth in 
yards. By the question, 2(."+ 33) =4840 (one acre equals 4840 
yards) or 2? +33:—4840=0. .% .= —88 or 55, 

The negative value must be rejected. 

The breadth =55 yards and the length=88 yards. 

Ex. 5. .! and B started at the same time for a place 300 
miles distant. Atravelsa mile an hour faster than B, and 
arrives at his journey’s end 10 hours before him; find the rate 
per hour at which each person travelled. 

Let x=number of miles pe: hour that B travels ; 

then a+ l=number of miles yr hour that 1 travels. 


Now307 and a denote ‘ye-times in hours taken by Band 
a Hw : 
A respectively. By the question, ue =300 1 
° e+l1 2 


0r80( 7 24. S.0 22030, HF bieb) SO. 
i @tkl 


 «=090r —6. The negative value must be rejected. 

e» A’s rate is 6 miles per hour ; /’s rate is 6 miles per hour 

Ex. 6. <A person sells a horse for £24 and gains as much 
per cent. as the horse cost him; what did the horse cost him f 

Let « =the cost price of the horse in pounds ; then his gair. 


2 


e 
100 100° 
2 
By the question, « + iy 7. 12 +100. — 2400 =0, 
or (+ 120)(c—20) =0, 2. « =—120 or 20. The negative value 
should be rejected. The cost price of the horse i, £20. 


EXERCISE 72. 


1. The difference of two numbers is 4, the difference of 
their squares is 40; find the numbers. 

2. Find two consecutive numbers whose product is 420. 

8. The difference of the cubes of two consecutive numbers 
is 217; find them. 


=i X 
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4, Find two numbers whose sum, product aud difference 
of squares, shall be equal. 


), Find two numbers each of which is the square of the 
other. 

6. If three feet be taken from one side of a rectangle and 
added to the other side, its area is doubled; the sum of the 
sides is 7 feet ; find the sides. 

7. Thereisa rectangular field of 1 acre, whose length 
exceeds its breadth by 66 yards ; find its dimensions. 


8. There is a rectangular field whose length exceeds its 
breadth by 16 yards and it contains 960 square yards; find its 
dimensions. 


9. The area of a rectangular field is 73 acres and the sum 
of the lengths of the two adjacent sides exceeds the length of 
either diagonal by 110 yards ; find the length of the sides, 


10. By selling a horse for £25 J Iese as much per cent. as 
it cost me ; what was its prime cost ? 


11. A person bought a certain number of oxen for £240 and 
after losing 3 sold the rest for £8 a head more than they cost 
him, thus gaining £59 by the bargain ; how many did he buy ? 

12. A person bought 2 flocks of sheep for £15, in one of 
which there were 09 more than in the other ; each sheep in each 
flock cost as many shillings as there were sheep in the other 
flock ; how many were there in each ? 


13. A and B distribute £5 each in charity; A relieves 
5 persons more than B, and 3 gives to each | shilling more than 
A; how many did each relieve ? 


14. Find three numbers, such that if the first be multiplied 
by the sum of the second and the third, the second by the sum 
ot the first and the third, and the third by the sum of the first 
and the second, the products shall be 26, 50 and 56. 


15. I have to walk a distance of 144 miles, and I find that 
if I increase my speed 13 miles per hour, I can do the journey 
in 16 hours Jess than if 1 walk at my usual rate; find my usual 
rate of walking. 

16. There are two square tields, the greater of which is 
4 times the less, and the side of the greater is 20 yards longer 
than the side of the other ; find the area of each field. 

17. Thesum of the reciprocals of two numbers is ,’5 and 
the product of the numbers is 12; find them. 
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Is. A number of soldiers are formed into a hollow square 
of 3 deep ; if 324 men are added to the centre they will form a 
solid square; find the whole number of men. 


19 Ifanumber consisting of two digits be divided by the 
sum of the digits, the quotient is the first digit, and the remain- 
dex the last; the product of the digits is 21; find the number. 


20. The sum of a fraction and its reciprocal is 22°; but if 
the numerator and the denominator be each increased by unity, 


the smin would then he 23; find the fraction. 


21. A boat’s crew can row both up and down a stream 
16 miles long, flowing atthe rate of 3 miles an hour, in 10 
hours ; find the rate of the crew in still water. 

22 A number consists of three digits whose sni is 14; the 
syuarve of the middle digit 15 equal to the product of the extreme 
digits, and 1f 594 be added to the nnmber, the digits are serersed 
find the number. 


23. The united ages ofa father and son amount tu 64. 
Twice the tather’s ave exceeds the square of the son’s age by 8 ; 
find their ages. 

24. Two kinds of orauges are sold in the market, two 
more of one kind being given fora shilling than of the other 
a score of the inferior sort costs 4d more than a dozen of the 
superior sort ; find the price of the oranges. 


25. Find two numbers whose product is equal to the dif- 
ference of their squares, and the sum of their squares equal to 
the difference of their cubes. 


26. The floor of a room contains 40 square yards, its height 
is 5 yards, and the length is 3 yards more than the breadth 
find the area of the 4 walls. 


27. A man buys a horse which he sells again for £56 and 
gains as many pounds in £100 as the horse cost him; how 
much did he give for the horse 

28. «A and B started at the same time for a place distant 
150 miles. A travels 3 miles an honr faster than B and arrives 
at his journey’s end 8 hours 20 minutes before B; find thei 
rates. 

29. A person bought oxen for £33-15-0 which he sold again 
at £2-8-0 a head, gaining thereby as munch as one ox cost him ; 
how many oxen did he buy ? 

30. Divide the number 30 into 2 parts such that their pro- 
duct may be equal to 125 ; 
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ol, A and F set out from two towns 247 miles distant from 
each other, A travelled at tle rate of 9 miles » day, and the 
number of days at the end of which they met was greater by 
3 than the number of miles which 72 went in a day; find the 
number of miles cach travelled. 

32. The fore-wheel of a carriage makes 6+ revolations 
more than the hind-wheel in passing over J] mile: but if the 
circumference of the fore-wheel be increased by 11 inches, it 
will make only 40 revolutions more than the hind- wheel in the 
same space; find the circumference of each wheel. 


30) QOneman can reap a field in 5 days less than another, 
aud if they work together they can doit in G days, findin what 
time each could do it alone. 


of A manu has to travel a certain distance; when he has 
aces aie ne ; Sp 
gone 20 miles he mereases his speed Ll mile per hour if he had 
travelled at this increased vate during the whole of his journey 
he would have arrived 40 minutes earlier; but if he had kept on 
at lis first rate he would have arrived ZO minntes later: find 
the length of the Journey. 


o>” 


3) Aand P engaged to reap equal quantities of wheat, 
aud < began haif an hour before 2; they stopped at 12 o’clock 
and rested un hour, observing that half the work was done ; /3’s 
part was fimshed at 7 oclock and .t’s at a quarter before 10. 
~ e ° . 

Supposing them to have labored uniformly, find when they 
began, 


36, <A cask P is filled with 50 gallons of water, and a cask 
( with 40 gallons of wine; X gallons are drawn from each cask, 
mixed and replaced. The same operation is repeated; find X 
when there are 83 gallons of wine in P after the second opera- 
tion. 


37. Divide a given line into two parts such that twice the 
square on one part may be equal to the rectangle contained by 
the whole line and the other part. 

08. Kind that number whose square added to its enbe is 
9 times the next higher number. 

39, A farmer wishes to enclose a rectangular piece of land 
containing 1 acre 32 perches with 176 hurdles, each tv.o yards 
long; how many hurdles must he place in each side of the 
rectangle ¢ 

40. What are ergs a dozen when two more in a shilling’s 
worth lowers the price one penny per dozen ? 
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4]. A person rents a certain number of acres of land for 
£84; he cultivates 4 acres himself, and letting the rest for 
10s, an acre more than he pays for it, receives for this portion 
the whole rent £84; find the number of acres. 

42. 1 set off from Londen to York, and R atthe same time 
from York to London, and they travel uniformly ; A reaches 
York 16 hours, and B reaches London 36 hours, after they have 
met on the road ; find in what time each has performed the 
journey. 

43. A vessel can be filled with water by two pipes ; by one 
of these pipes alone the vessel would be filled 2 hours sooner 
than by the other; also the vessel can be tilled by both pipes 
together in 1J hours; find the time which each pipe would 
take to fill the vessel. ° 


44, A person buys a quantity of wheat which he sells se 
as to gain 5 per cent. on his outlay, and thusclears £16, Ifhe 
had sold it at 4 gain of 5 shillings per quarter, he would have 
cleared as many pounds as each quarter cost him shillings ; 
find how many quarters be bought, and what each quarter 
cost him. 


45, Two workmen, A and B, were employed by the day at 
different.1ates, .1 at the end of a certain number of days received 
£4-16-0, but B, who was absent six of those days, received only 
£2-14-0. If B had worked the whole time, and .4 had been 
absent six days, they wonld have received exactly alike ; find 
the number of days, and what each was paid per day. 


46. .f and Binnaiace round a two-mile course. In the 
first heat B reaches the winning post 2 minutes before A. In 
the second heat A increases his speed 2 miles per hour, and #3 
diminishes his as much ; and 4 then arrives at the winning post 
2 minutes before J}; find at what rate each man ran in the 
first heat. 


47. A person bought two pieces of cloth of different. sorts ; 
the finer cost 4 shillings a yard more than the coarser and he 
Loughlt 10 yards more of the coarser than of the finer. For the 
finer piece he paid £18, and for the coarser piece £16 ; find 
the number of yards in each piece. 


48, A merchant sent to his agent a certain number of bags 
of coffee for sale, expecting them to realize £250, and after the 
agent’s commission of 4 per cent. was paid, to yield a profit of 
20 per cent. on the original cost. Onthe way 5 bags were lost, 
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but the rest were sold at 10s. per bag above the estimated price. 
This raised the net profits £76-17-6 per cent. although the 
agent now received a commission of 5 per cent.; how many 
bags were there at first ° 


49, The relative value of two sorts of mixed metals con- 
sisting of gold and silver is as 11 to 17. If the proportion of 
gold to silver in each had been doubled, their relative value 
would have been as 7 to ll. The value of gold to that of silver 
being as 13 to 1; find the proportion of gold to silver in each of 
the mixed metals. 


0. A person bought one horse for r£ and another for y£, 
he sold the first at a profit of » per cent. and the second ata 
loss of y per cent., and thus received } as much again as he 
would have, had he sold the first ata profit of y per cent. and 
the second ata loss of « per cent. Ji he had bought 2 horses 
at z£ each, and sold them at .. per cent. profit and had bought y 
horses at y& each, and had sold them at y per cent. loss, he 
would have gained altogether £1,520 ; what did he give for 


-each horse ? 


CHAPTER XXX. 
MISCRLLANKOUS THEOREMS AND BXAMPLLS. 


161. Mothod of Detached Co-efficients, In multiplying to- 
gether two algebraical expressions where all the powers of ware 
present, a good deal of labour may be saved by merely writing 
the co-efticients, and multinlyive them together in the ordinary 
way and inserting the powers of # in the product. 

Ex. Multiply 2074+ 2?—30e+1] by °—2e?—a +5. 

Write only the co-efficients and multiply thus -— 

2+1—-3+1 
1—2—145 
2+1-34+1 
—4—24+6—2 
-2—~—l+5— 1 
6+3— 9+5 
2—3—74+124+4—-104+5 


The product is 26 —3a"° — 714 + 1205 + 40? —1Or +55. 
A similar mode of operation may be made in Division. 
Ex Divide 326—10a> + 4:' + 7a§ — 327 4+ 3a+2 by a4--21 
—l. 
1—2—1)8— 104-447-3434 2(3—4—-14+) 2 
38— 6-38 
—447+7 
4 OFS 
—l+3—35 
The quotient is —1+2+1 
dat — 4.5 — x? + — 2, 1—4+4+3 
1—2—] 
—24+442 
—2+44+2 
Note-—We may use the same method even in cases where all the 


powers of x are not present provided we insert the missing powers of | 
with zero co-efficients. 
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EXERCISE 73. 


Multiply by the Method of Detached Coa-efficients :— 


273+ 3:2 +4:4+5 by -?—2 +1 

6:3 —+ +1 by 6:34 :—1 

pe®+qa+? by qr24+s. +p. 

(34 263422 +1 by .-— +1 

r$— 2ae+ Ll by «'+2a24+ 1 

a> -2a2y + 2ry2—y? by a% sy ty?, 

(e+a?+e +) by 3+ a%+74+1. 

Sp ePyt yFty? by at+Qey+y?. 

1+ 7:+ 102! by 1+livut+:30:+* 

te prt 4d by le?@— tet. 

30 + 627*—71274 62—4 bv 2r3— Bar +9 — 35 

(a9+a4+1)(2? a+tl1lyat—aI+1yat—at +1) 

(0? +32 +3%e 4+ 1)(~7'—3e?4+3,—1). 

(at+a%+at+a4+1V)at at+a?—a+l1) 
x(a> a®+ta'—a?+1) 

(x! —aa> + br:2—citdyirttar*—hart+e —d). 


Divide by the Method of Detuched Ca-efficients 


16. 
17. 
18. 
19. 
20. 
21. 


Oo 


O38, 
24. 


—a+l. 


20. 
26. 


26 


Bat— Ver + loge? Fe+6 by a2@—2e ts. 

20° + Ta* +208) 430124342435 by 22+ 2e+0 

52>— 18.) ~$e® +202 —5 by a8 42:.2—3 

71:5 4+1914*—62° by 1 +38. 

ov§ — 4,2—3, —90 by .—3. 

(5m 5441013 -1007+5,—1 by xv? —~2o +1. 

LL t#—2: 2° +14. -539 by ptm ZF, 

Pt t bet t2,o—at—e2I—2. -lby  '+23+u41. 
at?+a?°+a%§+a%+a'+a?+ Lby a®—a’® +at*—a*> + a° 


a®+a°+at+a%t+1 by a'—u* +a*—atl. 
a®—b®—a*b+ab? bya?+b®, 27. a? Bl by at 3. 
at—5q3 + ui— Ja by a? —4u, 
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29. 'aS— }a2b+iab?— LU by fa— 4d. 
30. 10:39 +10:°+10z23— 100 by #7 +489 —~—- +1. 
162. Homogeneity and Symmetry. 
Definition: -42 expression is satd ta be homogeneous when 
the degree of every term in it ts the same. 
[:+Byis the form of a homogeneous expression of the firsé 
degree in a and y 
lv? + Bry + Cy? re 5 53 5 second ,, 4, 4 
105+ Baty tCrye+ Dy? ,, . » thard yy) 55 9 
For three quantities 2, y, :, the corresponding expressions are : 
fet Byt+Cz; Ar? + By?+ C2? + Dyzt+ Hizt+ Fiy; and 
AS + ByS + 23 + mary? + mo 8y trays? + v'yF8z+ ps4 
+ pete ty yc. 
Law of Homogeneity. The product of two homogeneous 
-zpressions, of the m” and n'” degrees respectively, is a homogeneous 
expression of the (m+n) degree. 


(‘orollary : The factors of a homogeneous expression are 
also homogeneous. 


Thus (:+y+.)(e?+y? +24 ay — yrm ry) = Fh + yi $2? 
— ry. 

(a+ b+c)(atb—r) =a? + b? — r* + 2ab. 

a*h+ b?a+ b9¢+ be? + 20-4 ca? + 2Zabc=(a+b)(b+e)(r+a). 

This law is of great use in testing the accuracy of alge- 
braical work in Multiplication, Division and Factorization. 

Definition: An expression is said to be symmetrical iwith 
respert to certain letters when the interchange of any two of these 
letters throughout the expression would leave the value of the 
expression unultered. 

Symmetrical expressions involving two quantitics s and y 
of the lst, 2nd and 3rd degrees are :— 

Au+ Ay; Az?+ Bayt+Ay?; Ard + Bry? + Boey+ ly >. 

The corresponding expressions involving v, y, < are Ax+ Ay 
+.dz; Ac®?+ Bey + Ay? + Biz + Az? + Byz; Acd+ Ay + Az 
+ B(xey? + 24 + ys? 4 y2zte ze? + 27a) HC uyze 

Note.—The terms that have the same co-efficient are those that are 
derivable from each other by interchanges of the letters, 
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Rule of Symmetry.— The algebraical sum, product, or quotient 
of two symme!rical expressions is a symmetrical expression. 


Obs. The product of two asymmetrical expressions is not 
necessarily asvmmetrical. 


Thus a+6+c and ab+ac+ br being both symmetrical, their 
product a*b + b3a+c*#b+ lc? + a?e+ac*+ dabe is symmetrical. 


Again, x?yz and «?z* are both asymmetrical; yet their 
product 433 is symmetrical. 


Application of the rule of Symmetry: To find the product of 
(by ts)(u2 +42? +228 —ay —ys—z:), each of which is symme- 
trical in «, y, s. The product must be symmetrical in ., y, 2. It 
is plain that the term «* occurs with the co-efficient unity, hence 
y> and z® must ocenr with the same co-efficient. Again, the 
term y?z has the co-efficient 0, hence also, by the principle of 
symmetry, the five other terms 27, 23, cr?, ay? a?y, belonging 
to the same group must have the co-efticient 0. Lastly, the term 
—uayz is obtained by taking « from the first factor, hence. it 
must occur by taking y, and by taking s, z.e. the rz term must 
have the co-efficient —3. Therefore, 


(a byt 2)(a? + FP 4 VP —ay-- ys =H $y $2! — Boy. 


Alternating Expressions are those that change their sign 
merely when any two of the letters are interehanged. Thus 
(a—b)(b—ce)(r—a) is an alternating expression. 


The product or quotient of two alternating expressions 
involving the same set of letters is a symmetrical expression. 
The = and the ~ Notation for Symmetrical Expressions. 


The symbol 3 a (read sigma a) denotes the sym of all the 
terms of which a is the type; if we are dealing with three 
letters a,l,¢, then 4 a=at+b+-e3; 4 ab=alb+be+cea; = a*?=q? 
+b? 402; 2 at*b=a*bt+ab? + bet het+c%a+ca?; &e. 

The symbol 7 (a+5) [read pi a+b] denotes the product of 
all the expressions of which a+ b is the type. 


If we are dealing with three letters a, b,c, then x(a +b) 


=a+o+oeras s (Ao) fo. Se Soi te 


Ob te Ca a+b? 


163. Method of Indeterminate Co-efficients. In Chapter 
XIV this method bas been explained, and its application illus- 
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trated by several examples. We shall give some more exam- 
ples of its application combining the general principles of 
homogeneity and symmetry. 


1. The product of (:+y)(: +y) will be a homogeneons 
symmetrical expression of the second degree; therefore (w+ y)* 
=pr+qij+py?. We have todetermine p and q. Since the 
identity holds for all values of «and y, it must hold when 
=] and ,=0, therefore 1=p+0+0; % p=1. 

We now have (+4)? = 3 +q:y+y?; this must hold when 
e@=] and y=—1; therefore 0=1—q+1, or q=2. 

Hence (1 +4)? =? + 2ey + y?. 

2. The product of (a@ty+2) (1% +y2 +23 —vy—ys— sx) 
= Axe yd + 25)+ Bl ys? + yiot cur step ay? +ar2y)+ Cry: by 
the principles of homogeneity and symmetry. 

Potting . =1, y=0, <=0, we get A=1. Using this value 
of A, and putting z=1, y=1, -=0, we get B=0. Using these 
values of A and FR, and putting e=1, y=1, <=1, we get C=—3. 

Hence (:+y+2) ((? +9? 42? — 1 y— ys car) = FF +342 
ee I Ya 

3. Resolve into factors a3(b—c)+ b3(r—a)+c%(a— b),. (A). 

Since (A) vanishes when a=86, and also when b= r, and 
also when: =a; .. it is divisible by (a—b)(b—c)(r— a). 

ev. (A) =(a—b)(b—-)(c—a) xX B where Bis a factor of one 
dimension symmetrical with regard toa, b,c. Therefore (A) 
=(a—b)(b—c)(r—a)(a+b+er)p; where p is @ numerical factor 
to be determined. We have a°(b—c)+b8(c—a)+c3(a—b) 
=(a—b)(b—c)(r—a)(at+b+e)p. Kquating the co-efficients of a5, 
we have —(b—r)p=b—. Xo p=—l. 

“. the expression (A)=—~—(a—b)(b—)(r—a)(atb+r) 

4. Resolve into factors (a+b)>—a>—6’............ (A). 

Since (.4) vanishes when a=0, and also when b=0, and 
also when a=—b; . it is divisible by ab(a+b). Therefore 
(A) =ab(a+b)xB; where B is a factor of two dimensions 
symmetrical with regard to a and b. Hence (4) =abl(a+b) 
X (pa? + gab+ pb?) where p and qg are numerical quantities to be 
determined. 
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We have (a+ b)>—a'—}5 =ab(a+b)(pa* + gab + pb?). 
Putting a=1 and b=1, 32—2 =2(2p+-q), 2.e., 3p +9 =15..(1). 
Putting a=2 and }=—1, 1—324+ 1 = —2(5p— 2g), 

1.€., op—2g =1.5...(2). 
Solving these simultaneous equations, we get p=q=5. 
Hence (a+ 6)'—a5—b* =5ab(a + b)(a? + ah + 67). 


EXERCISE 74. 


‘Prove the following identities :— 
1 (a+ b+c)*® =3a*? + 3x(at bd). 
Sa X Sa* =Fa°+2a7b. 
(b+ e—a)(c+a—b)(at+b—c) =3a*(b+c)—s05 —2alr. 
3(ca—)?)(ab—c?) =(sbe)(Sbc— Sa). 
43 (b—r)(b +¢e— 2a)? =98(b—«)(b +c—a)?. 
6. 3(b4+r—2a)* =3x(b+c—2a). 
7. (yra)R(abu)t (by)? HS (yrs)? + 2(Sys)i— 2s 4y3z?, 
8. (et y—2){(y—2)? —G—e—y)} = 8.08 — Bays. 
9. sa(sa?+3bc)+ aX Sa? —3(b+0c)§ =3abr. 
10. «s(a+b)?—32r(a+b) =22a'—6babr. 
Mind the factors of :— 
ll. «a(b—c)? + W(c—a)§+r(a—b)$. 
12. a(b4*—c')-+ b(c* —a*)+c(a*—b*). 
13. w*(b29—c? )+ b*(c? —a?) + ¢4(a@? — b?). 
14. a(b—c)? + b(c—a)2?+ c(a—b)? + Bair. 
15. (ab+ac+ bc)? —a 3 b8—aSr$— bc. 
16. (e+ y tz) — we —yr—25. 
17. «w?(b3 —c3) + b8(c3—a*) + c?(a* —5%). 
Ww. at(b—c'+ bt (c—a) +¢*\a—0). 
19. a%(b—c)§ +b? (c—a)§ +c?(a—b)§, 
20. a®(b—c)+ b§(c—a'+c*(a—b). 
21. If 522419e+18 =l(e— 2) (ue —3)+ m(e—3)(x— 1) 
+ n(e—1)(e—2), for all values of a, find /, m, 2. 


Se oe 


288 ALGEBRA. [ CHAP, 


22, If A (1 —-3)(e@—5)+ Bo —5)0—7)+ C(e—7)(a— 3) =8: 
— 120, for all values of «, find A, RB, C. 

164. Elimination. Take the two equations «:+6=0; 
and a,a+b,=0. If these two equations are satisfied by the 
same value of «, then—?=—" ; oe., @,b6=b,a. This relation 
is called the Hlimznant of the oe equations. 

Similarly, if we have three equations involving teu unknown 
quantities and if they are satisfied by the same values of the 
unknown quantities, we can finda relation between the cther 
symbols i1.volved, and the process of ‘finding this relation is 
called the Elimination of the unknown quantities from the given 
equations. 

Ex. 1. Eliminate « from the equations az?+b:+c¢=0, 
a,1?+ biite, =9. . 

If a be the valne of + which satisfies both the equatious. 
then we must have— 


aa? + ba+c=0 ; 
a,a?+ba+e, 5 Hence, by the method of  cross- 
es 3 a? 
multiplication, — “ — =~" = 1 
be, — b,c a,yrm—ar, abj—a,b 


Baeseads — 2 
po (Ser) . fe heesa eh a) 
xX (bc, —b,c), which is the required Hliminant. 
Ex. 2. Eliminate « and » from aat+by+¢=0, 
a,etbiyte, =O and «? + y?=1. 
From tlie first two, by cross-muitiplication, 
w y 1 ~ or bye . yp ee LO Te 


ES ;y=a= : 
be,—b,¢ ray—e,a abj—a,b ab,—a,b ab, —a,b 





Substitating these values in the third, we have— 
be, — by r\2 (2s 2 
ab,—a,b a,b—a,b 


=(ab,—a,6)*, whick is the required Eliminant. 


=] or (lr, —b,r)*?+(ca, —c, a)? 
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Ex. 3. Eliminate «+, y, z between the equations 8p y2 
=cvy, Y? +2? =ays, 22 + wv? =bz. 


ow 


We have~+4%=c, 442 =a," 4" =, 
Y at a ¥y et! > 
By multiplying together these equations, we get— 


Re gee cae eee 
atari ee ea 


“. abc = (E+4)'+ (147) "+ (242) *-4. 
Yt zy eS 


ee abe=c? +a + 62 —4, which is the required Mliminant. 
Ex. 4. Eliminate «. and ¥ from 2 — yi =sarmby,  Awy 
=bve+ay and «8+y%=1. ) 


From (1), «3 —.wy? =ace?—biy t 
From (2), 4ey* = bay + ay? 


fe 8 + Sey? =a ty Sa. of a+ y%=l, 
Similarly b=y3 + 3x27, 

 a+b=(x2+y)* and a—b=(¢—y)5. 

2 (a+ BF 4 (a— ba (ety) + (u—y)* = 29+ v2). 


(a+b)? + (a—b)? =2, which is the required Eliminant. 








Ex. 5. Eliminate «,y, :from 77 =a, 2+#—,. "+4 _,, 
Y—s s—2 “—y 
From (1), Yt2ty=% 22+! = sy y_atl 
Y+c—y+tcz a-—l > a=—l 
Similarly from (2), ~= Ue) and from (3), {=°* 1 
s ow y a—l b—-L cml’ 


oe (a+ 1)(6+ L(E+ 1) =(a—1)(4—1)(c—1), which is the 
required Hiiminant. 
Ex. 6. Eliminate «, y, z, from wy +2) =a, 
y%(z + i) = b3, 23(2+ y) = 3, LY ZA abe, 
19 
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Maltiplying the first three equations, we have— 

PB ayPa h(a + yy + 2)(24+2) =a*d%c2; but t®ytz? = qt bic?2, 

eC) HME) Lo cence serene see cevsee ves see(A) 
Again, adding the first three equations, we have— 
|My =) ye 2) +281 y) =a? +h27 409 and Qayz=2abr. 
co (Cy ta) y (ats) +s* (x+y) + Qays =a? + 2 + 67 + Qube. 
fo (et MY t=) (E+) Ha? + O94 69 + Qadevceccc cesses (B) 

-. from (A) and (B), a? + 6? 4+?+2abe= 1. 


Ex. 7. Eliminate -, y, = from the equations 


YU ag 7h Fe =. 
sy a 3S yo 
aly? 2?) + y(=?— 49) + oe? —Y?) 
Adding,a+ b+ex SP 81 
_@ —yYy—)G—#) 
LYa 
ay? — at) ya? 2) — (0? —y*) 
ays 
LYS 


Similarly a—b—c= 


(x+y)(y+ s)(G—2) 

vys 
(yt erer—y) 

LYZ 
oe (atb+c)(b+co—alcet a—b)(a+b—c) 
(y? — 72?) 8 (2? —x7)? (ac? —y*)* 
= — (¥—-2)" ( —2)" (2-¥)" = om 2 h2e?, 

sy az Ss y @ 
oe (atb+ry(b+c—a)(c+a—b)a+ b—c)+a2b%c?=0 wh 

is the required Hlimenant. 


EXERCISE %. 


Eliminate ¢ from the equations °—_ 
aet*—beto=O 


1. Ss a 


b—a—c= 


c—a— b= 


o, Pa a= ht. 


ret —s=V 


xxx.] MISCELLANEOUS THEOREMS AND EXAMPLES. 291 


3 
az + b2+c=0 aa a Se 
: peo 1 ee 
de+ = 4(p —q*) 
5. eat 6 lac? syn 
pat—gq=0)° a+a=0f ° 
do- ly pat tma 
7 - 8. of 'e 
- l eg pa—2=b 
F t 


9. oo a 10 Ce 


a, ¢°+6,2+c¢,=0 Le? + mr? +2=0 
a 2b 4e 


zw®*+a? x*+6% w%+c® 











ll. aw+A=br+ B=cx+C. 12. 


Hliminate # and y from the equations :— 
33, a+y=a, x+y =Dd5, zi+y> =c¢5, 
14, — = te Sy =(a—b)§, vty =c?. 
15. av+by=0, e+yt+ay=0, v3+4y7 =1. 
16.  4(a*+ y?) =ax+ by, 2(w* —y*) =ax—by, xy =c*. 
7. aa? + b*y =ay? + b*e=e5, wt y=e. 
18. w—y=a, 22—y? =b?, ws —ys=c3. 
19. aty=a, x? +y?=b3, t+ y* =c*. 
20. ple+y)=q, e—y=k(l+ay), eyp=re 


Eliminate 2, y, z from the equations :— 








21. eS =a, J = b, wee 
Yrs ote CY 

oO av _ by _ 8 aw 

bash iL} Se ee —s 36 





bytcs catax «uty 
23. cbytiep, AWeytyst ez)sq?, +y8 +s8=75, 
oayz=s5, 
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24. we? (yz)=a, y2e—a) =b, =?(a#—y) =r, eys=d. 
25. aytbi =z, asteu=y, betcy=-. 
26. (ot yy *=4uyc?, (y+ 2)? = 4yza?, (2+ 1)? =4cubh?. 
27. (e—y)e*=c*, (y—z)a? =a5, (2-—a)y®?=b*, (a—y)(y—z2) 
X (c— 2x) =3abe. 
ee) ae 
3 


B, 
- as, (3 abc 
qu, 7 + % yg ayz=abe and #4 +4244 
a x b ye s 
+ 2(ab + ar+ bc)= 0. 


30. (a ys) (aim y) =ay-, (@ tr y(ytz— Jee, 
(yt cme) + yz) = be. 
165. Miscellaneous Examples worked out. 
1. Tf a(b—c) + y(c—a)+ -(a—b)=0, then will 
bs—ey _cr—az _ ay— ba 


b—c c—a a—b 


We have 2a(b—c)+ y(r—a) +2(a—l)=0) , . 
Identically, af{b—c)+bl(c—a) + ay zor “6 by cross 


= 
ET A 5 


multiplication, ak az—cx bx—ay 





bemey raz _ay—be 


ee (ae jeecg a—l ° 
2. Tf w=cy+be, y=az+cx and z=bs +ay; shew that 
at y* a” 


Io 1—b8 1=e¥ 
From the given equations, #—~cy—b:=0,........(1) 


we have ca— y+tar=0......... (2) 
be +ay—z=0., ....,.(3) 


e» by cross-multiplication from (1) and (2), 


ee y = : = 35 _e =. ee oe( A 
—ac—b —be—a A148? act be+-a l—c? (4) 
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y => — @ eee cee eces see one ane 
1— ae ab+c act+b- -) 


From (2) and (3), 


pe 


‘q ; < —_— . a ad estee as gen 
From (1) and (3), ab+ec 1—b?2 br-a e@@oenn (C) 
2? ~ 2 
K A d (B —~ FS ° 
OMEGA) OBO) anaro) CSe aes 8) 
a 3 ote 
l—a? ie a 
+) 
KR B qd ay 4? 
ron (B) and (0), (l—a®)(ab+c) (1—b?)(ab+c) 
Oot y? i y* = = 


3. lf atyt+2=0,ar4+ by+ez=0, dl + (c—a)y+(a— bz 
=(), then shew that a? + b? +? —ab—be—ca=0, 


We have r+y 5G, | e~ by cross-multiplication, 
_or 


ae + by + os = J Pine = (suppose). 
Substituting the values of a, y, = in the third equation, 
—k{(b—v)? +(c—a)? + (a—b)?} =0. 


ee (b—c)? + (c-—a)?+(a—b)?=0. 3. a® + b* + 0*—ab—ac 
—bcr=Q, 


L Ff a—m ~a—wv 1 b—m _b—n_|l haw thee 








db oe d a y 
Bmw 2 
x3 dab 
Subtracting the second from the first relation, we have 
a—b a—b_1l_l_a—b , 1 It 
aca lat ae a ab oe ea sr aeneuenwadbers aes 2) 
Adding the given relations, * +h—im a+ b—2n_ 1 
c d b a 
eee Y piuictrons (ee 
ab a ab 
—2m 2n 


" oo a =Q, 2.€., nT Ones pen ses ee seecce vances secees (2) 
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Again from (1), Ee nae eeesensensesennensesveateesseses(3) 


Adding (2) and (3), — + w= me 
% Ife+y=1, tie. a*r+b*y=c?, then a'a+ b'y=c . 


We have w+ y—1=0 ) -e by cross-multiplication, 











= yo Ll 
aw + by—c=0 f hese ban Sechue tenant L) 
Again z+ y—1=0 See I (2) 
ebayer a0 f° $I ae eae 


= 273 = . rr | 
From (1) and (2), a =. and es 

-. b+a=b+c and lb4a=c+u. ~a=b=:. 

oo autby=catc'y=c"(et y=" (3° vt y=1), 
6. Lf e=a(yt+ 2), y= b(2+ 2), c= c(e#+y), then 

eo? yg 8 
a1l—b6c) b(1—ar) c(1—ab) 

We have az—ay—az=().........(1). 


bay + be=0......... (2). 

cet cy—2z=0.........(3). 
* - = y = : 
oc, —ab—a —ab—b —1l+ab 


Oe en es SB 


fen SO et oe seauastucetenest( A 
"“a(1+b) b(1+a) 1—ab (4) 


\ Bs 4 = 7 
From (2) and (3), ie ee eee (B) 
ooo Yy 
From (J) and (3), a(l +e) Tae =i oe vee(C') 
y? 2? 
From (A) and (B), ae had a= a ~i+b(laby 
. 2? 33 


"*a(l—be) o(1—ab) 
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From (B) and (C), — ee kamen: ae 
a(l+c)(l—bc) 6(1+c)(1—ac) 
ey? 

a(l—be) b(i—ac) 

Hence ea a a" 


a(l—tc) b(l—ac) c(t—ab) 
7. TE (w9+y? +27)(a2 + b7 + 7) = (a + by+cs)?, 
then en ee 
a be 
Identically(a* + y? + <?)(a? +b? +r?) = (ax + by+ez)? + (ay—bz)? 
+ (az—cx)? + (bz—cy)? ; 
but (x? +y2 +29)(a? +b? +¢7)=(ac+ by + ez)?. 
“ (ay— bi)? + (az—ez)*+(bz—cy)? =0. Here the sum of 


three pusitive quantities is zero Therefore each of them 
must= 0. 


Hence (ay—ba)?=0, “. ay—br=0. 2. ay=de. 2. Y= 


Pm 

a 

(az— cx)? =0. oe az—ci1=Q, <e AZ=—X. ss yao 
Cc a 

2 ° fiw ; ~ ~_Y¥ 
(be—cy)? =0. &. bz—cy=0. ©. bz=cy. w= S. 
ce 6b 

ey 2 

a be 


If the sum of the squares of two or more real quantities be 
zero, then each of the quantities must=0. 


8. If ea/1l—y*? tyV/1—e@? =a(u? —y*); and 


ry—/(1—2*)(1—y?) =(a7 + y?—1) ; shew that 7 + aol. 


We have «w/1—y? ty Lm? =a(ut—y® )iceceesescee cee eee(L) 
Identically, v?(1—y?)— y?(d = 08) = 2? ose ee cee see eee (2) 


Dividing (2) by (1), we I—y?@—y/ 1 — ai=/.......(3) 
a 
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Again, w= (Lac? )(l—y*) = 6( 0? + y®@ 1D). ces coe eee cee( A) 
Identically, 22y¢—(1—ax?)(1— y7) = 08 + y2— Livsseoreesee(B) 
Dividing (B) by (A), ey+/ (l—a*)\(I—y) = ee ate (0) 


Squaring (3) and (C) and adding them, we have— 
Ply?) + yl 2) 2cy/ (1— 2?) (l—y*) + oy? 


+ (=) y*) 4 aye y= + 1 





be 
; 1 1 
Reducing, we get - + 42 l. 
9 Ifa+b+c=0, then one te ee th te 
a? + b2+¢4 
NP Ae ee 
2 
Sinceatb+c=0, . a=—(b+c). 1. a®=—(b+c)® 
a§+65+4+¢5 =—5b*c— 1063 ¢?2 — J0b%c8 —5be*. 
= —dbc(b§ + 2b2c + Qhe? +c ) 
==—dbc{(l*? +c°) + 2bce(b+c)} 
= — Hbe(L+-c)(b? +c? + bc) 
= babe {2 se R. [es b+o= —al. 
ee a ear ere 
i) 2 
ss UP a? + 6? +c? 
“3 2 ; 
[-.° a? +65 +08 =3abe and (b+ c)?=a?*]. 
10. If o2+y+z2 =1, © ae Soe = Vil aritby+cz 
aoe ah e 


a+b-+c, find the value of a?: + 5?y+ cz. 


I'rom the first two, te Se +y+2) 
a 


fd (: ] :(} 1) 
Ja (S+i)+y ata)t: ray ae 
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ee Ab+c)u + b(at+c)yt+e(atb)z=0.........(A) 

From the third, (a+ 6+:)(az+ by + cz) =(a+ b+ ¢c)? 

* a8a+ bey +0 2s+ aby +¢2) + b(ax+ cz) + c(ax + by) 
=(a+b+c)?. 

* a72at b2y+c%2z+a(b+catb(atcytc(at b)= 

+ b+)? , but from (A), a(b+c)e+ b(atchyt+cr(atb)z= 

Se a? et b8 y+ c3z= (a+ b+ c)?. 


lL. Tf “ = YY Corie ee, 
lanb+nce —la) m(n +la—mb) wla+mb—nc) 


M2 22 


t] pe ee arn Cerne pian 
co (by + cz— az) ~ (es + - ax— by) ~ s(ax + + by— cs) 
v y = 
l am n 
ee mb+-ue—la w+tla—mb la+tmb—a 


x | A rae 2 
2 < mm 2 eu Z 
ve CACH Se meee 

20 2la I2mb 





~ me+ly_nytm:_l+nz 





( a b 
o Hite Fbys ney me. _ lzy+ nay 
“% lw ai by 
*. cauh = te + Yet By + mM s—lay— ney ee amex 
(+a: — by ai +ces—by 
Similarly each = nite anda, 72... 
a+ by—c. by + czar 

oY MY Davide each by 

* by +cs—ai artez—by ai +by—cz 
5 l = a n 


"(by+cz—ar) y(act c:—by) (ar + by —c=) 
2. Solve 44+ +4'-'=10. We have 4. 47°+4.47-'=10. 


ee 2.47 4 pss oa 2. 4- —5 . 4° + Z= QO. 


e. 4% 1 (543)=2 or 3. * 2?=2) or 2-2. 
ee 2c=1 or —]. cc c= 
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13. Solve °t"=y* and yt"=«". 
ay a 
From the first, z ‘* =y and from the 2nd, :‘+’=y. 


THY a 
ssn : ry. 


mt ett a = eo. 
: ° 4a ty 
(+y=2a. Substituting this value in the first, °° =y' 

. w==y?, a thy=y? +y =a, 
oy ty—2a=0. o yxt(—ltv8a+1). 

% (2a —-4(—1l4V78a4+1)=4(40a41F /8at 1). 

14, If « bea prope: fraction, shew that— 
AT) Gaia) connec 
Let A—.)(l— 8 )dl—?)..... eas (AF +63) 

X(1+:°)......8, 


(l+ #4) +4 ct) 4+ °°). we and (l—1?)A—¢*) 
x (L—-+°)......ed. 


Then (l—2z?)(l1— + ®)(l—:?")... ... =aband (l—-*) 
xX (1l—28)1— 3 4)=id 


ow (L241 — et) 8) Le) = abe , 
but (1— 1?7)(L— ce *# (11 9 (18 Lar!) ee 


wo (.+y)?=4a7. 


ee abcd = d. at — br . 
a 


ee ASSERTS =(1+ ()L+ )C1 + 2°) 
% CL + 7* )ccccecese 


15, (a) The product of the m and 2" terms in the quotient 
of 1 divided by 1—. is a shew that m?+n2°=0. 
v 


We have by division _ = leat Fp tat t Ke. 
—2z 


It is plain that the m” term =."~'! and the x” term=: ~!. 


ee the product of the m™ and n” terms= "72% ."~1 
= pmru-3 
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By the question, ert -t Fag, ee M+-U—JZ=—Y 
x 
oe mt+n=0. (m+n)(mI—imntn?)=0. % m?+n*=0 


(b) The quotient obtained by dividing the 7” term by the 


2r)" term in the quotient of Je is 4 , find r 
l—-z z* 


elt 2 +(e 400) + be 


The r” term =(# ) ~' and (27) " term=(. )? ~'. 


Theo” term — 2/71} 


Faas wee. ess ae . 
The (27) term 23 -! a By the question, 


got = =e£% & —re=—-9 Art=O 23d 
a? 

16 If the HCF. of ar*+bx2+(a+6)x+1 and ax’ 
+ (b4+1)xz?+ (a+ b—l)a+2 be a benomal, shew that (6+ 1) 
xX (a+ b—1) =(a+ 2b)? 
arcS+ bx? + Jax? + (b+ 1)a274+ (a+ b—1lx4+2fF 1 
(a+ b)a+1 ar? + be? + (a+ b)x+ 1 

c2—2+ lax? + be*+(at+b)e+l(aritatb 
_ azx*—ax? + ax 

z*(at+ b)+be+1 
@3(1+ b)—u(a+b)+a+b 
2(a-+- 2b)— (a+ b—1) 
- zv?—a2+ 1 v 1+6 
a(a-+ 2b)—(a+ b—1) Jaron a+tob (a+ 2b)3 
+26 


— 











Remainder 1s 2$ §°5 a —1} +1= ao o) 
=21+0), Raced 
a+ 2b (a+2b)* 
If #(a+ 2b)—(a+b—1) be the H.C F., the remainder must 


(a+ b—1)(1+b)_ 
(a+ 2b)? 


Hence (a+ 6—1)(6+1)= (a+ 2b)? 


vanish. Therefore 
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13. Find the difference between— 
{l—(n+1)(n + 2)u" + Qn(n + 2)e"t ? —n(nt+ 1)e"**} + (L—2)§ 
and the same expression when n is increased by 1. 


14. The value of the expression a’—3a3+2 remains 
unaltered when a is increased by 2,/3, Determine that value. 


15. If at+e+¥u— a, abt BY+ Ya="” ; abY= —“ and 
a a 
a, 8, Y be in continued proportion ; shew that a: d=b® :c}. 
if ™a—ke @ yk = e—_) =i =m =n’, 
l m n 
a M4 c! 


cae —b'e toe’ Qa i ool —a’'b’ 


17. Extract the square root of (2a* + a~’)(2a*+ a~*) 
+ (203 + i+ io ): 
18. If two algebraical expressions and their H.C.F. be of 


the m”, »” and r” degree in « respectively, nocommon multiple 
of A and B can be of less than the = +n—r) degree, 


19. If fi) +f? (2)=a°= io a “Fi(a)’ shew that— 


f@PO+fOP M=fe-—pfiit+y)- 
20. Shew that the equation (s—2z)? —4(a—.c)(cm«) =0 has 
real roots whatever be the values of a, J, c, 


Til. 
2). If M and N beany two odd numbers (Jf>WN), shew 
that M* —N® is divisible by 8. 
22. Substitute 1(b+c) for « in the expression — 
Cis Olio). eee) a)(e—e) , (ea) b) and simplif 
(a—b)(a—c) (b—a)(b—c) (e—a)(c— 4) ee 
the result. 








Q 44 ‘= 4 cae £—10, 
93. Solve (i) | 9 aa 12, »* 6 8, 5t3 
(i) at a/y= sadiuate 
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24. A boat which can row 6 miles per hour in still water, 
takes 32 hours to go to a place 10 miles down the river and 
come back. At what rate does the current flow? 


25. If AEN Lon ane: 


= 0, prove that bc(b—c)* +ra(c—a) +ab(a—b)3 =0. 





rer 


97 


26. Write down 24 + 7 a oe nC +1) as the product 


of four factors. 
27. Solve (i) e& +y+ m(a—y) =a ; c—w— m(a+2%) =); 


and (l—m)*yz= ab. (ii) <=". a “2a. 





28. Ite+ys= {(l—a?)(l—y*)(1—<*)} 2, y +22 
= {(1—b?)(1— x?)(1—z8)} 4 and z+ xy 


1 
= Ee 2 Ge )¥?, 
we? — 
shew that - - i a ee 
foie a b 
ao: SUAPEWY: hy(Goa a) Oot aed) 
BP steht ace 
(c—a)(c—b)(z—c) 
30. Find two numbers, of which the product shall be 6 and 
the sum of their cubes 30. 
IV. 
31. Divide 142 by 1—3. to 5 terms in the quotient. 


x? +22—3 ; 
2*+52+6 | t+ 


= 5, 


32. Solve (i) 2 Be: (ii at 


9-8 


338. If Dale then ( a— 
a c 6 


34. If atc=2b, then 2(a 
+c7(a+ bd). 
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35. Find the H.C.F. of 2a°—8rt + 12a5—822+2, and 32° 
— Ge? +3 and the L.C.M. of #4 +.«2—2 and #3 —33—» + 3. 


SG Solve (ira ee 
9 my? a—X% Ax 





(31) 2? fa (ema 1) + 9. 


37. Find the square root of 7—~V10+ /14—/35 ; and 4+ 


J15. 
38. Resolve (i) 32%—Il4ey+ 5a—5y? + 7y—2. 
(ii) 6x*¥y* —7aey>—d3y"*. 
39. HKliminate «, y, 2 from atyt+tc=a; «2? +y?4+227=b?; 
as 8 + cm Beyzc8. 
40. A sets off from Madras to Bangalore and Bf at the same 
time from Bangalore to Madras and they travel uniformly. 


A reaches Bangalore 16 hours and B reaches Madras 36 hours 
after they have met on the road. Find in what time each has 


performed the journey. 
V. 


© Yy S 


e 
es ee ee oe 


Zr + Qy—c_ Byt+Qe—w_ Bot Qa—~—y 
naa ; 


prove that 
b c 


42. Solve— 
(i) 36? + y?)—Qay = 27 5 2a? +y?)—Bvy=S. 


(ii) oti te a—y= 
(ili) et ytz=39; ey? +29 =741 5 ey =z, 


y*z age a 1. 


QV 3737 372 


(v) iyeget eae. 
cy & 
43. Ifthe product of the p” and 9” terms in the quotient 


of | be z-*, then $41.21, 
1|—z p q 
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44, Find = ae yak tan sa 5 eae E when asb=1. 
A5. If (a? + bc)*(b? + ac)? (c2 + ab)? = (a3 — bc)?(b? — ac)? 
X (c?—ab)*, then a? + 63 +¢3 4+ abec=0. 
46. If e=a(y+z), y=b(e +s), c=c(r+y), then 
ab + bc +ca+ 2abc= 1. 


Aq, TE >) (>) + in o+E=1, then? =¥ =) 








48. Solve (i) S30 t+ S380 —59. 
(ii) 9a + Jv V15s +. 


49. Solve (i) / (-5)+4/ (1! )=" 


(ii) — tr=2(etez); yz=3(y+2). 
(iii) - ue 4 128+ Al 20/1 + 4a 
J ji v)— Be f2(5—/2) 3— /@ 

50. A cask, which held 270 gallons, was filled with a 
mixture of brandy, wine and water; there were 30 gallons of 
wine in it more than of brandy and 30 of water more than 
there were of wine and brandy together. How many were 


there of each ? 
VI. 


Mash al Se a d+a then shew that— 


b+cet+d dtatb 


(a+b+ \a+D +a) =o ae ara Na AO=e)(b—d), 


ol. If 








(a+ ee —a”™ 


59. Find the value of , when b=0. 


53. If a2h? + b3e474+c%a? imine b—c), shew that— 
(i) I + = 7: 

a b ¢ 

OE Og ee ° , then 


20 


(i1) (4+ b—c)?#=a2 + b2 +03, 


a?—b?_ ab 


—— 








a4. If 
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55. Ifa (iti-.) = (i+7-,) =e(it5- ah 
you a cot Y Bo Y 2 
then a(b+c)a=b(at+c)y=c(at b)z. 
06. Solve (i) 2?+y?=740y; 2 +y3 =6ay—l1. 
(ii) e+ wee 19. (iii) 32*—202=5. 


(iv) vf — a? + yt —y? =845 v2 w2y? + y? =49, 
O7. Ife? +ac*+be+c and «3 +de?+er+f have a common 
quadratic factor, then shew that orl and = =e ° 
58. If c=aV/1—bé + bV/1—a?, thenaW 1—a? +)/1—6? 
+ o/1—c* = 2abe. 
59, If m/1—23 —ne= Vin? + n* and 
l—.? 1 


ait be = iy ge’ shew that - at el 


60, <A person has £1,800 which he divides into two portions 
and lends at different rates of interest so that the two portions 
produce equal returns. If the first portion had been lent at 
the second rate of interest, it would have produced £50; and 
if the second portion had been lent at the first rate of interest, 
it would have produced £32. Find the rates of interest. 


VII. 
61, If gr+py=r; re+pe=g; rytqz=p; then— 
aV 1 —e8 ty Ly? te Las? = OW 8) Ty? (8) 
62. Eliminate w and y from «(a+ 2) =y(b+y=a2+y* =1. 


63. Eliminate a, b and ¢ from (a+b)*=4abe* ; (h+c)* 
=Abez? and (a+ ¢)? =4uacy?. 


64. Solve (1) Qr+2 + Barts 4 Qsrtr1 = 112. 
(ii) Vota =? 8 + Bbe—O?. 
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Qi) 4C¢e —1)(1— 2)(2.—-1) (Qn —3) + 1=0. 
(iv) (7+4)(2—5) + V1?#—74+1=0. 
65. lt art+bytes=a, be+cy+az=b and ci+ayt+bz=c, 
shew that a3 +h3+c3=3abr, if e+ y+s—lis not=0. 
66. When will the hands of a clock be at right angles be- 
tween I and 2 o’clock ? 


67. The G.C.M. of two numbers is 8 and their &.C.M. 

is 240. How many _ of numbers are there ? 
o8. If '+%=1 and oy an, then oe (= : 
aod a h a+ b’ a h 


git y "= ( ab y 
a - b a+b 
—~1 
en” im1 72 oat | 
eat at et eet? ee 
a +12 1+a? 


70, Thesum of the squares of two numbers is 1450, their 
G.C.M is 5) and their LC.M.18 105. Find the numbers. 


and 





69 Sum up 


VII. 
71. Simplity 4 a! a, 
at ee CETNCES MCU Cee F 
u— b ye r—a 


a ee (:—a=1) 


72, Siew thats oO a ee ee 
hme r—a a—b_ = 


+2o + oat 
73. Tf +ytse(atbjet+ (bt Oyt+e( tajc=(b+e)¢+ (atc) 
y+(atb):=0, then a*+b? +c? =ah+be+ca. 
74. Find the H.C.F. of .§4+5:3+6 and 3.* +120: + 117 
and the LC.M. of .*+4:2—5 and 243+ c2—8x2+ 5. 
75. Fmd how many gallons of water must be mixed with 80 
gallons of spirit which cost 15s. a gallon, so that by selling the 
mixture at 12s. a gallon there may be a gain of 10 per cent. on 


he outlay 
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76. Extract the square root of 28—6,/ 3 and simplify 


Su _ jH 


2 2 


aa 
77. Solve (i) ( -§)@—4)+ —YO— Y= (@— De 9. 
(ii) Gr y)(a* + dy?) = 8 +y> 5 ey=c?. 
225 + ar* + 4a9e—Tas 
73. Reduce Fo Yaa? p Batre to its lowest terms. 
79. KElimirate s fron A:?4+Bor+U=0 and A’x? + Blatt" 
=. 


If .=%=*, then ee ty? yt ct at? 
a b ¢ a24b% Bb%+e% 24g? 


_ flee myt ay : 
~ Ala+ mb+ ne 


80. The fore-wheel of a carriage makes 6 more revolutions 
than the hind wheel in 120 yards; but the former would only 
make 4 more revolutions than the latter in the same distance 
if the spokes of each be lengthened by 5 inches ; what is the 
circumference of each wheel ? 


IX. 


81. If 2—y*)c=(y2?—2? je, then eat 
ae 


Eliminate « from eal +3 (. +) ) ee eee : 


a= («—* ) =e 


f 


. w—V/2zr4+1 a i, w+2a tae 3 
82. Solve @) Seas (ii) goaat ( +e) | 


(iii) +? +-aey=a* ; cimay=b?, 
(iv) (L+2)1+y) =10; 29y+ay?=18. 
83. Shew thatif l,2+m,y+n,z=0, /,7+ m,y+n,:=0 and 


ax +by+cz=d, then eT ee ee ee 
mea aa 1 la—nyl, L,m,—Il,m, 
d 


“a(m,n,—m,n,)+ b(2,1,— gl, ) + c(t, m,— im,) 
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84. If 2s=a+b+c, then abc—a(s—b)(s—c)—)(s—a)(s—c) 
—c(s a)(s -b) =2(s—a)(s—b)(s—c). . 

85. Find the H.C.F. of 20z2* +2?—1 and 2521 +5275 —z—1, 
and the L.C0.M. of 62* — 7a? +2 and 2:3 +6:? -a—3. 


86. Jf 2e=a+b+c, then(s—a)? +(s—h)? + (,.—c)*? —3(s—a) 
X (s—6)(s—c) = F(a + 6? +¢3—3abe), 


a7. Is a?{e— b)(e—e) b2(y —a\(x—c) e?(a—a)(a—b) _ xs 
(a—b)(a e) (6—a)(h—c) (c—a)(e—)) 
an equation or an identity ? 

88. Find the value of at + +ta5 + 6:2 + 4: + 9, when 
r=/—2—1. If p be the difference between any fraction and 
unity, and g the difference between its reciprocal and unity, 
then pg=p—y. 

89. Solve (i) 3:-—/2.? +6: + 1=1—2?. 

(ii) 22 Q, = 12— 4/2? + 27. 

(iii) 38% + 2/22 —3,49= 6°46. 

(iv) (4a + 2)1 + (a4 3)4 =(2.4 4)*4(3: 4+ 1)* 
(v) Fly n~)=at, yz eyHb® 5 2r(ityjec’. 

90. Two trains moving in opposite directions pass each other 
somewhere between two stations 4 and 7. One train Jeaves B 
at 10 minutes past 4and arrives at .1 20 minutes to 5. The 


other leaves A at 10 minutes past 4 and arrives at RF at 20 
minntes to 5, Find the time at which they meet. 


x. 


91. Prove that ((+y)(y+z)(s+ J) —2?—y? — 28 = 4ayz 
+ (ypemal(ete—y)(t +y—s) and 
(l=?) —2*) + yd —a*) 1s?) + o(1— a?) (1—y?) 
PHY Z— wyz 
o= ]— wy —ys— 28 


[ CHAP, 
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92. Simplify (i) “ in BU 4 a a eae = 80°! +90? 
at Bt a’ b+ 3a5 be 49D) 
re L2 ab— 2 as a—b 
{ | ae je Pe 2 ey 
tt) ( at >) ( a? ) as ph ‘ aot bP 
G3, Kind the H.C.F. and L.C.M. of— 
$— 31 2— 4 + 12. 


page ' 
IO 2+6a. w+ba 


94. Solve (i) “ = r—4a a—4e a—3a 


(ii) J {i +/f/(22—4)} =/ ($F) Jt varn4 
trey? te2=llO; a(yt 2) = 6H 








(iii) «+y+2=18 


(iv) ofyt ye =—6 ; 
(v) tt ypsenyc=O yy ysterelt. 


Prae)+ - 2 
95. ltarv= i mee a 


‘or 
— —, m terms of «. 
A ied * 


‘5 8 
ve? + 7% = 26. 


l 
96. Ify=r— , express 2° 
v 


97. If ae+ly=a+ band a*x? +b? y? =a? +17, then 
aa’ + by" =a" F 


Solve () oe eee +/3('+3)(e—2)} = 36. 
(ii) - Se ee 
Mut +a Nl ea peta 
(iii) w+ yF +22 =2u? 5 w+ y += 5 yo=e?. 
(iv) awt+ey+ br=ritbytas=bi t+ aytes 
=a 458 +¢5 ~ Babe 


99. Resolve into the product of two linear factors the quad 
ratic exqressions 7. ?—32—160 and mn? + (n? — m?)e— anu. 

100. A man starts from the foot of a mountain to wal: 
to its summit ; his rate of walkin g during the second half c 
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the distance is half a mile per hour less than his rate during 
the first half, and he reaches the summit in 53 hours. He 
descends in 32 honrs by walking ata uniform rate which is one 
mile per hour more than his rate during the first half of the 
ascent, Find the distance of the summit and his rate of 
walking. 


XI. 

OL. If P=a*eri +d)? fHe(ue+b) — a(c: + d){ and 

=?(ae+b)? {3aer+a)—r(ar+b)}, find the cube root of 
W—P. 

102. If 1=(b—c)(a—d), B=(e—a)(bD—d), C=(a—b)(e—d), 
find in the simplest form 17+ 2? 4+C%—3ABC. 

103. Shew that a! +b1+4¢* —(a+b+c)(a3+b3 +03) 

+(ab+ ac+be)(u? + 6? +¢4)=abe(at b+c¢). 
If ier ihe = ae ——-;, shew that #(y?—-:*) 
+ 2y (=? — 2?) + 4c? —y?)=0. 

105. Bliminate 1, mand a2 froma?2l* + b¢m® + ¢4n8 = a?l+ b3m 
+ ¢?n, al=bm=cn, U?+m?+n?=b. 

106. For what value of « will the expression of + 8:3 +22: 
+23:+4+19 be a perfect square? If the twoyuadratic equations 
aa? + 2be4+c=0 aud a,1? + 2b, e+¢,=0, have a common root, 
prove that (ac, +a,c—2bb,)*=4(ac—b? (a,c, —b,?). 

107. If P = (a—b)?+(b—c)?+(e—a)?, express (a—b) 
X (a+ b—2c)? + (b—c)*(b +¢— 2a)? + (¢ —a)*(c+a—2b)* interms 
of I. 

108. Prove that (aty+s) {1% + y% +29— (ys)? —(c—a)? 
— (a—y)*} = Bayt (y tir t am Me +y—=). 

109. Solve () a O'+ (a—a)* =). 

(ii) w ta yiee; rope = 126. 
(iii) a(w* + 1)=a(a? +1). 
(iv) /(ety=J/atel; e—y=7. 


104. 
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(v) yr s=2; (at =) = 65; a+ y= 40. 
re: 
Seg lc. 


(vi) v*? +2y+y? =28; a—-y—s= — 


4 


110. -/ rides at the rate of 8 miles an hoar; B walks at the 
rate of 33; / starts first, and aftera certain interval 4 sets off 
to overtake him. When he had ridden 14 miles, his horse 
broke down, and he had to walk on, which he did at the rate of 
4 miles an hour, overtaking 2 in 14 miles more. What start 
had BP 





XII. 
wom 7) 3 ~ ~3 
lll. If «+4 +=2=0, then a y* + i ne a ote = 
v—Yy Yrs come W 


and 2?—4yz is a perfect square. 

112. Shew that (r+-y+2)8—(1 + y)8—(yts)8 —Et Pte? 
+43 + 25 =Gayz, 

113. If2s=a+b+c and 2S? =a?+ b? +c, shew that (S$? —a?) 
x (S?—b?) + ($*— b?)(S? — c*?)+(S? — a?)(S*—c?) = 48(s—a) 
x (s—b)(s—c). 

a"(a— bb —e) +B es. b—d 
114. Shew that aban d)+a"(b ~c)(e= a 
chen m=1 or 2. 





" 
Wd. Jf ab+tbe+ca=}, shew that = t+). 52 a eee 


_ 4abe 
~ (=a) 8) e8y 
116. Solve (i) (« —2a)3 + (w—2b)3 = 2(e—a—b). 
(ii) (e—9) (e—7) (a@—5) (e@—-1) = (e—2) (4-4) 
X (#@—6)(v— 10). 
2 2 6 


oe shasta a+ 4b +20 
2 2 2 2 
7. lft=, 0. wes Ty I= 5p 


relation between? and «. 
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118. Simplify :— 
(1— 10.2? + 5.04 )(5 —30z? + 5.c*) + (Su — 1023 + 2°)(20e— 204 *). 
(Sa— 10x + 2*)? + (1— 102? + 5ct)® 

119. Shew that (a? +b9+c?4+d?) (a9 +y?+4+2?+4u?)= 
(ax—by +cez—du)* + (ay+be—cu—dz)* + (az—bu—ce + dy)* 
+ (au+bz+cy+dz)*, 

120. A person leaves £12,670 to be divided among his five 
children and three brothers, so that after the legacy duty has 
been paid, each child’s share shall be twice as great as each 
brother’s. The legacy duty on achild’s share being one per 
cent., and on a brother’s share three per cent.: find what 
amounts they respectively receive. 


XIII. 


12). Simplify: (a+b4+c)\(et+y+s)+(b+c—a)(: + y—2) 
+(a+b—c)(« + y—z)+(c+a—b)(z+ x—y). 

122. Find the square root of #—2z2./(wy + yz— 7a—y"). 

123. Solve (i) (Be—1)? + ai — 

(ii) r—2a _ y-—A4b a9." t2a_ytob 
#—3a = —3b ~’ if y+ Bb" 
(Git) wS+y3 4+ 238=3ay: 3 r—a=y—b=2—-¢. 

124, Resolve 2r?—2lay—1ly?--x#+34y—3 into rational 
factors of the first degree. 

125. Ifa+b+c=0, shew that the three following expres- 
sions have a common binomial factor and find it. 

aw? +ba+c, cz? tart+h and be? +cxta. 

126. Shew that the two expressions («u? + 1)(6—c)(b+c+1) 
+ (b?+1)(c—a)(e+a+1) + (c?+)D(a—l)a@t+b+1) and (a#+1) 
x (b—e) + (b? + 1)(c— a) + (c? + 1)(a—b) are equal. 

127. Find the square root of (a? +6?)(c* +d?) + 2(ac+ bd) 
x (be—ad) and shew that 12?” —32" —2*" +1 is divisible by 120 
(nm integer). 








- eee bw — a)? ac(a— b)* ab(.v—c)? 
128. Simplify ‘(a— b(a—c) (b— (bea =) GaGa) 
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If a?" +58" _ (2a— by" +b" 
a?” 52% a(2a —b)"—b”’ 

129. Solve (i) (6—.1)§ — 8(7—.7)5 + (9—u)§ =. 

ii) ary=c(batay); bey==c(ar—by). 

Git) a +y+7=3, art bytez=atbt+e, 

bea-acy+ ab: = ab + be + ca 
130. A man buys 570 oranges, some at 16 for a shilling and 
the rest at 18 for a shilling; he sells them all at 15 fora 


shilling and gains 3 shillings; how many of each sort does he 
buy. ¥ 


then a= lb. 


XIV. 


131. Shew that (L+.:)(L+yz)?#— { Chmas)(l—ye)4+ 2 yc} * 
= 4+ y—ay) (aya? ays? +2). 
182. If «o+y+:=0, find the H.C.F. of «® +y5+2° and 
ety? bet, 
138. Shew that (L+v1+ one +b Wi +a 
a—0 
eee ao 
~ (L+a)/1+b84+(14))/ 14a? 
134. If «+az?+bi +e be divisible by «?+pxe+q, prove 
that p(p—a)=q—b. 
Ifa+b+c=O0 and a(by + ez—ur)=b(cz + au— dy) 
=c(ar+ by—cz), then » +y+c= 0. 
135. Find the values of a and 6 in order that w«? + Swy+4y? 
may eévactly divide «6 + 7r>y + 6Guty? + 6 5y3 + arty! + bry” 
+ 12°, 
1865 Te get iy es CO 
a+ b+e bt+ax* (b—atc)*+4ab 
If (a+b)?=r(a—b), prove that b(a + b+e)® (a+b — c) 
+ 2abe(a + b +) — 4abe(a +b —c) —ac(a + b+0c)(a + b—c)-= 8abe?. 
137. Hliminate z, y, z from az* + by? + cz® =a: +by+cz 
=wy + yst+ zv=0. 
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138. If p and q be the roots of the equation A + B 
tC enw 
+ ¢ ==(Q), find the value of (p—a)(q—a). 
7 
139. Oko. 





w+ 4, 


+3 
I * J { i 
es ! { x 4 = ; 
(ii) (;) +() te 


(iii) «+a? =(0 ta). 

(iv) 2 +uy=66 5; 2—y? =11. 

(v) ci bypazc=a2 +73) be + ay—ez =a? + bé ; 
artecytbs=be+c?, 

140 An officer can form his men into a hollow square 4 deep 
and also into another @ deep, If the front in the latter for- 
mation contain 16 men fewer than in the former formation, find 
the number of men. 


AV. 

141. Find the square roots of :— 

14 + s- 134 47—2 and 16 +5,/7. 

142. That+ped+qu2+or+s be a perfect square, shew that 
r?#=p?s and p>—-4pq + 8r=0. 

143. If (a—b)(b—d) + (b—e)(e—a)+ (d—a)(a—c) _a—c 

(a—c)(c—d) + (b—d)(d—a) + (d—b)(b—c)  b-a’ 
then either a+d=l+¢ or (a—b)(e— ad) =(b —c)?. 

144, Find the H.C.F. of 5:5+4+382? —195xz—600 and 4-3 
—15r2—38. +65 and the L.C.M, of 4a + 4a2b— L3ab? — 5b* and 
Gat —5a3b— 13a2b? + 17ab8 — 5b*. 

145. Solve () o 24+ 71 +5)*—32? —2la= 19. 


2 8 
OG an oe 
She r _& _  a®§+b8 +c +d? | 
GH) att (ab—cd)* + (ad+ bc)? 
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18 +66 
(e+ 1)(e+ 5) 7) 
(y—ayt+s)§ + @—e)(eta)s +(i—y)(e+y)§ 
(y+ 2)(y—2)8 + (2+0)(2—2)§ + (a+ y)Ci—y)$ 
and shew that, if a+b+c+d=0, then '\(a° +65 +c* +d) 
= bred + ard + abd + abe. 


lis. lt [@—e)+ (r—a)+ “(a—b) =0, shew that ~ (z—y) 
x y z a 


146. Resolve into its partial fractions 


147. Simplify 





+2 (15) + = (y—#)=0, 


149. If i ("+*)= } (2+2)=, (: +"), then each 
eXo y ys Xe s*X\y @ 


"yz 
150. Two persous 4 and B walk from P to ( and back. A 
starts | hour after B, overtakes him 1 mile from Q, meets him 
20 minutes afterwards, and arrives at P when B is 2 of the way 
back. Find the distance from P to 4) and the rates at which 
they walk. 


APPENDIX I. 


CALCUTLA UNIVERSITY 
HNTRANCE EXAMINATION PAPERS. 
1858. 


1. Explain the rule for the signs in algebraical multiplication, and 


1 1 92 I 2 2 ) 
multiply 74 2 —3y* + 20'y*by 6ri'—2y'+ Tory « 
2. Find a fraction, such that if 1 be subtracted from its numerator the 
value shall be 3} and if 6 be added to the denominator the value shall be 4. 


3. A and Bcan do a piece of work in 50 days. 4 and (‘in 40 days and 
Band (in 50 days. All three work together for 10 days. If then two be 
taken away, how long will cach of the others take to finish it ° 


March 1859. 
1. Multiply l—w+e*7— «3 by ltete-t: , 
Divide (c}~a')(o! + a*)by o +a’ sand 
Subtract bed* —(a*—b2)bd from (a? + bce)d-—(a-—b? )bd. 
2 Solve the following equations : — 
(a) 10(2 +4) —23= 6a 5 5 (bt) B+ 7V (31-6) =19. 


8. ! bought 25 yards of cloth for Rs. 2238-8-0, for a part I paid 
Rs 8-8-0 4 yard, and for the rest Rs. 9-8-0 a yard; how many ysards 


of each were there P 
4. if m:n::p: 4, prove that (ann =P) = (m+ 4)— (+P). 


§. Divide 39 into two such parts that the greater increased by 6 shall 
be to the less diminished by 3 as 5 to 2. 

G6. In a right-angled triangle, the base is S and the sum of the 
hypotenuse and perpendicular is 12, it is required to find them. 
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7. A person has two horses, and a saddle worth Rs. 75; if the saddle ° 
be put on the firat horse, his value becomes dowble that of the second; but 
if the saddle be put on the second horse, is value wil] not amount to that 
of the first horse by Rs. 350. What is the value of each P 

S. There are three numbers, such that the sum of the first and second 
divided by their product is 4; the sum of the second and third divided by 
their productis |; and the sum of the first and third divided by their 
product is}. Find the numbers. 


December 1859. 


1. Shew that-— 
{(ac + by)? + (ay—ba)?} k {(ar+by)?—(ayt+be)?} =(at—b*)(at—y*). 
2. Divide «° +2z°y*+y6 by (et+v)*. 
3. Resolve c!*—a'2 into its simplest factors . and simplify — 
a—b on a?—b? 
a+b, a? +b? 
_a—~-b',  a?—b? 
a+b a? +b? 
4. Find the Greatest Common Measure of— 
£2? +3027 —9e+5 and e?—19¢+30. 
5. Solve the equations :— 


] a ] _ a 1 ee) Seer 
Q) 5f° a. ai? at tay? 5 $ =03 
b _a-—b 


(2) (L 


1+ 








z—a g—-b &s—c 


1860. 


1 cel 20° + c+ 12 
2. Add together (43 —Beh9 a +87 


2. Divide we ey? +y by 2! — uty! + y? ; and simplify the expressions 
atc + b+ec neg a*—b* a—b 
(e—a)(b—a) (c—b)(a—b) a?—2Zab+b2 a(a+b) 
3. Solve the following equations :— 


] l 2 

gost e—4, z—3° © . e ° ° ° e e e (1). 
2e+11_ 92-9 40413 _ 150-47 (2) 
a+5 30-4 343 3ce-10 °° “°° 7 8 
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4. <A person bought a picture at a certain price and paid the same price 
for the frame; if the frame had cost £1 less and the picture 15s. more, 


the price of the frame would have been only half that of the picture. Find 
the cost of the picture. 


1861. 


1. Divide 282+ +13x?y?— ay 4 15y* by du7 +duy+3y?. 

. Reduce ,—-— 1 
2 educe | - a+ “yt ee) Cn Ja®(a2 +) to the form Pet 
3. Multiply e—e*y2+y by F-y!, 

4. Solve the following equations: 
eas /—2 
(jijes =. (2) 4:4+3=8:-93 
3 5 
(3) V(.+9=l4iv: ; (4) 1 +3y=10) 


sc+2y=9 )° 
1862. 


e * . + ouw Fed 2 
1. Reduce to its simplest form ee + 4 tye 
L 





—y aty v—y* 


J 1 I 
2. Square w*—b?+4+c', and divide 1 by (a+6)? giving three terms of 
the quotient. 


3. Prove thatifa:b::c:d,thena—b:a cm—d:c, 


4. Solve the following equations :— 





b 
(1) 2etll=7e—-14; (2) V(v4 9 =H14 VV; (3) = ae 


5. What fraction is that which if 1 be added to the numerator becomes 
1, and if 1 be added to the denominator becomes } ° 


1863. 


1. Prove that ee : 
y uty “?y—y* 

L 2 1 1 

2. Divide u®—1° by au. Multiply w'y+y?! by a'—y?. 
3. Solve the following equations :— 


22 »—2 


(1) oe = 2a—7; (2) V(3:)—4 0 V (82 +4) ; 
to = 





=9. 





(3) Qa— 4 ; 4, 3y + 
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4. A post is a fourth ef its length in the mud, a third of its length ia 
the water and 10 feet above the water ; what is its length - 


1864. 


1. Add together «-—(#—y+:)(e+y—:), y-—(y—at -)\(yta— ) and 
c2@—(2:—at+y)(-+0—-y). 
3. Multiply e+y+-—V(2y)—V(y-)—-V(2-) by Vat+-Vy4+V 3 and 
divide 2° +atat++a°> by 2? ~un+a"*. 
1 ud I 1—6 


] 
implify t i : 9 —9r ; 
3 Simplify the expression 2° 5-1} ~~ 2 9410 ots: z-—9o+14 


4. Solve a equations :—~ 
(«) a _#2—9 3:1 —2(,—2) 


3 Rage =44; (b) 50+ lly =146, Lle+5y=110 





1865. 


1. Divide the continued product of l+at+y, l+u—y, 1—a+ y and 
a+y—1 by 1+2ry—a?—y?; and resolve 4(uz—ay)? —(u2 —wr my? tet)’ 
into four factors. 


2. Find the Greatest Common Measure of 2:*—11:27—9 and 4: +11)! 


+81; and reduce Fe ae to its lowest terms. 


3. Simplify as much as a any one of one following -— 


(1) e=ne=9" y— == Zen 
1 





9) ee ee 
Or eet ers aE etn ue Cro 
rey yy 2b ne a2 +ary 
) eee eae + 
8) Conc—y + GF0-90* GED 
; ad 2a o+2d dab 
4. Find the value of - ait fan when c= ak 


5. Solve any two of the following equations :— 


g—a t—b. ree e—(atbte) , 
(1) “oe uae sae abe 


2 26-)-HO-DCD-* 


(—]  e—2 ec-5 «w— 6. 
(3) =o tems =o—-6 co] ° 


(4) (4+ » )a(S- » jc! 
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1866-A. 


iL. lf a=1, b=2, c=—}, d=0, find the value of 


a—b+e _ad—be a: a? 
w—bee bd—ac (> e 


2. Divide 6a'—17a%b—Jab?—ob? by 2a—5b, and a’ —17 > by w—y 





\ 
= oF ] 
and hid the continued product of az—1, a7 + 7 and az+1, 
ae 


3. Findthe GC.M of 2'+6:7+1124+6 and 2°492274+2724+27 anu 
the L.C.M. of zy, z—y and yF—aty. 
4. siuplify the following .— 
(lI): a+oy etsy ae) : 
A(z2ty)(ar2y) (vety)(at dy) AC F2v(at3n)- 
(2) a? 48a +2 atl 24+ 5a+4 
“2 2 42a FL a2 +7a4+10 





kvtract the cnbe root of aS &Gl19 + 2]e' 44). 4-O32-45b0 +27 


5. 
G6. Solve the equations :— 
Py w 
fa aD 
g—3 2 _6 a—-@ 2. 
a ane a ae 
(2) tC 2t7 (3) Pacem Oy ce oe 
b—a ab qtr pa 


y. 1 istwice as oldas Band ++ years older than (. The sum of tie 
uges of .4, Band C is 96 years. Find b’s age. 


1866-B. 
1. Find the product of the four factors :— 
LEY, OF Yoms, CI Y, 27 Ym. 


1 


Multiply : f! * bys +y3 by “e legyse 
Divide : (e+ y-+2) (cy +22 +yz)—ay: by ety 
2, Kednce to its simplest form — 
a°—(y—2)? , y? —(2—2)? | 22@—(emy)” 
(a+z)?—y? (w+y)?—28” rzt— 
Find the Greatest Common Measure of 2¢5 —110°—9 and 4:74 117' 


-++8L 
21 
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1\? 1\2 
3. FEatract the square root of (-+5) - if. = ) +12 and shew 
that (c—y)'+(y— i+ Go m8 —a)y= WC - 9). 


4. Solve the equations -— 
§—38e 90 38 3-5: 2) 5 ‘O2c+°07 _ r+2 


ee ob ee ——- 5 
y FT 08 9 


4 3 2 3 





= 9"5, 





~~ 


1867 


t i +] 
ter wep md a 
Common Measure of 20 +9:744 —Ll5 and 4:'°+8:-+3¢4 20, 


sie Nats roy? = ‘ = 
2 Simplify - ( — =") - (= — ") or shew that 
17 —Y 1 +Yy- r—oo6rby 


bon 0 =) (fa ty meee at )( VC" +2), 
ec b a ¢ boa ef) aio bo ou 


3. Prove either of the identities (ay—h ) +(e—az)? + (b —cy)? 
=H(r>+yr?+ *)(at?+b2+067)—(acthyte )-. 
168(s—a)(s—b)(<—c) = 2a7b* + Qu20- 4+2b c~-—at—bt—c* where 2s 
=atb+c. 
4. Solve cither of the equations 
(1) (6+ 2) DV +5)0 —3) +f =O 
(2) J uta _vuth 7 VETO —( 
2 (4 u—b)(Y oc) (Vi—a)(VYe—c) (Wi—a)(Vec—b) 


1 Reduce toits lowest terms and find the (ieatest 





5. Solvefthe simultaneous equations — 


U+Soy—42 25 
(J) oe So} ey ee i. 
1 1 2 —10.+8y+2=6 


G. Eatract the square root of o® +8: '—2.'+16c22—8c¢+1 or at+b* 
+c* +dt—2(a* +c-)(6? +d )+2a%c-+42b-a’, 


1868. 


1. Given a=V2, b=V3, c=v4 and d=0 find the value of 
VW {(a*+b*+0c7) (b% +c )(b +a*)} , and extract the square root of 
a2 +b" $02 +d- —Za(b—c+d)—2b(c—d) — 2d. . 

; a+b +t) a—b a) 
2 Simphfy ; (ie aT C= Pere and shew that 


1 (-t5=") ee a 
TK abe Jt RCt~<“Ct=C=‘CSCS 
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3. Solve the equations :— 
4e+3 29-7: 82+19 Set 4 
(1) 7 "j2-te 18? 2) Fars, 
4. Find the Greatest Common Measure of : '+427—5 and a3—39+2, 
und the Least Common Multiple of 2°—52'+a?+42—4 and 2t-+2?—6n?2 
—42+8., 
5. Solve the simultaneous equations 
sot Sy=12—) byt hem gs Hh, bet) =10. 


mdf / (2-45). 











6. There is a number, the sum of whose digits is 5, and if 10 times the 
digit inthe place of tens be added to # times the digit in the place of 
units, the number will be inverted What is the number ? 


1869. 


1. Divide v'+y'+3ry—l by + +y—1, and cxstract the square root of 
e'—3v3 +) 1a + 20+ Je 

2. Resolve all the following expressions into factors, and thence tind 
the Highest Common Measure of of +2:-+1, .§+:!—s?—1, and ct—1; 
and the Lowest Common VWultiple of 6.--~:1—1, 3 *++7:+2, and 2.2 
+-3r—2. 


+d ouma 


3. Simplify: (a) see ef -_—_—— : 





Pd 
tomc(l Ltt bal 


C—a + 





(b) ar + a “ee er (0) dS —Dir-—. 
atom? (a +e de it tied : Ari —Di~—3i4)° 


4. Solve the equations :— 


h b « 
(a) n(e—2) — 3 (ved) = (2 —3)—2,; (h) : ae “mM, - +7 =e 
2 


5. A labourer is engaged for 30 days, on condition that he receives 
2s, 6d. for each day he works, and loses 1s. for each day he isidle; he 
receives £2-7-0 in all. Wow many days does he work, and how many days 


is he idle ” 
1870. 
1. Find the product of 3¢420 and 3/+2: —3b,’and test the result’ by 
making a=1, b=c=3. 
Divide w8 + v8y2feuty! vtye ty? by vt—ulyt yt— vy’ +y* 


a , 03 ab 
A ae 
and yeas 
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2. Prove that 











iia j + ee ; and show that 
— 
1+ |. T-—— 1+-—-— 
el ada Qe 
a 
the notation 6 is of ambiguous meaning. 
r 
Simplify the expressions :— 
I+: 4 qi Sz T~: 


a ath, “en b, f- Qu ; Asse 1 eee [poe " “4 3 . 
ee : Sah, ee ieee 
se " 1 ; id at cae Puy e 
tu 4 4 _| 


Laie Seas aia 


3. Solve the equations :— 


t—e t —-) » — { . — 4 i — 
(1) “ : 3 i i (2) “ 4 ul al iz 
o 4 3 ( ua aa 
1 iy 1 4 ° 
3 —~ +° = r = 


4. tind the Least Common Multiple of— 

od bonrytou ty? ands —rtnboytma . 
5. Extract the square root of 

fet Bae bdat et +1652 0° + lL6abe 1} 16h, 


Red eS eo ee ts | tt 
duc o its lowest terms. 
e C= " ns ee oe ens 

6. - {Bisa railway 220 miles Jong; and three trains (/’. Q, ht) trave 
upor it at rates of 25,20 and 80 miles per hour respectively: # and & 
leave Jat 7 am. and S16 a.m. respectively, and FR leaves Bat 10-80 a.m 


When and where will P be equidistant from Q and Rk 7. 


1871. 


1. Multiply «?— dutu—3y by 2a%— jy", and find the square root of 


2 See ae 
“> le 
102° + 19.22 — 4) 


2. Reduce Se 19006 tu the lowest terms, and find the Least 


Ccommon Multiple of 2(0—2)*, 20% —8, c8 +2u, Qa°—4a, 
3. Simplify - 
bo a? 2a* 


é a : 
EE ah ue ee 
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(11) G-—)(+s oh) tite (14245) : 


I+ 
wb 
4. Solve the equations :—- 
Sn ae ee '(2y—3)36! 
Oe.-3 w—-5 2r—5’ Gi) gy —i(32—1)=7 


5. f and 2 compared their monthly incomes and found that 4’s income 
was tothatof Bas 7 to 9,and that the third of A’s income was Rs. 30 
zreater than the difference of their incomes. Find what each received. 


1872. 


1. Divide 2'—10z7 +9 hy 27 —2°—3, and find the G.C.M.of 382-17: 
r19x+11 and G2 —25x27 +17£—22. 


2. Simplify — 





) oe 
(i) = ere i v> > 5 
el A Toe OE SL | ae 
Lm t+ 
(ii) 1 ] L 


x(n—y)(@—=) ga B(y—-) 2G )GHy) 


3. Solve the equations: 





LS r—y yl ) 
fz~—t] l—2z 3 4 
(oy Vas :) +6 
Or 3 eae ) me cre ee 
7 


4. Rs. 1,100 are so divided among .!, Band (, that if A were to give B 
Rs. 200, B would then have twice as much as A, and three times as much 
a3 (. How many rupees did 4, B and C each receive o riginally - 


§. foa:b-se:d, ynove that a:b -ate:b+d; also shew thar 
a--ee heb? ‘(ute)?: (b+ d)*. 


1873. 


1. Reduce to their simplest forms :— 


Oe ee Gi) (iy iat 
2 SLz* (a2 + ey ty?)(@t—y?)’ 
ee P 
Gite es 


See AP taki 
Zout yy) 2r—1) °7+]1 
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2. Find the G.C.M. of «'—9a2u%+10a3e and as*—att2—4a%s and 
the L.C.M, of 8ae2 —S8u7 0, fat, at tae, VA (Ba0), Zee Va, 


3. Solve the equations :— 


oa 





“y —] ew: Fan, —* 
(« ) 2 aes “ct = 5 » ev, Ay — J oS eis 3 a 
e 1 | 5 


aie¢ oe i dq+tete 

. Lf = =-, then cach of these r = ———_—., 

4 ap ren each of these ratios rere ey, 

atb—e_ ie aa (ta 'D 
aah bte C4 


=(0, shew that ami=r. 


Assuming that ,and that o+b-+e is vot 


§. Two persons started at the same time from u1. One rode on horse- 
back at the rate of 74 miles an hour and arrived at B30 minutes later than 
the other, who travelled the same distance hy train at the rate of 80 miles 
an hour. Find the distance between 4 and J. 


1874. 
1. Simplify :— 


F m+ g? a go svu a a a+ oi an + ji- 

Ly ee eS (i) = : 

) , 6m 6» ) atid Yh For (ab) 
“ bb’ ; 1 


0 ae 
(;- peau Pay! +i Teel 


2. Find the Least Connon Multiple of 144: -4:7—16"' and 142: 
—8)° —160'. 


; 163 
Extract the square root of 9)! ~—2r3y+ 7 rPeyt —2Qeys | OY*, 
4 a lo— : ‘ 2; + 5 17 — rt 7) 
3. Solve the equation 7c s 
° 2) 3 


The expression ac—3b is ey to 38O0when « is 3, and to 42 when 
is 7; what is its value when « is 4°3; and for what value of ¢ is it zero ¥ 


4. Shew that ifalb::e:d,Q)ateb.a—b::c#+d :cm—d; 


l 
(ii) A(a + b)(c + nara } a +e)" : 


5. A certain number consists of two digits; the left-hand digit is 
double the right-hand digit, and if the digits be inverted ; the ratio of the 
number thus formed to 60is 4:5. Find the numbere 
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1875. 


mn y 


1. Subtract 8a— 3b 4 fc from 2a+4 b— jc; multiply ie +] al by 
y? 7 a y & 
and find the (.0.M. of Ge! +2 —Ga?—5r—2 and 2.'432°4+2.7—7ae—6. 
: . T4+r¢+7- L[—:+7" 7 l—z =") 1 
aie Rat. cup eee Se —f-"°-+ eat a and 
2. Simplify rs: or Gi ‘ ae i aa 


en et a oT, 4 1 1 
shew that 1! peau oF = + a Pand a—b +4 ¢ is nol = Q, then a ie 
Cc (f , 4 ) 


J 


c 


+ 


3. Soive the equations - 





—) Ta—38 3 ss gs ‘ 

(i) = ee oe (ii) NATE | =) /5r—2; 
e) () d 

es : 3y—~ 2 

(itt) ie — (5-4) I ee . e 

4. If ; _ = prove that each of the fractious is equal to 

-  hatle + me a ace ) 
1 ? 1 ~”_— é 
( ) Ab-+dd ant (ii) CG 


5. How many bundles of hay at Rs. 5 per thousand must a ghas wala 
mix with 5,600 bundles at Rs 6 per thousind in order that he may gain 
20 per cent. by selling the whole at LT annas per hundred - 


1876. 
1. Simplify the following expressions -—- 
(1) 8e—-La+b—2 faptbte—(u--baemd)) ta. 
(2) (wm y) EC ty) PRO) ty t380 tyrone): 


oo to ab 
(3) a—b atb : td—b  abkh ae 
; h bh cath ab @t+h- 


a—b at¢b enh ael 
2. Find the Greatest Common Measure of 21 '4+380-+20e—2 and 


du '— Qe +2e—1. Multiply ve—e+t by 2 us 


¢ 


; . i? 
Find the square root of 4£—4e4+26 fet be + 7 


Jas ALGEBRA. 


3. Solve the equations :— 


2v—13 «1 





] hod Slee . {9 ety 3c—5y « yo 
ee Re OP gg ee ae 
fl ms ae 
4. If; a7? shew that 
matnh _b%e 
(1) metnd dea’ (2) a? tot pe® v2 4d? eft sce sdf, 


5. A can do a piece of work in 9 days, B in twice that time, (ean ouly 
do ;asmuchas Ain a day; how long would A, B, and C, working 
together, require to do the same picce of work ? 


1877. 


r+2Z ra 2 Jy? a f 
T+ eta? Jeet? ere pt ; 
wi btebte—a, eta ch ath—e: and divide ot + vt —2402—35. 457 ly 


2 Dr8, 


1. Simplify ; multiply together 


2. Solve the equations :— 
2r—3  Be- +15 
Ose ia 
(2) 2(r4+2)e14- V7 (4:°4+904+14); 
(3) 3: +4y—11=0, 5y—6:+8=0, 7-~8e—18=0. 
3. Find the (treatest Common Measure of ¢! +03 —11e?--9r4-18 and 
ttm JO 43507 — 500 + 24. 
4. Find the first four terms of the square root of a? +s", and from the 
result deduce the square root of 101 correct to six places of decimals. 
& Ifa:b=e-d, prove that a? +e? 2b? 4d" s:ae: bd. 
6. Aand B together can do a piece of work in 15 days. 4 can do it 


alone in 24 days; how long would B take to do it alone ? 


7. Two passengers have together 5 cwt. of luggage, and are charged 
for the excess above the weight allowed 5s. 2d. and 98, 10d. respectively ; 
but if the luggage had all belonged to one of them, he would have been 
charged 19s. 2d. How much luggage is each passenger allowed to carry 
free of charge, and how much luggage had each passenger ? 


1878. 


1. Divide «(1+y*) (1+ -*) + y(L +22) (L4+e?) + c(L +e?) (lt y*)+ ‘rye 
by I-ey tyztee. 
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“2. Kxtract the square root of- 
(at +b? +e? )\(a? + y? +22) —(b.— cy)? — (ec remaz)? —(ay—be)?. 
3. it —! y 


btema ¢ctea—-b a+b—e 


+ (amlr)-, 


, find the value of (b=c)et+(e—a)y 


4. Solve the equations :— 
(uv) fd? + 202417— 1622 + 112 + 10=2(2 +2) 3 
yy eB 1B) Bra 19, 


if) 108.18 


1 pea moe 


5S. Simplify the expression (tg — sr)? : : 


r a’ 
eae, 
2 


Eee 


\ 





1879. 


Ll. Multiply e?4—a'i +a?" by a’ +2", and find the Greatest Common 
Measure of a? + 79+) and c? 421 + |!,- 


7 “ “ u—~] u—] 
2. Dividew? —y? by 2.2 +y?  ; and 
Simplify! 4 “T"- a 


t— (r—n)(r—:) 
8. Solve the equations :-— 


(a) vm he Shit a) a 


: meee # Mt =2 

a a =" ‘ ! 

(h) 24 ,tbs : («) eed 
gs eas Fae ad! 
ec y 20° 


3 2 ; 
ieee! +b? _actbd 


es ee 
4. If-= , prove ——— = 
bh a atm 2 geebd 


{ 
‘Two armies number 11,000 and 7,000 men respectively ; before they 
tight, each is reinforeod by 1,000 men: in favour of which army is the in- 
crease 7 
5. From two towns 561 miles apart two men start, onc from each, at 
the same time - one goes 24 and the other 27 miles a day: in how many 
days will they meet ? 
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1880. 
; ‘ Fe aoe, \ a 2ar d. 
Si -+ ———_ 
1. Simplify {e+ Woolt. abeey § 
2. Find the Highest Common Factor and Teast Common Multiple of 
Be? —10ae + Ta*® and 3 —Sae2 t+ Tuta—Ba", 
3. Solve the equations : 





i—_ a7 — 
(a) 15-470 +7)=19: (b) dim’ 2 =u + gE Oy 
e) 
G+ Qr—y 2 ous 4r— 
; ea wae =3 eat ate <i Od, 
(vr) = ZI y = + G 18—o 


4. Ifa-be:c:d, shew that 
t J 
anudbne: mbpud. (a’ fet)*: (be +d*)?*. 
5. Estract the square root of 
8 eek BA t 4 —' rt 1 «4 s 
Cem 2a DBD bet Da 
6. A boat goes up-stream 30 miles and down-stream 44 miles in 10 
hours: it also goes up-stream 40 miles and down-stream 355 miles in 13 
hours. Find the rate of the stream and of the boat. 


1881. 


1. What do you mean by a negative quantity ~ 
Prove that a—(l—c)=a—h +e. 
1 _ er I 
abu Ley emrnve —a) b(b—a)(Ce —h) 
mentars factors the expressions :— 
1° —5a:—G66a? and (l—c?)(L+a)? —(l—«*? )(1+e)?. 


2. Simplify ~ and resolve into ele- 


3. A man receives ths of Rs. 10 and afterwards “ths of Rs. 10) He 
df 


then gives away Rs. 20. Shew that he cannot lose by the transaction. 
4. What is an eyuction* Prove that a simple equation has only ont 
root. 
§. Solve the equations :- - 
(1) V/s" +1le+20—/. 245/—-1=3; 
4058 38 KG : 
(2 )= “Oo ‘S— 2Qu mae 24m ihr > (3) ax-+-by=c, a wpb y=C ba 
6. A challenged B to ride a bicycle race of 1,040 yards. He first gave 
B120 yards’ start, but lost by 5 seconds: he then gave 8B 5 scconds’ star 
and won by 120 feet. How long docs ench take to ride the distance 
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1882. 


1. Divide a"—a" by 2—a, and find ithe continued product of 1a, 
Gita bur, we ta. 


2. Resolve into factors 27 +1304 42, 1-+4— 13, 3432°4512y . 

3. Kind the Highest Common Factor of | —7a?—SOr4+570 and 
3:7—Lldr—s0, and the Lowest Common Multiple of these two expressions 
and 3x- + 172—90. 

4. Ifarbi:e:d::e:f, shew that cach of these ratios is equal to 
Ree i ee ; 

5. Solve the equations :—(i) (62 +9) + (s2—-7)2=(10e4+3)2—71, 


; we, 89a — "975 156 BD — "7 
(1) *65e+— -_= —- - : 











6 v “4 
wey PZ —y— 2 
(iy SSP Set ee 
KA }t ray 4 
+7 yoo , url) 
: 10 7 


6. he distance from aplace I’? to another place Q is 3) miles: two 
persons .f and B start together from P to go to Q, the former by carriage 
which travels at the rate of 6G miles an hour, the latter walking at the rate 
of 8 miles an hour If .f remains at @ for 15 minutes and then returns 
hy the carriage to P, find where he will meet B. 


1883. 
1. Divide 


(a—b)te +(a—b) —(e —a' hit (ecea)h by (a—bye Hee he, 





2 Find the Greatest Common Measure of — 
(61 - — Sy? my (3d. —4y7) and 2ey(Qy— i) + 4c —2y . 








2 l et au 
. Simplify : ee es ee 
o: Jun Qbhr dee utero a te 
: c7— yr tu a—bl att 
4. Find the value ot, ue »when «= —andy—— .- 
yrmut ty url a—h 
Solve the equations: —(@) 74 yi=a?, cyal?® 
p22} Bt 227 — F 1-5} ro] ' ] 
(db) ne er - “ere ae _ “.. 3 («) Sth ae aMne hea 
a. rp) S 3 vo OS O05 OU05 


(d) dye —2=0, 8.— byw $15, 2047257. 


G. Reverse the digits of o number and it will become five-si\ths of 
what it was before ; also the difference between the two digits is onee- 
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2. Divide— 

(aot by)? + (au—by) -—(ay—be)5 + (ay+ be) by (a$b)202- -Bab(ct—y?) , 

3. Hxtract the square root of (1) (ab-+-ac+bc)?—4ube(a+c) ; 

(2) 1! $2(y-+2)e? + (By? + 2yz+322)c2 +2(y2 + 22+ ys2 4) 
ty! +2y?2? +5, 
4. Solve the following equations :— 
1 Ta—1 8 vod : ‘ 
] ee & Eas 
(1) 3 6-36 3 v—2’ (2) 15 25 ST) 
(3) (¢+7)(y—3)4+7=(y+3)(c—1) +5, 5e—1ly+35=0. 

5. The dimensions of a rectangular court are such that if the length 
were increased by 3 yards, and the breadth diminished by thesame, its 
area would be diminished by 18 square yards, and if its length were 
increased by 3 yards, and its breadth increased by the same, its area 
would be increased by 60 square yards; find its dimensions, 


6. Find the G.C.M. ofew 
47° —8a c+ — 200° c+ 240% and 6°3 +2 $0? +64? o— 36a". 
: ae (a+c)* _a(a—c)? 
7. If-= j, prove that (b+d)* b(b=d)* 
1889. 


; 26—5 ‘s ; 
1. Solve the equation : e—(3- 10 = )(2e0—57)— 3. 














+ 2 2 
2. Find the square rootof as t4e + = +S —2e! 


dl Y oe ~ . 

= 2 (b—c) (b+e—2a) (c—a) (+u—2b) (a—b)(arb—2) wagene 
value of vty+z. 

4. Reduce to its lowest terms ee . 

5. Aman rides one-third of the distance from A to B at the rate of 
.a miles per hour and tho remainder at the rate of 2b miles per hour, 
If he had travelled at a uniform rate of 3c miles per hour he could have 
ridden from Ato 8 und bick again in the same ‘time. : 


Prove that 7 = J +) 
Cc “a h 


6. Simphfy the expression — 
(16¢: = 236459)? (Let) {16(t ot)? —20(1 22) $59", 
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1. Multiply a ° +3abe? +4 at by a 3a? 0! +408, and find the Greatest 
‘Common Measure of #°+e'+1 and 1" -2e+4e? —1, 


] 


4, 
2. Extract the square ruot of 9:2 24r+19——+ 


3. Solve the equations -—(i) '(;+1)4+3() 1)—]|(8e—7)=2 ; 
2 
(ii) 1} 24. J 1 1 1 1 1_1 


fa d2aee tise ep Qa ay Bae ay Oo 

4. Of the candidates in 2» certain examination 45 per cent. passed. 
If there had been 80 more candidates of whom 19 failed, the number of 
successful candidates would have heen 4!°S per cent. Tlow many candi- 
dates were there ? 


5. If a:b::e:d, shew that (i) a—b-at+b::ce—d:c+d, and (ii) 
?d—be? =ar(b—d), 


1891. 


d. Divide c+ 600’ +600? +a45a% 07+ Fas? by sta’, 
2. Solve the following equations :— 


3 i tt“ r : 
(a) as ee =e Pee 


2 5 10° 
“a—b)(o—a) (c—d)(e—c) (ab)(e—b) (c—d)(e—ady 
3. A tradesman sells two articles together for 46 rupees, making 10 
ser cent. profit on one and 20 per cent. onthe other, If he had sold each 


article at 15 pcr cent. profit, the result would have been the samee At 
what price does he sell each articlo ? 


4. Prove the rule for finding the Greatest Common Measure of two 
snumbers, a and 6, 


Find the G,C.M. of 20a*—8a°h +b' and 64a! —3ab3 +544, 


wssone, CXCh Of these ratios will be 
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ee qc? + re" o..... ) 7, 
porta" +f" Fee S 


Tf ap-b:b+c=ct+d: d+a, prove that a=c or a-b+ce+4ds0. 


1892. 
1. Find the value of :— 
4y se—4y 1 : Dn 
(y—)—35[ — {8-301 —4y) } [when ‘=—) and Ym 

















S 5 ‘Jo 
. 4a? —12ab—6bc + 4ac + 9d? +¢- 
e fk th ty t are = 
2 ind the square ‘root of date? Bae 
3. Solve the equations :=« 
l 4A+e, wv] 23— r+a t+3a 
Faas 7—8§ + — =j—— by b — TS . 
(a) =¢ )+ 4 < ‘ h wy) (tho rtath 


4. ‘The express Icaves Bristol 1 3 p.m. and reaches London at 6 P.M.: 
the ordinary train leaves London at 1-30 P.m., and arrives at Bristol at 
if both trains travel uniformly. tind the time when they will meet 


eyz(i+tyt 2) 


—_ eee 


5. lf): y=y: 2, find the simplest value of: Cytabey | 
1898. 


Find the H.C.F.uof: 3:°—5+1- +o —2 and 2) '— 21°48 2a +. 


Gi PLM, 


a: 
2. 


3. Solve the equations :—- 


(J) 120° —4[50—2 {60+ (a —&)} }. 
— (Seattn 4. | t— j to 5 (Po ) | « 


Katract the square root of : $°°—127>+ 13°! —2273 + 25.27 —8: +16 


e+tb  e-—b 6 4 9 1 - 
2 ee Sl =; 3) -4+-=3; -~—-=2%, 
( ) a—b a+b ( ) hk y 2 - y $ 


4. Uivide the number 834 into 2 parts such that 30 per cent. of one 
part exceeds 40 per cent. of the other part by 6. 
Ifa: bec: d, prove that me—nb:a+b=me—nd:c+d. 
What number must be added to each of the numbers 3, 5.7, 10 to 
give four numbers in proportion ? ~ 


§. 
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1859. 


1. Tf a=2, b=3, c=4; find the value of — 
u-bte  b-ct+a c—a+b 
atb—c bt+tce—a eta—b 
2 Add together 52y—3a-+7, 6ry+4b2x—3, 4uz—2ay+0e and 
—~19+a:—zy. 











8. Prove that a~-(cmd)=a—c+t+d. 
45 J 3 2 
4. Multiply a? +2026 +403b* +8ab+ 16a) *4+320* by a 


5. Divide 2-1—y-1 by 2 3—y 3 
G6. Are you acquainted with any rule which will enable you to know 
that («? —327 +3z—1) is divisible by (c—1) without a remainder? If 80, 
state the rule gencrally. 
¥. Find the value of (a+c—b)? +(a+6—c)*+(b+ce—a)' 4+ 24abr. 
y @ y 


2 
. $—— +—- =~ = : 
8. Shew tha Gey ase ea ee 


! 
—2h°. 


9. Solve tho following cquations :— 
(i) Jo+4a=s. Gi) POR Hoo, 
(iii) 4(@2—1) + 3 (0? —22 +1)=6(2—1) + 3e—3. 

10. A man, whose age is 40, hasagson who is 9 years old, When will 
the father be twice as old as! is son? 

21. Suppose in solving a problem as the last, you were to obtain 
g=—(quantity), how would vou explain the result? {Illustrate your 
answer by stating problem 10 in a different manner. 

12. A farmer sells to one person 9 horses and 7 cows for Re, 3,000 
and to another 6 horses and 13 cows ait the same prices and for the same 
sums; what was the price of each ? 


22 
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1. State what is meant by‘a term of an expression. Distinguish 
between like and unlike quantities. 


Pe ee 2a + b(2? —a) 
If a=4, b=3, c=2, find the value of Bb— V7 (ac?) * 


2. Multiply 2?°—te0+3% by }4+2 and a®—2c" by a—c". 


8. Divide a*—81 by a—3 and -)' / a> by 4 n/ o 
4 
4. Extract the square root of jz° +245 = + 40° +4 += 


State and prove the rule which you employ. 
5. Prove the rule for finding the Greatest Common Measure of two or 


more quantities. 

G6. Find the G.C.M. of 6a°+7ax—3z? and 6a? +1llaw+ 3z? ;'and deduce 
therefrom that of 720° «+ 84a°«? —36ae> and 24a°%a + 44ax2 +1225. 

¥. Reduce the following fractions to their simplest forms :— 


7a—-10_30—7_ 272-30, g2?—4 











5 6 30° “2arl 
3 3 1 lu 
se ee ee 
Ri-a)* + 8—s) 'Si+e) ita) 4 


an soll l 1 
“v— rs ae ne as i 
8. Solve the equations :— 
1352—'225 _-36_092—"18 7u—4_ 7x—26 
6 ~D 9 ‘e-L «23° 
9. A boat’s crew rowed 3} miles down ariver and up again in 100 
minutes. Had the stream been half as strong again, they would have 
taken 313 minutes longer. Find the rate of the stream. 


1861. 


1. Remove the brackets from the expression :— 
a—[5b— {a—(3e—3b) +2e—(a—2b—e)} ] and collect the result 
into its simplest form, 





*15¢+ 





2. Write down the rule for the multiplication of algebraical exprese 
sions and multiply 2° +a5—az(e* +a") by 23 +a3 —aw(e+a). 
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3. Define the G.C.M. of two or more quantities, and write down 
‘learly the algebraical method by which it is found. 
Find the G.C.M. of — 
(*—par—p?a*—p a—2p* and 3a*—7pa* +3p2a—2p*, 











met —m mr , 
4. Simplify — T » ae 
uo ™ 
5. Solve the following equations :—(1) tet? ace PG. 
1 1,1,1 


2) baat Pee GEL Se CG) eh 


6. The distance between two termini 4A and B, is 100 miles. A train 
starting from A runs up-hill during the first 30 miles, the next 50 are on a 
level, and the remaining 20 up-hill. The train travels 5 miles an hour 
faster on the level than when ascending the hill, There are stoppages at 
C, D, FE, and F, at distances of 20, 42}, 674 and 90 miles respectively from 
A, each of which occupies 3 minutes. Find the time of the arrival at C, 
D, E, and F of the train which starts from A at 8 o’clock and arrives at B 


at 42 minutes past 12. 
1862. 


1. (a) Define the power of a number, and the indez of the power; and 
iustrate the distinction between them by any numerical examples 


(b) Give the origin of the expressions :— 
The syuare and cube of anumber. If these names are not perfectly 
correct, substitute ones which are ; and give your reasons. 


(c) Find the value of «°. 
2. Define a Simple quantity and a Compound quantity. Is 42abic? a 
«imple or @ compound quantity? Give the names of the different kinds of 
compound quantities, illustrated by algebraical examples. 


3. Multiply 22?—4c+2 by 2x+2. Divide (1) 2* +623 =—5 ies ge? +3. 


ad (3) 1- ae eee 


(2) ee a—b" roe ae 3° 

4. The epitaph of Diophantus states that he passed the sixth part of 
his life in childhood, and the twelfth part of it in the state of youth, and 
that after an interval of five years more than the seventh part of his life, 
he hada son who died when he had attained to half the age of his father 
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and that the father survived the son four years.. How long did Diophan- 
tus live P 


5. To the sum of and if annex—2 and multiply the rusult by +y, 
putting the product in its simplest form. 

6. Find two numbers, the greater of which shall be tothe less as 
their sum is to 42, and as their difference to 6. 


at—S8a*> +a—6 


7. Reduce (3+6a? +10a+8 


to its lowest terms. 


8. Resolve into elementary factors :- 

(1) 25a°0?—4y°*. (2) vty. (3) %=—y. 

9. Find (a) theinstaut of time between 3 and 4 o’clock at which the 
hour-hand and the minute-hand are exactly in the same direction and 
(b) that at which they are exactly opposite each other. 

10. Solve the following simultaneous equatious :— 

Ag By + 623, 80+ 7y—3:=2, 7°+-8y+-9_-=1. 
1863. 


1. Explain the following :—Lthe quantities, and ecpression of 1 dumnen- 
sions, a co-efficient, a root of any quantity. 


Tf a=4 and «=2, find the numerical value of — 


2acs BY (az) _ 292- 


(a—x)? arV(2at+4r) 64a’ 
2. State the rule for the addition of algebraical yuantities. 





a TW ed ae ee ee 
Add together Aas ea ee aibbytert tet, 
are am bia? + a*be—abtitba’—atb+ab*—b° by ac? + br2 + abetar+b?. 


4. Investigate a rule for finding the L.C.M, of two algebraical 
expressions. Find the L.C.M.of a?—1, a*—1 and a*+6a+4, 
5. Define afraction. Reduce to their'simplest forms— 
oe) (2+ *), e+ V(e°—1)  2—/A(e*—~1) 
o—VJV(a2—1) 2+ V7 (2-1) 


G. Shew that the sum of any fraction and its reciprocal is always 
greater than 2, 
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mm 
7. ‘Interpret the meaning of the equation 2 =a" in the cage of .2 
a 
and 7 being equal. 
32 % 8 23 + 
Extract the square root of «3 — 2023 +2a%¢! —2b%c2+b>+c%. 


8. Solve the following equations :— 
or] w= 38—«z 


(0) 6— S-*fe 


3 4° 

(e) V(e+I)—vV(e—-1)_ 
(e+1)4+V(c—1) ~~ 
9. A vessel can be filled by means of one tap in 3 hours and by means 


of a second tap in 5 hours, in what time will it be filled if both taps run 
together P 


5, 4 3.7 


Ke 


10. Aship left Bombay on a voyage of 3 weeks, with provisions for 
that time at the rate of a seer a day for each man. At the end of a week 
a storm arose which washed 4 men overboard and so damaged the vessel 
that its speed was reduced by half, and each man could be allowed only } 
of seer per diem. What was the original number of the crew ° 


WEN 1864.‘ 


1. Jn what respect are the sciences of arithmetic and algebra identi- 
cal, and in what respect do they differ ? 


Explain the following :—Simple quantities, Similar quantittes, Irrational 
puantities. 


2. If c=1, be 2, c=3, d=4, tind the numerical value of the expression, 
ab_be ,we oth , ai, da 
be cd da da dc ab 

8. From (w+b)e+(atc)y take (a—b)c—(b—c)y. 


4. What is the value of vx0? Multiply «*+a°b+a*b* +ab5+b* by 
(a—b). . 


§. Find the G.C.M. of ai'—a* and a3 —a?¢@~—ase? +23, 


G Prove that the value of a fraction is not altered by multiplying its 
numerator and denominator by the same quantity. 


Reduce to their simplest forms :— 








 \t=—b amc, b—c .. & (a?—b*)e  a(a?—b?)z? 
(i) ab ac te" i) b b? b?(b? + aa) ° 


7. Ifict : =, prove that 2+ 5 =ps—3p. 
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VJ (@+2)_. ' : 
8. Solve (1) eee (2) a = (1, att =o. 


9. Kind a number such that whether divided into two equal parts, or 
into three equal parts, the product of the parts shall be the sanic. 


10. A labourer is engaged for 10 days, on condition that he shal! 
receive 8 annas for every day’s work done and that he shall pay 1 anna for 
every day on which he is absent from work—at the end of the 10 days he 
receives 8 annas; on how many days was he absent ” 


1865. 


1. Define the terms Homogeneous expressions, Similar quantities. 
Remove the brackets from the expression— 
u—[2b+ {8c¢—8a—(a+b)} +20—(b—8c) |. 
2 If «=2, y=3,a=6, b6=5, find the values of — 
(i) {Ho(e+y)2} +7 {(eta)(o—2c)} +7 fa(b—y)*}. 
(ii) e+ 2a— {ytb—[v—a—(y—2b)]} . 


3. State the rule for the multiplication of two algebraical quantities. 
Multiply together (a* ~3a+ 2)? and u*+6a+1, 


4. Assuming the rufe for finding the G.C.M. of two algebraicai 
quantities, prove that for finding the G.C.M. of three such: quantities. 
Find by inspection the G.C.M. of :— : 


(1—1)*(c#—2)(«#—3) and (#—1)3(v—4)(#—5). 
5. Simplify the expression— 
1 1 


1 
Wa-bya—c)  b(b—c) (b—a)* c(e—a) (eb) 
ae pe er ie 7 
And multiply aera 1 by cata 1, 
G6. Extract to three terms the square root of 1+%. 
oe 2. a 3. $ Ps an * L 5 3 
Divide’a = ~a?2b+ ab? —2a*b? +b* by «7 —ab? +a*b—b?. 
aV(ate)  _ ee 
Shew that VGnava V (av-+ oe ). 


a pare 4 
8. Solve (i) as (ii) V(w-4+48)-+ Ve=12. 


(iii) W(at2)= 727 (a9 +8a0+b%). 
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9. Acistern can be filled by two pipes, 4 and B,in 12 hours, and by 
the pipe A alone in 20 hours; required the time in which it would be 
filled by B alone. 


10. A privateer sailing at the rate of 10 milesan hour discovers a 
ship 18 miles off running from her at tho rate of 8 miles an hour, how 
many miles can the ship run before being overtaken ? 


1866. 
1. If a=16, b=10, v=5, y=], find the numerical value of— 
(a—y) {V(2bz) +27} +V {(a—a)(h+y)} . 


2. Ifthe multiplicand and the multiplier of any expression be both 
homogencous, what will be the character of the product ? 


8. Divide 6a! —a%b +2u2b? + 18ab'+4b' by 2a? —3ab + 467. 
4. Prove that— 

{(a—b)? +(b—c)?+(e—a)?} 7=2 {(a—b)'+(b—c)*+(c—a)*} . 
5. Find the G.C.M. of 40! +99 "+ 2a:—2e—4 and 3x? + 50? —#+2. 


6. What is a complex fraction ? How do you simplify it ? 











Simplify —- 
Oe 
1+3— —2 
7. ‘Extract the square roots of— 
(i) 40+—4x°> +5a°—2e41, (ii) habe " 40-245, 
1 as 
8. Shew that a=], « * and (u®) =a", 
22— ‘- _ 40—5 3.c— by 20 +4 o—2y 2 
ee = _ ,8— Pee 
9. Solve (i) 5 ey" (ii) 9 +3 5 4 “3's 


10. A pound of tea and three pounds of sugar cost six shillings, but 
if sugar were to rise 50 per cent., and tea lO per cent., they would cost 
seven shillings. Find the price of tea and sugar. 


11. A railway train after travelling for one hour meets with an acci- 
dent, which delays it one hour, after which it proceeds at 3ths of its former 
rate, and arrives at the terminus three hours behind time ; had the accident 
happened 50 miles further on, the train could have arrived 1 hour 
20 minutes sooner. Required the length of the line. 
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1867. 


2. If a3, b=—2, cwl, find the values of— 


a®+b2?+¢e? g?*—b%—~c4 


(3) atb+c a—b—c 
(ii) a(a—b)(a—c) { V(2a2 +3b +4c)— V (a+b)V(atc)} - 
2. Multiply ee —_ oy! 4 ty— y? by a? ae y. 


3. Extract the square root of 2° —2ety? +2043 + 2?y* —2Qey5 +y°. 





4. Shew that — “ty —V(@ +2?y—sy*? —y°), 

iia Wary) v-e—9). 

: 38 _ Al - 1 

. Red Penns 
5 educe (i) wot 7 ar pau eee (ii) = —. 
14+°+38 
2—¢ 
6. Divide o2~4~? x 2? by # a 3) representing the result in its 


simplest form. 


I] 1 Be 
7. Add together a ae and —" 5° 
8. Solve i) V/(e+12)+V2=6. (ili) 22—3__ 20+6 
5a—2  5a+37, 
2 a 4 3 9 
(iif) - + = 7 = aA 


9. Find the exact time after 3 o’clock that the hour and minute hands 
are Ist exactly in the same direction, and, 2ndly at right angles to each 
other. 


10. A merchant has a certain number of Back Bay and Mazagon 
Shares. The market rate for the two Shares was Rs. 2,000, but Mazagon 
Shares rose 10 per cent. and Back Bay fell 20 per cent. The value of the 
‘two shares became in consequence 12} per cent. lessthan before. Find the 
‘original market value of each share. 


11. Two boats start at the same time from Bassein and Tanna, the 
‘distance between which is 18 miles. At a distance of one mile from Tanna 
the Callian creek falls into the Tanna creek, causing a current at the rate 
of 2} miles an hour towards Tanna, and two miles an hour towards Bassein. 
“The boat from Tanna is rowed at the rate of 3$ miles per hour, and the 
Bassein boat at 3 miles per hour. Where will they meet? 
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1868. 


1. Substitute y+3 for ¢ in «*~wv* +2c*—3 and arrange the result. 
2. Kind the Greatest Common Measure of «’—y* and 2?—y?. 


3. Find the least Common Multiple of 2?— 4a?, 23 +2009 + 4a?e2+8a3 
and ¢° —2an? + 4a2r7—~8a’*, : 


4. If the denominators have sume factors in common, how do you pro- 
-ceed in reducing fractions to a common denominator ? 


5 9 24. 
Reduce t ME? ok 1\7 ISD BG 
educe the roomine 2(c+1) 10(e—1) 5(2z+3) 


5. Simplify the following :— 


ut — b+ a—b 
Ota) (rags On oa 
a+b ery =) a+b tac a +ab 


G6. Solve the following :— 


: 20— ‘i ° 
(i) = sete. (ii) (a+s)(b+2)—a(b tc) = 42°. 


7. '‘l'wo shepherds vuwning fiock of sheep agree to divide its value, 
A takes 72 sheep, and B takes 92 sheep and pays A Rs. 350. Required 
the value of a sheep. 


8. Solve the following :— 


(i) ac+by=c ; mem ny =d, (ii) ‘+a ; = += z. 

9. Aand B start together from Poona to go to Kirkee. A would 
reach Kirkee half an hour before B, but missing his way goes a mile and 
back again needlessly, during which he walks at twice his former rate, 
and reaches Kirkce 6 minutes before B. C starts 20 minutes after A and B, 
and walking at the rate of 2} miles per hour arrives at Kirkee ten minutes 
after B. Find the rates of walking of A and B and the distance from 
Poona to Kirkee. 


20. Extract the square roots of— 
(1) 40+ ~—12ac? + 25a? 2? —~ 24050 + 1lba‘. 


(2) 4a—120%b $4903 + 16atet—24b4e4 +1604, 
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11. What isasurd quantity? Can a quadratic surd be made up of 
two others which have not the same irrational part ? 


Extract the square root of 44+2/3. 


1869. 


1. Define a term and an expression, 
What is meant by the dimension or the degree of a term ° 


Write down two trinonial homogeneous expressions, one of six 
dimensions, and the other of seven dimensions. 


2. Reduce to its simplest form— 
{2e°—(y°—ay)} — ty>—(4e*—y*)} + {2y°—(Bay—a*)} . 
83. Divide a° —2a*b-+2a°b* —407b° —8ab* +16b* by a®—2b~. 
4. Resolve a? ~4b* —c*+9d? + 2(3ad—2bc) into factors. 
5. Find the G.C.M. of 4a%r+6ate?—18a%e! and 1205.*—84atr’ 
+ 2805 .0+ —6a*0%, 


a+b a—b_ 2a? \a=b 


G. Find the value of : a 


7. Extract the square root of «°~—4e°y+4aty? —2e3y? +4027 yi +y*. 
—- t-—3 _ Sr—-3B 046 
8. Solve Gi) = a G eae se 
Gi) 75-2 eee T6—w | 801421 23 
3(¢+1) 5(8« +2) utl 
9. The charge for the first class tickets of admission toan exhibition 
was Rs. 4 each and the charge for second class tickets was Rs, 2-8-0 
The whole number of tickets sold was 259, and the total amount received 
for them was Rs. 731-8-02 How many first class tickets were sold, and 
how many second class tickets ? 
Ge—2y 2e—2Qy 5e—6y 
ae rT nr 


5. 


10. Given 


values of « and y. 





+ 15 =2r"—-22, find the 


11. A and B (one of whom could do the work alone in a less number 
of days than the other) agree to reap a field for Rs. 20. If they had work- 
ed together every day, the field would have been reaped in 15 days ; but at 
the end of 7 days, A left off working for four days; and it consequently 
took 163 days to reap the field. In how many days could A alone, and in 
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how many days could B alone, have reaped the field ; and what part of the- 
Rs. 20 ought each to receive for the work he actually did ? 


1870. 


1. Find the value of — 
ab*c+(a?d —b*)c— bd? 


(bc? —ad?y when ¢=2, b=3, c=4, d=5. 





2. Define a power of a sees and the andew of the power. 


Interpret a-™ and = . 


qu 


fm—~— 1 du Cr— 7m 


3. Multiply « —b by av—b”™, 


4. Find the L.C.M. of— 
238! + 203 y— 1892 y- + 22ey* —S8y' and 8c! — 3. 'y—9u02 yy? + 15ry* —G6y*. 


2 Ha 9 ba 4 , 
§. Reduce (< + Pe nk )-E- ). 
Yt w yw 


G. If s=k(atb+ec), prove that s(s—a)(s—b)+s(s—b)(s—c) +5(s—c) 
x (s—a) =(s—a)(s—b)(s—c)+ abe. 


5s 1 2 3 Li. 1 4 
7. Extract the square root of 2+6x°y° + 9e'y!— 4074? —120'y® + 4y. 


set 40240 _o9_ 371-6" 





8. Solve (a) qa 
(a) me 7-22? _11—5zx 4, e385 
8) ST 14-1) 6° 
(Y) 102 — UES a7 4 SU , 16472? = = 263-2". 





9. A garrison of 1,500 men was victualled for 36 days; but after 16 
days it was reinforced, and the provisions were then exhausted in 12 days. 
Required the number of mon in the reinforcement. 


10. A person left Poona in the Sattara mail buggy at 2 p.m. and hav- 
ing proceeded a certain distance he went out of the buggy and. returned to 
Poona on foot, walking at the rate of 3 miles an hour, and he reached 
Poona at 8 p.m. Had he gone 6 miles further in the buggy he would not 
have got back to Poona till 10 hours 40 minutes p.m. How far did he go 
towards Sattara and what was the speed of the buggy? 
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9. 


ALGEBRA. 


1871. 
Required the product of 2/ (a) and £/ (a?), 


: mremat | er +ae 
Find the value of ————_——_—- +- ———__ . 
a> —~2aa+a>  a—a 


Find the value of— 


be tes Gene 
fa3(a—«@) 4a3(a+e) 2a2(a? +27) 


Find the G.C.M,. of 6r} +1322 +6 and 827 +67—~92?. 
Extract the square root of «*—2a! +30? —3a + 4h. 


Reduce to its lowest terms the following fraction : 


B+ Jas + 72 L5e 
r}—2Qe* —13.c+110° 


6.413 de. ar+5 Be 


Solve the equation =qRC>  heaes 5° 

Solve the equations— 

(a) wt2e+y+2= —3 (8) 2u+o+2y+2=3. 
(Y) w+ 2e+12y42=21, (x) w+ o+6y+2=10. 


A farmer parting with his stock sells to one person 9 horses and 
7 cows for Rs. 3,000 and to another at the same prices 6 horses and 


13 cows for the same sum. What was the price of each. 


10. A garrison had sufficient provisions for 830 months, but at the end 
of 4 months the number of troops was doubled, and 3 months after, it was 
reinforced with 400 men more, on which account the provisions lasted only 
15 months altogether. Required the number of men in the garrison before 


the augmentation took place. 


i. 


1872. 


Explain the meaning of the words evpression, term, fuctor, co» 
efficient, power, index. Write down an expression of two terms, each of two 
factors ; another of two factors, each of three terms, each of four factors ; 
another of four factors, each of three terms, each of two factors. 

State and prove the rule of signs in multiplication and division. 
Divide the product of y?—12y +16 and y?—12y—16 by y?—16. 


4. Divide (0? —yz)§ +8y%z3 by 2? + yz 
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B. Resolve 71°—y'° into 5 factors. 
G6. State and prove the rule for finding the G.C.M. of two algebraical 
quantities. Find the G.C.M. of 2z5—11«? —9 and 42° +112* +81. 


¥. Dividea?+1+—-by t—14aana @-—44+ 8% by 7 ~38Y, 
a* a 2y* v7 
8. Solve the equations :— 
(1) set _d2—2 bam 4 Te +6 (2) 73 a—-1 »—-2_c—5_ «2-6 
4 sb 12 z—2 2—3 7—6 e—7 
(3) (@+3)(@—3) =(w@+3)(e—5) +", . 
(4) (0-2) (e+ 2)= (@—38) (a+ 5)4 
9. Divide Rs. 15,200 among Krishna, Gopal and Govind, so that Gopal 
shall have Rs. 1,000 more than Krishna, and Govind Rs. 2,700 more than 
Gopal. 














10. A certain sum is to be divided among Rama, Lakshman and 
Hanuman; Rama isto have Rs. 300 less than half, Lakshman is to have 
Rs. 100 less than the third part and Hanuman Rs. 80 more than a quarter. 
How much will each receive ? 


11. Gopal and Govind agree to divide their flock; Gopal takes 72 
sheep; Govind takes 92 sheep, and pays Gopal Rs. 300. Required the 
value of a sheep. 


12. One-tenth of arod is coloured red; one-twentieth orange ; one. 


thirtieth yellow ; one-fortieth green ; one-fiftieth blue; one-sixtieth indigos 
and the remainder, which is 302 inches long, violet. Find the length of 


the rod. 
1873. 
1. Explain the terms—inde., co-efficient, like and unlike quantities. 
2, Ifasv/2; bev3; c=v4; d=0; find the value of 
J {(ar+b2 +08)(0* +e°)(6° +4*)} 
3. Divide qaint1 —gitl_qr+q"-) by a"—!. 
at+l)jy? ,.. a aa 1 

Sat © Gap sar taal 

5. Find the G.C. M. of 074207 +20+1 and (23>—27—1 and the L.C.Af, 
of 6(«? + ay) ; 8(oy—y*) and 10(2? —y*). , 

6. Extract the square root of 4a* + 120°y+ 13e°y? +6y>+y*. 

. Solve: (i) 4(a@+1)+ i(2+3)=4(e+4) +16. 


(ii) *t) 43y=33; ute y2o= 27, 


: —1)° 
4. Simplify—-(i) os x 
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8. The sum of two numbers is 100 and the greater is to the less as 
7: 3; what are the numbers ? 

9. There is a number consisting of two digits whose sum is 10, and if 
72 be subtracted from it, the digits will be inverted. What is the number ? 


1874. 


2. Explain the terms—binomial, Jexponent, rational and irrational 





guantitres. 
2. Find the values of the following :-— 
tt yt atb _. (a—y)? 3a+2 om 
peat Gey ab i na aia ora faa 


8. Find the G.C.M. of 120°a! +120a*x?—132a%o, and 3%a2~247x7q 
+39n%a*— 152°" ; and the L.C.M. of 7(a—a), 14(2?—«*), and 21(e? —a’), 

4. Find the square root of #° —42° +1004 — 202° +2502 —249 + 16, and 
the cube root of 825 + 60027 +150cy? +125y3, 


§. Solve the equation :— 


raat 8y— 131 8a —- 4y = 22. 

G. B has 5 miles start of A, but only travels at the rate of 3 miles per 
hour while A travels at the rate of 44 miles per hour. Where will 4 over- 
take B, and how long will he take to do it ? 

7. A mixture is made up of a gallons at m rupees per gallon, db gallons 
at » rupees and c gallons at p rupees per gallon ; what will be the value of 
the mixture ? 

8. Solve the equations :— 

2 3 433, 1,1_ 1__ 87. 5 2,3. _ 191 

cy 8 io’s y 2 ny =z 60 
9. The sum of the three digits of which a number consists is 9; the 
irst digit is one-eighth of the number consisting of the last two; and the 
‘ast digit is likewise one-cighth of the number consisting of the first two, 


Find the number. 
1875. 

1. Describe in words the operations indicated by the expression :— 
(a3 +b )c? } ? 
(a?—b?)5 

2. Multiply at +a%b + atb + bo by at —b?, 

3 
Divide ot — 2n8 + at by at 208 + ay, 
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3a3>—3a2h + ab*?®—b P 
8. Find the G.C.M. of - 7-5 —----—- and reduce the fraction 








co its lowest terms. Find the L.C.M. of a? +23 and a?~»?°, 


a l—u a l—a«a 
a wey + Me ry at eg —-—___» 
4. Divide Paes by aa 


5. Extract the square root of a? —2ac+ c*-+-2a—22+1. 
6. Solve the equations: ~(i) (8e—1)* +(40—2)? =(50—8)*, 
3a—1 V/( sce 
(i) Ga—1) 1+ - 
(iii) apy —s=33 ot+s—yH5;s yts—ee7,. 
7. A person has a number of rupees which he tries to arrange in the 
form of asquare. On the first attempt he has 116 over. When he 


increases the side of the square by three rupees he wants 25 to complete 
the syuare. How many rupees has he ? 


1876. 
V1 (3—2062)—2 
o(1+32)— 05’ 
(ii) 1—[1— {1-—(1—1—1)} }. 
What is the use of brackets? What is the rule for removing 
brackets which are preceded by a minus sign ? 


1. Find the value of (i) when e= —}, 


2. Simplify the expressions :— 


(i) 9a2b? =| 8a(a—y) . 4(c—a) , Gana) } 


16(z+y)° U(\ 7(c#d) “Sab? ie —y 


& I CV Ge) I O-V OF 


a ry + = 
83. What is meant by a co-efficient? Find the co-efficient of x in the 
quotient obfained by dividing 8x‘ +«cy?—y* by «— 5. 
4. Sapinats into their simplest factors :— 
(i) «?—wy—6y?. (ii) 2° —4ey? —x*y + 4y5. 
Find the highest common divisor of— 


L+ot+ wo? and Qu + Que? +322 +303, 
5. lf ry=ablat+b) and 2? —ay+y%=a> +53, 
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Shew that G -') G -") =a(). 
a b/sSNb a 


6. State and prove the rule for finding the L.C.M.of two or more 
algebraical expressions. 
Find by inspection the L.C.M. of 22°—8; 3¢3—92+6 and 62°+18 
+12, 


7. Eatract the square root of 4a‘ —12% + 25-2 —240-5+4162-58 andthe 
cube root of 8x° — 12x + 62? —372* + 3625 —Q9a* + 5403 — 279% — 27. 


8. Distinguish between an equatiunand an identity, and give an ex- 
ample of each. What value of c makes (#—2)*—(«—1)(*—3)=c an iden- 
tity P Can any value of c make it an equation ? 


9. If the telegraph posts by the side of a railway be 60 yards apart, 
shew that twice the number passed by a train in a minute gives roughly 
the number of miles per hour at which the train is moving. If 11 poste 
be passed in a minute, in what time would the distance t:aversed, estima- 
ted by this rule, be 1 mile in error ? 


10. A boy receives a fixed sum as pocket-moncy at the beginning ot 
every week, and in each week he spends half of all that he had at its 
beginning. He had no money beforo the first pocket money was given 
him and at the end of the third week he has 1s. 2d. What was his weekly 


allowance ? 


1877. 


1. Remove the brackets from the expression :— 
{m—n—3e — 2y} — {20+5y—n+m} 
and enclose the last three terms of the expression a—lb+c—2d—l ina 
bracket with a negative sign. 


2. Find the quotient which arises fron: dividing the third power of 
10a? by the square root of one million times a’ ?. 
3. Extract the square rvot of ct—6.c7 y+ 180%y? — 12cy? + 4y*e 


4. Find the G.C.M. of 21¢?~260° +8 and 6*?—«—2 and the L.C.M. 
of c2—1; 22+22—3 and o* —7r? +62. 


&. Reduce (i) a+ (7=) x; +(QQ-«; eae =) (ii) re LHO=D 
G. Solve (i) («—a)(«—b)=ab—c?. 
(ii) : . +4)¢-v7 ag +9)=~V (30425). 


(ii) * ~>= =the igs ay =35(y—z). 





7. From a certain sum of money I tookaway one-third part and put in 
its stead Rs. 50; from’ the sum thus increased I took away one-fourth part 
and put in its stead Be. 70. I then found I had Re. 120; what was the 
original sum ? 
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8. Acccriain number consists of two digits whose sum is 8 ; another 


number is obtained by reversing the digits. If the product of these two is 
1855 ; find the number. 


1879-80 
1. Reduce to the simplest form 
a* +2d?—(2e? —b*)— {(d?—e2 —c*)+(d%?—e7)} . 
2. Find the square root of P ote _ oe ¥)+i. 
3. Find the G.C.M, of 24% — «sy —G6y? and 801 —S.y 4+ 4y?. 


“) 
4. Add together Geese) © and s(n + 2) and find the value of 


the result when c=}. 


§. Find the values of + and y from the equations — 


tt c 
——— =U, 


ENS pa eee 


6. A and B invest equa) sums in speculation; .1 gains Rs. 1,000 and B 
loses so much that his money is now 3 of .{’s money. If each gave the 
other ‘ of his prescnt sum, B’s loss would be diminished by one half. 
What did each adventure ? 


1880-81. 
1. Find tho continued product of the following quantities: 
atb+e; —atbtce; a-bt+c; atb—c;a+ b/(—1) ; a—bV/(—1). 


1 1 
2. From the sum of the squares of eae and ad subtract the square 
2b 


of gq? be 

3. Find the G.C.M. of the quantities forming the numerator and deno- 

: o* —15e° + 282—12 . : 

minator of the fraction aaa er Fare Ya and reduce the fraction to its 
lowest terms. 

4. Find the values of 2, yand = in the following set of simultaneous 
equations :— 

etytz=6; 8e—yt27=7: 40+-3y—2 =7. 
23 
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5. Determine the tume, between ten and twelve o’clock, at which the 
hour and minute hands of a common clock are exactly together. 


G. Ore student said to another: “If you give me half your money I 
shall have a hundred rupees.” The other replied : “I shall have hundred 
rupees if you give me a third of your money.” How much had each ° 


1881-82. 
Divide a?x* + (2ac—b?)x' +c? by avt+c—bz23. 
Resolve 4a?b2 — (a? +62 —c*)? into four factors. 
‘ 4 ae ae 
- Find the square root of ya 4a an oa 
4. Find the G.C.M. and L.C.M. of at—e* and a? = a?a@—az* +2", 


Oo pH 





&. A train carrying three classes of passengers, at 6 as., 4 as. and 3 as., 
has eight times as many third class passengers as there are of the second 
class, and seven times as many second class passengers as there are of the 
first class. The whole sum received is Rs. 290-6-0. How many ftiret 
class tickets were issued ? 


; : 2Zo—-9 2 wo-—3 ., 
G6. Solve the following equations :—(1) “we ig a 
; "182¢—"05_, . +6 ,0 @ _ 
(2) 1:°22— “| = 4e+8 9. (8) gee as yaa 


1882-83. 
1\?2 1 
1d) il (2+; m3, prove that a5 + m0. 
(2) If e+y=2z, shew that sort y=? 


2. Resolve into their simplest factors the following expressions; 
602 +5°—6; 3c2—10c—8; 9a *—82072y* —Dy*. 


8. Find the G.C.M of ct—380+20, 5c2*—30c3 +64. 
4. Extract the cube root of :— 


03 +8 1992 SS 4 544 OS _ 112, 
fhe x, © 
§. Solve the equation :— ; 
e 6 _ a—c b+c 


ea eto wt+a~c e+b+c 
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G6. A father’s age is four times that of his eldest son and five times 
that of his younger son; when the elder son has lived to three times his 
present age, the father’s age will exceed twice that of his younger son by 
three years. Find their present ages. 

7. A cottage costs Rs. 1,500 to build. At what rent must it be let to 
pay five per cent. clear after allowing ten per cent. of the receipts for 


repairs ? 
1883-84. 
1. Shew that— 


uk ae oi +b? 
2+ ) and (at $b7)* Sipe («- - stn) are identical 


expressions, such that the one can be deduced from the other. 
2. Divide «? + 8y° —27.5 + 180y: by «—3z+2y and resolve into factors 
of the first degree a?(6+c) + 02(c+a)+c?(a+b) + 2abc. 


3. Accriminal having escaped from prison, travelled 10 hours before 
his escupe was known. He was pursued so as to be gained upon 3 miles 
an hour. After his pursuers had travelled 3 hours, they met an express 
going at the same rate as themselves, who met the criminal 2 hours 
24 minutes before. In what time after the commencement of the pursuit 
will they overtake him ? 


4. Divide the number 127, into four such parts, that the first increas- 


ed by 18, the second diminished by 5, the third multiplied by 6, and the 
fourth divided by 2%, shall all be equal. 








5. Solve the equation 17—3e ; —3e —“t? x5 — Gr 4 doris aaa. 14° 
@+2a , +26 
And tind the value of =o soy cop when a= 


1884-85. 
1. Divide (473 —8a*c)? + (4y*—3a*y)*—a® by 7? +y?—a*. 
QS. If (a+b) (+c) (c+d) (dt+a)=(atb+c+d) (bcd+cda+dab+abc), 
then prove that ac=bd. 
2(a—b) (a—e)+2(b—c)(b—a) +2(c—b)(c—a) is the sum of three 
squares, and resolve 10c? —23.c—65 into the simplest factors. 


4. Find the Greatest Common Measure of 70‘~10ax* +3a?2? —4a5x 
+4at and 82+ —13ac* + 50% 2? —3a°7+3a*. 


5. Accertain number consisting of two digits becomes 110 when the 
number obtained by reversing the digits is added toit; also the first 
number exceeds unity by five times the excess of the second number over 
unity. What is the number ? 


6. A person walks from A to B, a distance of 74 miles, in 2 hours 
174 minutes and returns in 2 hours 20 minutes, his rates of walking up- 
hill, down-hil) und on a level road being 3, 34 and 3} miles per hour 
respectively. Find the length of the level road between A and B. 
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1. Find the continued product of — 
v2 —Qy? 3 r2?—Qryt Qy* ; a27+2y?; and »? + 2ey+2y?. 


2. Explain the terms factor, multiple and common measure 
Resolve into factors, and thence find the L.C.M. of 
a? +6ab+5b2 ; a®—atb—ab? +53; and u? 4-50b—6b?. 


3. Simplify the following fractional exprossions :— 
(++ +e): ‘(0 ie =i) ea V/(a'—4a> + 12a" —16a+ 16) 
ot d. 


2 — I) BS (a? + 2409 + 19207 +512) 
4. Solve the equatiors- - 
Qe 1—tn_ 2c+7 1-2 ay MY 
Oa age ie gh? OD Op ae est: 


5. 1 bought a horse and a carriage for £90; I sold the horse ut a gain 
of 12 per cent. and the carriage at a lossof 4per cent., and gained on the 
whole 6 per cent. Find the prime cost of the carriage. 

6. A man walks one-third of the distance from A to B at the rate of « 
miles per hour and the renainder at the rate of 2b miles per hour, and 
travelling back from B to A at therate of 3¢ miles per hour takes the same 
11 

= 


time Prove that i+ b 


1886-87. 
1. (i) Simplify 24 {2—-}(@-1)} {2—-3(e—2)} {e—i(v—1')} = and 
(4? + 70+ 12)(e? —u—6) 


subtract the result from Pa 


(ii) Reduce to its sai ee form. - 
a> 
Gaye)” Pn rs +a y 
2. Resolve into factors 4 (ad—br)? —(a2 +d? —b2 —)2, 


ae en oe 
If w+ = =p, express £°+ 33 in terms of p. 


" 3. Find the G«'.M, and L.C.M. of 
65 ent mm 4 + Qe? + 60-9; ae ees and wt + 20> —52? ~67+4+9, 


we? ] 
4. Extract the squarc root of: 16 6 + eee 3 yr g and the cube root 
of 82° —36z° + 662! — 63." +332? —92+1. 
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§. Solve the equations— 
2 
(Gi) V {W—a)?+4+2ab+b2} se-a4d. (ii) 2 — nabs tyne 


6. <A man walks from the University towards ieee a at ie rate 
of 3 miles an hour, runs part of the way back at the rate of 84 miles an 
hour, and then walks the remainder in 1 hour 5 minutes. He was out 
2 hours 44 minutes: find how far he had gone. 


1887-88. 
L. Wfetb=c+d, prove that cither of them is equal to 


abed 1,1,1,17 ' 1 1 
eee shite ; and if er =] and y+ _=1, prove that, 


c+ val and wy~+1=0. 


3. Simplify— 
(i) (b+c)(@? +a?) (c+ala? +b?) | (a+b)? +07) 
(c—a)(a—b)  (a—b)(b—c)  (b—c)(e—a) 


a Gt EFS) - GCC). 


3. Shew that (ace+by+c.)'+(ce—by+az)* is divisible by (a+c) 
x (c+); and find the three factors of 13 — 2.6? —28 c+ 60. 

4. Extract the square root of— 

(a—b)? {(a—b)?—2(a2 +b2)} 4+2(a*++5*), 

—8 _v-5 e-7_«—4 
-10 «—7 “a—9 o—6 

G6. A number consists of three digits, the right hand one being zeru. 
lf the left hand and the middle digits be interchanged, the number is 
diminished by 180; if the left hand digit be halved, and the middle and 
right hand digits be interchanged, the number is diminished by 336; find 
the number. 


5. Solve the equation 


1888-89. 
1. Find the factors of the following expressions :— 
(i) 2y?2% + 222%a' + 2ety2— rt —y! — 24 
(ii) c§ — (p27 +2)c2y2? +y*. 


—2bz+b2 = 1—b? 
2. Given the relation 1—52 1+2by4b2? 
2b 
Prove that 2>—% <a; aa i452 +b? 


8. Divide l+a+a?+a* +a*-+a5+a7 +a°%+a°+a!5 by L—ai +a, 
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4. Simplify the fraction :— 
(y—2)(yt:)§ +(-—2)( +03 +(e—y)(wty)* 


(yt=)(y=2)?+ (2+ a)(—0)> + (2+ y)(1 9) 
5. Solve the equation : — 
ded a+b _2(a? +b?) ath a-b 
x y az—b2 > Y 
6. A number consists of three digits whose sum is 10. The middle digit 
is equal to the sum of the other two; and the number will be increased by 
99 if its digits be reversed. Kind the number. 


=2Z. 


7. If 19 Ibs. of gold weigh 18 Ibs. in water, and 10 Ibs. of silver weigh 


9 Ibs.in water; find the quantity of gold and silver in a massof gold and 
silver weighing 106 Ibs. in air and 99 Ibs. in water. 


1889-90. 
1. Find the divisor when (f:*+5y?)* is the dividend, 8(: +2y)? the 
quotient, and y2(9:'+11y)? the remainder. 
2. Find the value of the expression (y+ 2) + “ae 4 iy terms of « wher 
2 
y —2 


a 
1= —- andy -——- 
y+! 2 


83. Simplify: - 


™m Hu 
(!N@-5 
q T 
™ u 
Gace) 
p p 
4. Ifa+b=1, prove that (a? —b?)* =a’ +b'—ab. 
5. Solve the following equations -—- 
: a+a a 2a+ 
(i) Sr es area AT my Bir rane ey are 
ar-art ec? at—atteaz? e(at+atnt +t) 
(ii) 2Zz+3  40+5 " 3+ 3 
e+1” 40+4° 30+1 
6. Show that if a number of two digits is four times tlic sum of its digits, 
the number formed by interchanging the digits is seven times their sum. 


9. <A certain resolution was carried in a debating society by a majority 
which was cqual to one-third of the number of votes given on the losing 
side; but if with the same number of votes, 10 more votes had been given 
tothe losing side, the resolution would only have been carried by # 
majority of one. Find the number of votes given on cach side. 


1890-91. 











1. Find the value of— 
e3 —Sabsa—2b* — £2~4ub 
cs Sa en + net 
ec? — ab B= Qe 
2. (a) If mma’, n=a", and a? =(mn*)*, shew that vyz=1. 





- whon a=4-+b. 
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(b) Simplify -— 
9y? —(45—22)? _16.2—(2ea—B3y)? , 402 +(38y—4:-)- 
ol As SRE ERE arc ee edb ek _ ek 
(2e+3y)2?*—1622 (8y+4-)?~402 (42+ 2.0)? ~Yy- 


2 2 
3 Extract the square root of = or 3 Se 
a- oa oe 


4. Kind the L.C.M. of :— 
cee Bu? + Be2—1; ct—e2—et+l]: and cc! =—2454+20—], 
5. Solve: — 


1 1 
(i) ab ee be— ba ac—a = 
2 3 ‘ 5 
(ii) pars Nai Be ge eee 8 ae 
gy % “oy “oy 


6 ‘I'wo vessels contain mistures of wine and water; in one there is 
twice as much wine a) water, and in the other, three times as much water 
as wine, Find how much must be drawn off from each, to fill a third ves- 
sel, which holds 15 gallons, in order that its contents may be half wine 
and half water 


1891-92. 
1 Simplify by using factors : 
(i) o? — Toy +12y? 0? — Say tay? 
w* + day + 6y* o? + ry —2y" 
(w? — ay ty")? +(e? try +y?)” 
2(2* +4?) 
2. («) Ifat?—b2?=b2—c? =c*?—a", shew that 
ab—c? . be—a® . ca—h? 


a—~—b Bi b—c c—a 


(ii) 


Q, 








(b) Simplify :— 


: *; )?( -)” 
2 — = p= - 
(2 q? qf 

ps 
p- p 


3. Find the G.C.M. and the L.C.M. of :— 
13 — 20? ~19.2+20 3 wv? +2r° — 23 r= GC; ys + rir —4n* — 520-44. 


4. Solve =I, 





6 
sete! 
6 
as 7—@ 
5. What value of a will make the product of 3—8a and 3a+4 equal to 


the product of 6a+11 and 3—4a? 


7 — 
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G. The gross income of a certain man was £40 more in the second of 
two particular years than in the first, but in vonsequence of the income 
tax rising from 4d. in the pound to 6d. in the pound in the second year, 
his net income after paying the tax was unaltered. Find his income in 
each year. 


7. The sum of the ages of 21 man and his wife is six times the sum of 
the ages of their children. Two years ago the sum of their ages was ten 
times the sum of the ages of the children and six years hence the sum of 
their ages will be three times the sum of the ages of thechildren Now 
many children have they ? 


1892-93. 


2. Define an ‘ algebraical expression’ and the ‘ degree of an expregsion.” 
What is a homogeneous expression ? 


Find the numerical value of (ryz+¢+y+t .)?~—(cy+y24+2¢+1)-when 
oa2; ye3; and s=4., 


2. Find the G.C.M. of 2:'—.7—:=—3 and »'—2?— 10? —3ea—2; and 
the L.C.M. of 602 —4; 427—36; 3:27 —7:—6 and 3:7 4+7.—6. 


3. Simplify — 


(:) oe + 16a*b* (a—b)? ie 
a%b? —2atb* +a2b 


XL 
(n) 2+) — es ar 
i¢ i 
v+Z 
4. Nolve 
(i) a2)" 5 +A 20. 
3.6 9 : 
Gi TEP ea oe 2 
oY ry 


wy tal_a-2 @-5_ 0-6 
OU), ee 5 ea og gy 





&. Find the fraction which becomes equal to a balf when the nume- 
rator is increased by one, and equal to a third when the denominator is 
mcreased by onc. 


G. In amile race between a bicycle and a tricycle, their rates were 
proportional to 5 and 4. The tricycle had a minute’s start, but was beaten 
by 176 yards. Find the rates of each. 
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1857. 


1 Find the value of a*+b°>+c?—38abe, when am}, b=4, ¢=—5, 
2. Divide «? + ry+y? by r+ v oy by. 
2-3 _¢+1_ 2-1 
Sol sta . 
3. ve (1) | Lo Se 
(2) — 1) = 22, y(c+<)=40, -(a+y) 42. 
4. A train running from A to B meets with an accident 50 miles from 
A, after which it moves with jths of its original velocity and arrives at, 
B3 hours late. Had the accident happened 50 miles further on, it would 


have been only two hours late. Find the distance from A to Band the 
“original velocity of the train. 
1858. 


1. Find the numerical value of { «—(b—c) } 27+ { b~(c~a)} 2+ 
{c—(a—b)} +, when a=], bee3, ¢=5. 

2. Expand and simplify the quantities in the preceding question. 

3 Find the square of 14+2¢—«*—} +" 

4. Solve tytn. = vt =1+%. 


A number of tes digits when divided by their sum gives the 
quotient 4; but if the digits be inverted, and the number thus formed be 
increased by 12 and then diviced by their sum the quotient is 8. Find the 
number. 


6. Explain what is meant by aw: b: :c: d and trom the principles 
here involved deduce the common Rule of ‘Three. 


1859. 


“2 1 
1. Prove that—ax—b=+ab; and thata sacl 
a 
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2 
3 
3. Resolve the following Algebraic quantities into their elementary 
factors : c8—a%; ec? —914+ 14. 
4. Solve (i) 6e—a:4e—b::324+0: 24a. 
(ii) fmmymesd:; 38y—¢1— 2216; 72 -y— e= 22. 
5 <Acandoa piece of work in 12 days; when he has becn at work 


4 days, B is sent to help him and they finish it together in 3 days. In how 
many days could B do the whole ” 


1860. 


2. Divide 1—S by — -= to 5 terms. 


1. Simplify the following :— 
i (2—a)(y—b)e/zye 2° (een) (2—y) (2? +9") 


Yoyi/a+b(a—y)? J stmy! 
x /a? +2ab+b*. 
2 Divide ¢443e3y—a%(y—G6y2)—38:y?+(1bz—l)yet+sy* by 624 3e0y 


+y?. 

~6 Jj 

8. Provethat«z care 
£ 


4. Ifa:b::c:d, shew that if c be homogeneous with a, b,c, andd, 
3 
ay+i3; b3c%:: 1+", : a. 
a 


§. In the following equation show that the value of ¢ is independent 
of a :— 


tra, a+b (a +6)? 
a+b a—b a*t—b*" 
6. Find ¢ and y from the following equation .— 


J/tt/y=2 and cty=3- 

7. Two years after the flood, when Shem had lived a sixth of his life, 
he begat Arphaxed ; who, when he was 35 years old, begat falah. When 
Salah had lived a twentieth of Shem’s life, he begat Eber, who after 
34 years begat Peleg. Peleg begat Reu at the same age as Salah begat Eber. 
Reu was two years older when he begat Serug. Serug begat Nabor at the 
same age a8 Peleg begat Reu. At a year younger Nabor begat Terah, 
who, when he had lived ,,thsof the years of Shem’s life, begat Abram. 
Abram was born 292 years after the flood and lived 175 years. By how 
many years did Abram survive Shem or Shem, Abram ? 


1861. 
1. Multiply 2* + 72°y—802y* —13ey* +5y* by 62*y—3y?z. 
2. Whatisthe numerical value of a xi" + ee 
if e= 6, y=3, ves ? 
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= sete / Hens) Pm Ll eV) 


Separate into its factors at +2a°2#—2Qar*— <x". 





“ 1 s_1 ‘ 1 doe, ] : 
5. Find the cube root of at i b+ ge an? ; 
4a+ 6b, Ga—4b 4a°+6b7 , 4b?—Ga? , 206+ 
6. Add together area ie a2—be Sipe fara 


What will be the value of the sum (1) if a=b, (2)a=—4, (3) a= 
b(2+ 5), (4) a=2, b=0" 
7. Atthelast Matriculation Examination, a fourth part of the candi- 


dates and sia more passed in the secoud division, 1 thirteenth part in the 


first, and three more than half failed. Now many candidates were 
examined ” 


8. A man has in his purse sovercigus and shillings. If le receive as 
many sovercigns as be hasin his purse and pay away his shillings and 
an equal number of sovereigns, he will have 6 coins, But if he double the 
number of his shillings, retaining the original number of sovereigns, he 


will have 9 coins. How many sovereigns and how many shillings were in 
his purse at first ” 


9. Solve the aes equations :— 


(1) ==: 5 toreae. (2) fg Og L. 


(3) ae —a+b+e. (4) f/ot+4e4+4=32—5. 


1862. 
1. Add together 2a°+4a*%+6ab, a? +b?%+ab2+b?; uwb*?—4ab—2a%, 
3a*b—a®, ab? +a, b—2u?, and reduce the sum to its simplest form. 
2. Divide a*b?a*y?—a2cx*y+ 3b e2y?+8bery+(b2cy—c?)y by b?y*— 
cy, and square the quotient. 
3. What are we the numerical values of </2a'+a2+4a, / 2a? +a2—a, 


anc sta - =, when a=i? 
Qa 


4. What are the nanughr, first, second, and fourth powers of 
/4a2—4ae* +0! + What is the square of the quantity whose square root 
isa? 

§. Find the square root of 16m?a* +36n*y? + 9p?=? + 48mnay + 36npy - 
+ 24mpe-. 

6. Solve the following equations. (1) #7 —2—122(3+«)(31—42); 


(2) septa ca (ab! ee, (3) 20+ 3y=5a—} =4y+ 5. 
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7. Two trains start at the same time from Aand B for the C junction. 
The train from A should run at 24 miles an hour, and reach the junction 
half an hour before that from B, which travels 18 miles an hour. But the 
former is so retarded as only to run at an average rate of 22 miles an hour. 
The two trains arrive at the junction at the same time. How far are A 
and B respectively from C; and how long were the trains upen the road ? 

8. 1and B went ont to shoot. A shot three phcasants for every 
5 partridges; B 5 pheasants for every 9 partridges; 4 shot four birds to 
B’s 5, How many pheasants, and how many partridges had they brought 
down when they had shot 126 birds ? 


1863- 
Simplify (a+b+c)—(a—b+c) {(at+c)*—b?— (a? +b24c?)} 


1 
Multiply (1)? +3e+9 by ?—3e+9. (2) a—atb? +b by ab 40°. 
Divide (1) e?~7r—6 by e—3. (2) a 3+6-8 by a-14+bd7?. 
Detine the square root of any quantity. 


Find the square root of (1) #°+ 140° —42* — 282+ 40? + 49. 
(2)a+b+e42V ab—2V be—2V ar. 


6. Find the cnbe of a+b—c, using factors and not direct multipli- 
cation. 


Op WN bs 


Tr+5 24—47 | Bat7 








7. Solve (1) 5 5 5 58 
(2) rma _e—b tc we~(atb+c) 
b c a abc ; 
3 ag by -¢ Be+2y—l4 Q- 
8) ard,y-c,$ 4 sa—ty= 1-99 
I] 5 ae | ie eee 
5 ~+ = s + += . —e}. 
(5) ay 3; Pa 4; Bae ) 


8. A merchant goes to three bazaars in succession. At the first he 
gains 15 per cent. on his capital; at the second 20 per cent. upon this in- 
creased capital ; and at the third 25 per cent. on what bo then possessed ; 
on his return home he finds that he has gained Rs, 2,639. What was his 
original capital ? 


9. A certain fraction becomes } when 1 is added to its denominator 
and ' when 2 is taken away from its numerator. What is the fraction ? 


1864. 


1. If c=1, b=2, ¢=3, d=0; find the value of 
a*b+b*e+c7%d+d*a | 
(a+ b)(c+d)— {(a—d)+(c—b)} © 
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(2) S/b—a+ X/4(¢ —a)—4/3(8a+ 5b + Bc — 2d). 
2. Simplify { 2a-—y(82—y)+2+(y—1)} 
— {201 +y)4+3(y¥+1)(y—1)+ 2a(. —2y)} 
+/( (a—y +1)— (1-202 +42) +2) 
3 Multiply a~3—4a—2b—4a- 1b? —b* by a-2 —2a-1b 4b? 
4. Divide (a-—b*)c2 +(a*~b?)y3—2a +b*)ey by (a+b)z—(a—bd)y 
without removing the brackets. 
5 Find (1) the square root of a-+4b +98/; -+4./a2b—6ar/i — 
124/b 'c- e 
(2) the cube root of 28 934443. 


6. Find the G.C.M of a*—8ath+403b —5a2b?+38ab+—2b5 and Qugt— 
8a°b—a-b*—Bab . 
7. Reduce the following to then simplest forms 
-+2— } 1 2 
A ae 12 (yt a 


u- +70 +12 Ctr am~w a-~—2 


a b . a b 
(3) (35+) (5, =) 
r*—a bm—u inva 


—_—_——— — = 
C a da 2 





8 Solve (1) 


—b mms 
(2) 21-a— "=a; 2y—b+ i , ey 


(3) zyz=(cytec —ys)=4(yz+2y—).)=6() +y —y) 


9. A merchant speculated in 20 voyages On examining his accounts 
he found that, on an average, in each prosperous voyage, he had gained « 
sum equal to { of his original capital, and that in each adverse voyage he 
had lost a sum equal to 4 of the same On the whole, however, his capital 
was increased by ,°, of itself. How many prosperous voyages did he 
make ° 


February 1865. 


1. Prove that (a*+ab+b*)(c? +ced4+d*)=(act+ad +bd)* +(actad+bd) 
(bc—ad) +(bc—ad)? 


2. Divide (1) 223~—9az°+1lat¢—6u* by r—8a; 
(2) BrmSily thi yrny by 22' — yd. 
8. Find the square root of (1) ate ane ati)+s : 


(2) a-4 +674 —a~9b—2 +2a—8%4)-1 —2q-1h-5, 
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4. Find the G.C.M. of 421 +90? + 2a? —2a—4 and 323 + 5e7 ~# +2. 
5. Find the L.C.M. of 3¢?—524+2 and 403 —4s2—#2+41, 


6. Shew (1), that if P divide A, it will also divide mA; and (2), that 
if P divide 4 and B, it will also divide mA + 7B. 











: : Sat —ath? —2b* 
7. Simplify (1) i957 41505} —10a"b? Abad * 
] 1 
(2) a aoe ain ——_- 
a—J/at—sc? at/at—x? 
6c +18 , Il—3sz 13—« 21—22 
Bee Sees hedge ; 
8. Solve (1), 3~—46— ga = 5" 12 ie? 
3—3u 2-—-2c 1l—« L—1 /e—-1 
2) -s—- 7 a OF; (8) ———_ FH 14+ ; 
( ) 2 2 4 ( a 2 , 
(4) Bit Qy+i= 80; 045! 4; 204 by + 10s—129, 


9. Aand B start together on o certain journey. When they have 
walked a distance of a miles, A finds it necessary to return home, and 


goes at twice his former rate. He then starts again at = times his origi- 
nal pace and just at the end of the journey overtakes B, who since A left 


nN e e e « 
him had gone at ms times the original pace. How long was the journey ? 


December 1865. 
1. Find the continued product of 
et/ 3c + 3, ©? —324+9 and 2—/3«c+ 3. 
a? Za 1 
(e—a)" * (e—apmi * (ay 
(2) arb—c_atdte , (a+b—c)(a—b) 
c—a e—b = ec? —(a+b)c+adb 
Resolve each of the following expressions into three factors. 
(1) b3—a3—(c*—ab)(b—a); (2) a(b? +c*—a?) + b(a?-++c3 —b?), 


-3 (s—a)(«—b) ee a? +ab+b? 
Find the value of (s—a—b)? , when « a+b 


1 1\2 4 —_fate 2 \2 
Shew that (- ) tan Ge =) . 


Find the L.C.M. of #°— 7z—36, #3 —130—12 and c? + 4.+3, 


32+5  4c+8 et (3) 
+1 3643 6243 ’ 


2. Simplify (1) 





3 


3 Oe # 


Solve (1) V 0? +-92— J a9 —Be= Ve 
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+ by 22 4 9 had 


axe CO be ase a 


8. A, Band C work together at ae a wall for 10 days, after 
which B stops working, and A and C together finish itin 5 days. Find 
the time in which each can build it separately, if A and B together can do 
ag much in a day as C can doin3 days, and 3 days’ work of B is equal to 
4 days’ work of C. 








(3) az+by+c.=atb+c; a 


ee 


3 4 
1. Reduce to its simplest form ~~ aT = + - 2* =a +1 


2. Divide 
(a+b) (b+c)e5+ {(b+c)?+(atb)2} 24 +(b+c) (a—b)e? +(u+d) 
xX (a+c)e—(ate)b+c) by (b+c)c2+(a+b)cm—(b+c), 

3. Find the square root of 


ae +a?piire {ar ~=) , 
a‘ a? as a 


4. Fiud the G.C.M. of 1.5—2c+— cl and 6542234741. 

5. Prove that every common multiple of a and b is a multiple of their 
’ 
y L.C.M. 


3 3 
6. fos =< =, prove that 5 a Pa_ tae" tre 





ad f’ pbs + qd + rf" 
o~1 W—2e_ 3(22—1) 7 _ ae 
7. Solve (1) —3- + Ga eg +2 iesr6 Go42' 
(2) e+ y=2(2+)), us eee 
b 40 cs a’ 
8. It + .= Paz » Prove that + + as =o < 


9. A, B, C start at the same instant from P to run to Q, their rates being 
such that B is always as much behind A as he is in advance of C. After A 
has reached Q, he returns at once to P at the same rate and meets B at a 
point whose distance from Q is equal to one-fourth of PQ, Shew that 4 
meets C at a distance from P equal to one-third of PQ. 


1867. 
1. Divide (m+n)a*+(m?—1+n? +2mn)a>—(m+n)(1— —2mn)a + 
(m—2mn+n)a—1 by (m+n) a—1 without ven the brackets. 


1 
2. fet L=2(atm), e— 2=2b, y+ -=B(ctn), ym | Bd, 


os 


1 
find the value of yt 
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ab b b b 
e ° Roce 3c+ )- ieee omy 2 12 a beh Re 
3. Simplify (a Rs ( . (ixmp @ f 2) 2u{ 7) 
(a+b)? +(a—b)*® 
(b) b—a —(a+b) . (a+b)*>+(b—a)? 
TO (rb)? (ab) 
b—a utb 
Find the G.C.M. of °-*—407°+5:—4 and r+— e34+a—1. 
If ap=bq=cr, shew that 2 +7 +" es oo Le 
pr py a*® bb? ¢® 
Find the L.C.M. of eae vo? —4¢+3, and 2eItyu-—Kcoto. 


6—5 » #2? 1430 
Solve (a) 5 se peal —To=- So des 


oO ip 





- 


Mabe 4 (2° +02? 407), Zabe(ab +ac + bec) 

(> Veehee™ (atb+c)? (atb+c)3 

(c) (a—b)r+ (b—c)ytc.=1; 2ac+by + 2er =2; (a4 b—c):+ 
(a—2b + 2c)y + 2h. =3. 


8. A alone can doa piece of work in « hours; dA and C together can do 





=e se 


. 4 
it in b hours; and C’s work is oth of B’s, The work has to be comple- 


ted in c hours. Find (i) how long after 4 has commenced, B and CU should 
relieve him, so asto finish the work in time; (ii) how long after A has 
commenced, B and C should juin him, so that the three working together 
might just complete the wo.k in time. 


1868. 


1. Divide ic(e—b)+ac(a—c)+ab(b—a) by (a—b)(u—c). 

2. Resvlve the first of the following expressions into 2 factors and the 
second into 4 factors: (1) :'+27+1; (2) a(l*—c")+ be(c2 —b2) 4+a3(c—b), 

3. State in what cases c"-+«" will be divisible by c+a and 22 +a? res. 
pectively ; state alsothe number of termgin the quotient in each case. 
Show that the Jast digit m 32"+1 4227+1 is 5 whatever n may be. 

4. Simplify the following expressions : 

2 
q ) 3 ae ot? 
(2) by e—2a (b—c)? b+c—2a 
b—a  (a—b)(a—c) c—a 


B. Find the G.C.M. of <?—72+6 and 605 ~7e? + 1. 
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(2—a)*+(2—c)? 4ac 
a®+c? (a+c)* 
is the same for all values of a and r. 








G6. If om shew that the value of 


7. Solve (1) 154 - eet 





— 


S. 8 

L yy | 
: 2a 2b ath? 

(3) Vy—/y—22=/48—20; y(“«—15)--36. 

8 A room of which the floor is rectangular is such that the addition 
of a foor to the height wil] increase the aren of the walls as much as the 
addition of a foot to both the length and breadth, the increase in each case 
being 60 square feet; and if the tloor be made square, the perimeter 
remaining the same as before, its area will be increased by 9 square feet. 
Fird the length, breadth, and height of the room. 


1869. 


1. Simplify (/l—a? ../l—2«! tac)? —2u0(./1l—u?. /l—2? +a2)+2%. 

2. Divide 2?°—a5a* +a)” by co? —az+a?, 

3. Shew that 6°-—ae is a facter of (2b-+a*—«ac) (2b2 +c?—ac) 
—b"(a+c)? and the other factor is positive for all values ofa, b and c¢. 


he ad! 


(142) “() 


(2) iy Meares yey (c+1)(v7+2)(@+38)(0+4) 
5. Arrange the expression (b-+c)*(a + d)* —4(ab +cd)(ac + bd) according 
tu powers of 6 and hence find its square root. 
6 Shew that the two expressions (a2—a+1)(b—c) + (b*—b+1){(c—a) 
+(c2?—c+1) (a—b) and (a*~—atl) (42?—c*) + (b°—b+1) (c?—a?) + 
{c?—o + 1)(a? —6?) are equal. 


(2) aw—by=a—b 


4. Simplify (1) 


7. Prove the rule for finding the G.C.M. of two Algebraical expressions. 








20°+5e2°+19. . «. 
“ Fe t 
shew that a> 450412 is tn its lowest terms 
a—L a~-—2 ] b—1l_ b— b—2 _ 1 c—-l c=—3 ¢ 
od =~ a TD 3} h wee, OO ee eee 
8. if eo ee and oe a’ rew that : an 
120+19 _ Ta1—2 _ Ra— 25 5 
9. Solve (1) “3-3-0” 12 36: 


24 
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. l+e ‘ l—a A PRET Sl 
(2) a, / ite+(2-2), / ten 7 2¥ e—2); 


(3) e+y += (a—b)(b—c)(a—c) ; awtby+cer=0; a?e+b2y+c7220, 
10. A horseman travelling at a walking pace of 4 miles an hour 
meets a1 bandy going in the opposite direction at the rate of 2 miles an 
hour ; after proceeding at the same pace for half an hour he turns and 
canters back till he overtakes the bandy. If he had continued for another 
quarter of an hour before turning, the bandy wonld have been 3 ths of a mile 
further on, before it was overtaken. Find the rate at which the horseman 
cantered. 





1870. 


1. Divide the difference between (®+a)(e+b\(4+c) and (y +a) (y+b) 
x(y+c) by ey. 

2. Find in the simplest form the difference of the squares of 

ab + /(a? —1)/(b?—1) and bf (a? —1) +aV/(b?—1). 
= aut 1 Onto 

3. Simplify (1) (a— ied teat (2) Soe d 

4. Find the greatest common measure of et—cI+7e+5 and .t— ce} 
+ 20+ 2, 


§. If c= al find the value of oH 
a+3bd— 


6. Provethat every common multiple of two ie is a2 multiple of 
their least common multiple. Find the least common multiple of ¢'—1 
and 77—1. 

7. Shew that 

Ses oes ly 242 oe uit — 2mn— = : y + (mn+1)? —4mn 
m?n ann mn 
is a perfect square, and find its square 2001. 


wo D 2 
8. lf ci+y%=l, Qay =" and 2nx=2+y, shew that ( i-*) ash, 





9. Solve the equations 
Q) sa ena sents HOTS 
(2) V(ats)—JS (a= 0) -- fins. 
(3) az—byr om 5a +by=c(14+7); bye". 
10. Aand B start from opposite ends of a straight course cach walk- 
ing uniformly ; (4, who is the faster walker, at the rate of four miles an 
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hour), and meet at the end of two hours. If, when 4 reached te middle 
point of the course, they had interchanged their rates of walking, they 
would have met a quarter of a mile nearer the middle point Find B’s 
rate of walking, and the length of the course. 


1871. 


bt 2A? 2 2 p2 2 2 pt 
1. If o- oe y=" a ~ , and ent ; find in the 


i a) Bd 


simplest form the values of (1) (b+¢)e+(c+a)y+(a+b)z; (2) rea 





3. Reduce to their simplest forms 
Gy MG! tame, Aen 
(#27 +1)2?—2* c%(4+1)?—1  et—(2+1)? ’ 
c—1 ot+L — 20(e2—-2)— 


(ii) vebuptl tm utl zo—1 ’ 





a— bx 
Oe Oe 14-0. 7 
a o—2(a+c) c+ be 
(i) Te Bat) 
abeme e 


a LbC—z 


1+ 








3. Ifa quantity measure two other quantities, prove that it will algo 
measure the sum or difference of any multiples of those two quantities. 


If the two expressions ae>—c(8at+b)c27+ (a? +bc*)e+d and be + 
c(a~b)x2? + a(c?—a?)c—d have acommon quadratic factor, (that is a fac- 
tor containing .? asthe highest power of v), prove that this factor is au 
evact square. 


4c? 4+9n7? +4£4+9 


: An . f 22 TE a ik ECT OR On ae 
4. Find the square root of « + 24 4e° 452° 44044 


5. There are two quantities a and b of which the L.C.M. is v, and the 
‘ b 3 
G.C.M. is y; ife+y=mat 5? Prove that we +y3=mea't+ oe 
6. Find the G.C.M. of ¢* +3673 —4e* +8:—-17 and °° +802 ~—e? +2e—4, 
7. Wab+ac+ble—1, prove that 


aS NO en t= __ 4a*bFc? 
ta? I+b? Lte? (1+a*)(1+0°)+e2) 


1Oxt+47 120488 52+11, 


8. Solve (i) 3g —-~ig,493> 9? 
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r] 
ee sat 7b o o 
(ii) (a+) @—(a— bye FE (e292) 
ta—3b 
(a—b) et(atd)jy= SF (2*—y-) 
OF 2ytl yt+3:4+2 24+4e4+3 
(iii) — aa 4 -2. 


9. dAand B play four games of chance of which A wins the first and 
last, and B the other two. The amount which each stakes for the first 
game is half the whole sum of moncy possessed by both together, and for 
the other games half the money possessed by the loser of the preceding 
game, At the end of the 4th game, 4 finds that he has 18 shillings less 
than he would have had if he had wou them all,and B finds that he has 
9 shillings Jess than he had at starting. Find the amount of monev possess- 
ed by each at first. 


1872. 


1. Divide the difference of (e?—bi+h-)(1+0—h) and (1- —a1 4a?) 
x («—a+b) by a—b, 


2. For what values of 2 is ¢’ +a" divisible by «+a, and 2 —a"by 1—a? 
Write down the last three terms of the quotient in each case. 


Shew that (i) 4.24 +2°("+1) +1 is divisible by 9; 


and (ii) (1—«)?"—(4—7a— .*)" both by 28—land :-£3, 1» being 
any positive integer. 


‘ er 3 5 6 
3. Simplify (i) Ai+2) 21—«)* Ton? 
bc—a?* ch —ab 


Gh) (eS aejy(aa—t) * (ae—b2)(ba—6) 


Shew that the numerator of (1) in its simplest form is the sum of two 
squares. 


4. In the process for finding the G.C.M. of two quantities A and B, Q 
is any remainder and P the preceding divisor: shew that the G.C.M. of Q 
and P—nQ will be the G C.M. of A and &, where n is any factor arbitrarily 
chosen, and not necessarily the quotient arising from the division of FP and 
@. In what cases will this principle facilitate the process ? 


§. Find the G.C.M. of 6¢°—722+1 and 3c1—87r? —12:-°+1. 


(a? +b*)(1+07b*) 


6. kShew that 2b? 


is the sum of two squares. 


7. The remainder after finding the first two terms of a square root of 
the form ac? +bz+c is—6x* + 42+ 1: determine the root. 
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: (8 8—7_ v—ll r—lb 
8- Solve (i) 2—5 2-9 w—-13 w—17’ 


(ii) /ar—b—/bo~u=(Su—Vvb)J/a—-1; 


(iii) aa—by=OF*), by + 2c.= sel 2 ac— by +c.=0. 


9. Aund B travel in opposite directions from two places C and D. 
starting at the same time, and mect at a point 10 miles nearer D than C. 
if cach had travelled @ mile an hour faster, they would have met an hour 
sooner; and if A had travelled half a mile an hour slower, and B halfa 
mile an hour faster, they would have met 24 miles further from D. Fiud 
the rate of travelling of each, and the distance between ( and D. 


1873. 
LZ. Divide « (a+b)(a +e)—b(b + e)(b+a) by (a—b) and by (a+b-+c). 


2. Assuming that e"—y" is divisible by x~-y, when n is any whole 
number, shew that (ab)’—(be)” +(ed)"~—(du)" is always divisible by 7 —bc 
+cd—da. 


3. Prove thay any common multiple of v and bis a multiple of their 
Least Common Multiple. 


4. Findthe G.C.M of a’ +2u7+4 and a’ —8at + 2a3—4. 
en ere 2)?(n— 1)? —(n—1)2(m—2)? 
. Simpl (n+ 2)?°(n— 1)? = (n=) 2(" 
5 imp ify (i) (n+1)3? +n '+(n—1)3 ? 
, l 1 1 1 
eee Aa ete te I nae Eee oe i, cee ee es 8 
(BY 9 4-1)(Qe41) * BeF1\3x +1) * (Bel) (4041) * (4041)60+41) 
6. Shew that («—b)*(e+d)*+4ab(e? +d*)—4ced(a? +b?) is an exact 
square. 
(a+b) '—(b+e)% +(c+d)§—(d+a)§ 
(a+b)2-—(b+c)* +(c+d)?—(d+a)? 


ab be ce 
é i + ten tee ee A Bee pe apres =O 
$ Shew that GoGo Gena xa (z—c)(o—a) 


11/71,1,1 
when s“3(atst -): 


7. Prove thar =3(atb+ee+d). 


3 e+9 e—27 vw—15 ‘ 
(ii) Ja— m?a—J/b— 2 am/atb—(mtn)P2o ; 
(je at gle 8y eo 

oy ye. B 


10. A gentleman went out for a walk, and, after having been out 
12 minutes, was overtaken by his servant who had ran from the house at 


9. Sole (i) , = 


Ce 
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twice his master’s pace. The master then bade the servant run back at 
the same rate to the house and bring lis cigars, while he walked on at his 
former pace. If the master was one mile from the house when overtaken 
the second time, at what rate did he walk * 


1874. 


ab 
b ¢ 


2. Write ont the first five terms of the quotient of 


63 


. a” c3 ( 
1. Divide + +H —8 by  -. 
bs ¢t a} . a 


azety LHsrt1 asittlwp gat. 
ab ane a—b 
cation the product of (a'-a* +a? ba+1)x(at—a't+a%*—atl). 

3. From (vr+a—b)(1+b—1)\(ete—a) subtract (1—u +h)(r—h+e) 
x (1: —e+a) and divide the remamder by (a—b)(b—c)(« =a). 





3; and hence tind, without multipli- 





4. Prove that every common measure of two algebraical expressions 
will divide their G.C.M. Find the G.C.M. of 


a5 - 29a—~15 and 2a° ~8a'+16a +a—10. 
oe esas ae eg?  (a—w)*- 
5. Simplify (1) suiesd) dG) i 
(actbd)?—(ad+bc) _(act+bd)* +(ad+bc) 


ee ee 


OC) == (arberay 


6. Given that s=a+l+e, prove that (s—3a)? +(s—3b)?+(s—8c)? = 
3 {(a—b)-+(b—0)? +(e—a)7} . 

¥”. Extract the square root of 
(a2? +b2)(a2b? + 1)—2ab(a? —1)(b- —1)—4a-b- 

a¢l  db+1 (tl 

8. if ae ia OE a c—L 
(PF YEEDC ED (2410? + (C+D), 
(cyt M(yz+h) (eet) (ab+1)(be +1)(ea +1) 





shew that 











9. Solve the following equations— 


pom4 e— 7 1-9 3 


=- 5 


) @=INE=8) * (e-1)(e-6)" G=BVa—H) 
(2) S (15—92)+/% (10—4e)=/ (5—2); 
(3) 4an+(a+1)y=(3a—1)z ; (3a—1)(e—y—1) += 0; (4 ty)=s. 


10. A man rowing against a steam meets a log of wood which is being 
carried down by the current. He continues rowing in the samo directicn 
for 2 quarter of an hour longer, and then turns and rows down the steam 
overtaking the log 1} miles lower down than the point whore he first met 
it, Find the rate at which the current flows. 
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1875. 


1, Remove from brackets (¢ ~a— 6) — {(b+ce—a)—[(atb +c) 


—(c+a—b)]}. 
a-~b b—r c—a 
2. It v= aes aaa nn areas find the value of ebytitery:. 


8. Add together the squares of 2 {./ab(1 +a)(1+b) 
+ /ab(1—o)(1—b)} ‘and of {(uta/l—a?)(b—/1—b?)— 
(a—/1—a?)(b+/1—b2)} and simplify the result. 


4. W hat must be tho form of m in order that a*—°™ may have 
both a” +0" anda" —2' for divisors, n being any positive integer ? 


Shew that 22"—1 is divisible by 15. 


“20a + 1d +24 
Reduce to its > ———————— . 
uce to its lowest terms Sia? 4 11a? + 20 
G6. State and prove the rule for finding the Least Common Multiple of 
the two Algebraical expressions P and Q. 


Find the L.C.M. of L+a+a* and l+a't+a. 


pechiee. oh Jae Jas 
7. Simplify (i) Ue ee 
atbt+e ectea—b a+tbt+e 
(ii) atb—cbeemu akbar 
atkb—c b+e-a° b+ce—a 
eHub aot: eHa—b 





8. Find what term is wanting to make the following expression a 
complete square : (1?! +64b7)—4(az* +8b)(—b) e 


9. Solve () = i te Se; (ii) ay =e tis ae 
u— 


(iii) (a*+6?)(r—1)=ab(2e—y); 4a - y +2. 


10 = .\ person sets out to walk to acertain town. Bat when he has 
accomplished a quarter of his journey, he finds that if he continues at the 
sume pace, he will have gone only jfths of the whole distance when 
he ought to be at his destination: He therefore increases his speed by a 
mile an hour, and arrives justin time. Find his rates of walking. 
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1876. 
1. Divide (a—b)(a+b—c)+(b—c)(b+c—«a) by (a—c). 
2. Separate into four factors : 
(a? —b°)? + (c? —d?)* —(a+b)2(c—d)? —(a—b)2(c+d)?. 
3. In what cases is a* —b" divisible by a+b and u—b respectively ” 
(ij) Show that (a—1)a" +(b—1)b" is not divisible by a+b; 
(iii) and that (2a+6)" —(a+2b)" —a” +b” isdivisible by both a+, and 
a—b whether » be odd or even. 

4. (i) If an Algebraical Expression, is a common measure of two other 
Algebraical Expressions, prove that it will measure the Sum or the Differ- 
ence of any multiples of those Expressions. 

(ii) Tf @?—(2y—1) e+2q7 and «*—2qr—2 (q+1) have .2 common 
factor, determine q; and hence fiud the L.C.M. of the two exprossions. 

5. Simplify (i) (at+b+c)(l+m+n)+(b+ce—a)(ntn—l) +(a—h+e) 

(l—m+n)+(atb—c)(l+m—n); 
Gio a= a—b _ b—c ~ cmd en dma 
(eta)(e+b) (0+b)(o+c)° (e+e) (79 +d) * (24+ d)(24+0) 
G. Express the following as the difference of two squares 


{ (atb)e—(¢ +i)y ((u-2)e—(¢-ay). 


7. If (mta) (b+e)+a2e(ned) (cta)teb2=(mte) (at+d)te =n 
determine the values of a and 7 in terms of a, b, ¢. 

8. Find the cube root of (e+y)® —(a—y)* — l2zy(a? —y")?. 

9. Solve the following Equations : 

~~ amb emd a-—b vd 
(i) ote rth” vedtota : 
ii) V(aree) + /(actd)eV(betc+e) t+ V(bsctd+e); 
ses aCe ty)+b(s—y)=a*—ab+b* 
(iii) | a(e+y)+b(2—y)=a2 +ab+b*, 

10. A letter-carrier has a hours allowed to him for going from Ato B 
and back again, including ¢ hours for rest at B. But he finds that he can 
get b hours for rest by going d milesan hour faster each way. Find his 
ordinary speed and the distance from A to B. 


1877. 
1. Resolve into as (20+ 2b —ab)? ~—(b? —4a)(a? — ihe 


2. Simplify ote (a? +b?—c? yaar (b?+¢7% —a? )+5— = (co +u*—b*) 


: a? +b2% +c? \. 
and shew that, if ath + an () : 7 ‘+b +e! +- # "+ + = (0, 
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3. Find the G.C.M. of o'~—39e—22 and 1]2*-—-39z2*~—8 and the square 
root of (23-44)(@—1)+ Gt) 
(o+1)°+ (@—1)?_ 
4. Solve (e+1)> + (2=1)' 10. 


_&. A person being asked his age replied—“ Ten years ago I was five 
times as old as my son, but twenty years hence, I shall be only twice as 
old as he’ What ie his age ? 


1878. 


Pept Sn2eGet15  vt+-e'+-3n0° + 6—2 


2. Simplify Foch 6a410  a*F20 Feb deed 


2. Shew that (@*—3c)'—8(2° —60'+9c2—2) is an exact square and 
resolve the whole e,pression into factors. 


8. Shew that (i) ]f a+b+¢= 0, then a(b—c)'+b(e—a)? +ce(a—b)* =0. 
(ii) Ifvtb+c=1, ab+be+ea- 4, abe=yZ,, 


J 1 1 27 
one te bas cea a 
Zz : 4(e+5), 3(a+6) . 
4. Salve the following equations: 1) 246 + eee 
‘ iad bi y < 
(2) et yt =uat+dby+¢ =O; + —— =l. 


>b—c Per ear 


§ A mail coach runs between two places A and B and back again. 
A traveller who starts walking from .{,5 hours vefore the mail coach is 
overtaken by it half-way between A and B. He then doubles his rate of 
walking and meets the mail coach on his return journey 3 miles from B. 
The traveller then goes to B at the same rate and returns, and bythe 
time he comes again midway between A and B, thg mail coach reaches 4. 
Find the distance between 4 and Band the rate at which the mail coach 
runs, 


1879. 





; oe (a+b)? at+2b+e (a+b) 1 
1. Simplify Gaaetate) 26-4) + ay ba-atmabt 3 


2. Transform (#* + y? +s? +2zy)* into thesum of two perfect squarese 


3 Is (ut b +c) {a?~—(b+c)a + (b+c)2} — 8be(b+c) = (ath+e) 
x {h?—(a+e)o+(a--c)?} —8ac(a+c) an Fouation or an Identity ° 
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4. Solve the equations: 


ot+7 20-4 3e—12 
a tg eg 
(2) 7° +3e-10 =ae* +be2? +c" +5(atb+c)a. 
(3) ax+bytcez: =atb; botcytar=Hbt+e; cxrtaytbs=ctua. 

5. Threc equal vessels A, B,C are placed one above another, A being 
the highest. Ais full, Bis half-full, and Cis empty. In the bottom of A 
is a hole which would empty it in 16 minutes, and in the bottom of B onc 
‘which would empty it in 4 minutes. How long will it be before ( is full ? 


1880. 


2. Multiply a* + 2b? +9c2 —8ab +6uc —9be by a+2b—3e and divide the 
result by a—b+3c. 








(at—d*)? 4+ Qab? + Sa tht 4 Qa2d! 

(a? +ab-+h* )?(a?—ab+b*)* 

8. Find the value of ¥/[ (e+2)/e—2—2 {Yat = a+2/7(c—2)} | 
when v=11. 


2. Simplify the fraction 


4. Find the square roots of— 


c 
(1) ct —40° +62? —42+1. (2) ce? +474+10+ eye 


5. Solve the equations: 


“+3 «-—38 
OQ) s 0 


oti 2r-—7 
= 
6 


~ 3 


] 
(2) 3G- 2) —2(0-30) = ,(e-6)—7. 


er ere ee ee te eee 
(3) (a? —b?)e—(a* —ab+ ec? )y=a(a—2b) abut ie atch? 
6. A,B,C, Dare four Railway Stations. From B to C is 23 miles 
more, and from (' to D 5} miles less than from A to B. A train starts 
from A and travels at te rate of 14 miles an hour. At B an accident 
happens to the engine which causes a delay of § hours. After this the 
train proceeds to ( at half speed. There another delay of 4 an hour 
occurs, and then the train moves on to 1) ata speed further diminished 
by 1 mile. A man starts from A at the same time as the train, and travels 
straight across country to D, a distance of 58 miles. Including stoppages 
he averages 3 miles an hour and reaches D just with the train. What is 
the distance by Rail from Ato D? 


1881. 


1. Shew that 1° +6(y+2)o? +12(y+2)2e +8(y +2)? =A(2y + Be + Go)y 
+ (a¢ + 6y + 2z)(e+22)?. 
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2. Find the squaro root of a+2/2ab+2b + 4/2ac + 8/be+ 8c. 
8(a+b+c)?*—(b+c)?—(c+a)?—(a+b)* 


8. Simplify the fraction : Baa b 4c) (a+ 204 c)apb+ 2c) 





4. Solve the equations— 


(2—1)(w—2)(#—6) _ reer o? 
(1) aoa L. (2) Gotge5s T+o a8. 


(2) r+y—-d.=—a; ne a rae | 


2 3 


§. <A steamer sailed from certain port with 1st, 2nd and 3rd class 
emigrants, numbering in all 100. The farcs of the three classes were in the 
proportion of 4: 2:1, and the total amount received was £3,780. When 
she had completed two-thirds of her voyage, the steamer broke down, 
and 2 passing vessel was requested to take all her 3rd class and half of her 
2nd class passengers fur the remainder of the voyage, for x proportionate 
part of their fares, which would have amounted to £420. This was refused 
for want of accommodation, but an offer was made to take, on like con- 
ditions, one quarter both of the Ist and 2nd class passengers. This was 
necepted, and £240 paid for the service. How many passengers were 
there in each class ? What were the respective fares ? 


1882. 
1. Ifa=4, b=3, c=2, d=1, e=0, find the value of 
3(6 +d) {6(a—d)* + b(a—c)?} — (c+d) {15(e—a)?—(ut+c)7%d } 
+(b+c) {(b—3c)3 +(n—d)*} —(ate)2(b +c) %de. 
2. Find the G.C.M. of 80°+ — 108° y+22r-y7~— 22ey7+15y* and 
2xe* — 70> y + 1607y? —17cy? + Lryt. 
83 Simplify— 
at+bt+ab(u? +b?) abi +b'—adb(a? +b? ). 1L2a?b? 
(a+b)? (ub)? * (a+b)? =(a—b):" 
4. Find the square root of— 


ct yt +2) (= “) (: ”) : 
— 72 yf — 4 ~~ pot (42 ’ 
§ Solve the following equations :— 


(1) r(g+oe)—pr=K(yt+e)—pt. (2) 





l6z—27; Wie 23 

82—4— + 3(2— 1) ee 

6. ‘Two parties of workmen are placing sleepers for parallel lines of 
railway. The first set had placed 36 sleepers when the second began, and 
place 8 sleepers to the second sect 7. The first, however, have to place 4 
sleepers in the same spnce in which the secend place 3, At what distance 
from the starting point will the one overtake the other, supposing there 
are 1764 of the more closely placed sleepers in a mile ? 
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1883. 


2. lf Vese+4b—6e, X -—38a—9)47¢, V=20a+7b—5c, Z=138a— 
5b + 9c, calculate the value of V'—(X+ Y) + Z. 
2. Divide a by a—2. to six terms. 
8. Separate 1271 +e°y*—y! into three factors. 
&. Reduce to their simplest form— 
( ap* are 2hpy by? + bp? + 2apy 
(a) 2 eee en ana 
+4 Pp +f 
() spends + dyztaz—2? 
2a? —9x2—S.cy + 4:2 —Syz —Sys—12y2° 
fu? = 2 =162? | Dy? Bey | 162° 
ce ~15y: F 1622 +522 + S522 





§. Find the square root of 


6. Solve the following equations 


rm Z 10 
Q) 2p F ess fF T? (0) and dyed abe— ep ay 


(c) (1) r+yt+-=1, (2) ranean (3) a2a+b2y+c?s=abe. 


7. A merchant engaged two writers, their pay being Rs. 60 for the 
first month, with a fixed monthly increase afterwards, They agreed to 
serve for one year, and each vf them placed in the merchant’s hands a 
deposit to be forfeited in proportion to the part of the year during which 
he might not serve. One remained at his post 7} months, and received 
for salary and portion of deposit returned Rs 537. The other remained 
10 months, and received in like manner Rs. 728-5-4. What was the 
monthly increase ? And what the amount of the deposit ? 


1884. 


1. Find the value of (ma—nb)(mb—nc)(me— na) + (na—mb)(nb— me) 
x (ne—ma), when a—b=0. 
ai+ lla+12 
a5 +11a?—54 





2. Redace to its simplest form : 
a—b b—c cma (a—b)(b—c)(e—a) 
m+abt m+be*m+cu~ ™ (m+ab)(m+ be)(m+cu)" 
Find the square root of (a +4)! +8a?(a— 4)? —256a?. 

Solve the equations-— - 


(i _38 4 _ 7 : (ii) 
) fOc+97 e427 Wag5 


Shew that 


a 


ath ne ae by ars 
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6. Aletter carrier has to go daily from P to Qin a prescribed time. 
If he goes a mile an hour faster than his ordinary rate, he arrives at Q 
half an hour before the time. But if he goes a mile an hour slower, he 
arrives three-quarters of an hour too late. Find his ordinary rate, and the 
distance from P to Q. 


1885. 


1. Subtract 6 {a—(b+c)} from the sum of a@ {a—(c—b)} and 
c {a—(b—c)} , and obtain the continued product of (a+b+c)(a+b—rc) 
x (a+e—b)(b+c~—a). 

ot—4r+3 

3. Reduce 8° lla? —9 


8. Find the square root of «'—2a¢’ +5076? —4a3¢4da', 


to its lowest terms. 


4. Solve the equations— 
e ,9—ae2_e#+1 , S—¢@ am,N_ no m 
joe ie a bo eg 
§. A set of bearers on a journey perform one-third of the distance at 
u certain rate and then halt one hour to take their food. The remainder 
of the journey is accomplished at only two-thirds of the former rate, and 
the bearers reach their destination in 7 hours after first starting. Had 
they travelled at the former rate 4} miles further than they did before 
halting, they might have halted 22} minutes longer and yet reached the 
end of their journey in the same time. Find the length of the journey. 


1886. 


1. Simplify 24 {r—} (x—3)}  {2—3(@+2)} {2-3 (e—14)} and 
subtract the result from (c+ 2)(w@—3)(¢ +4). 





2. Reduce to its simplest form Fey? 2a" 4 dy" 
‘ w* 227° V1er* 9 
3. Find the square root of a 3 “ag ttt is’ 


4. Solve the following equations :-— 
(1) (a—a)(w+b) _ e(a#—v)—b(a +c) 
e—ath Umb—ec 
(2) e+ Sy+§=0; dyt+j2—7,=0. 
5. Two men A and B are employed on a piece of work which has to be 
finished in 14 days. In 8 days they doone-fifth of the work, ard then A’s 
place is taken by C. Band C work for one day and do one-twentieth of 
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the whole work, and then B’s place is taken by A. A and C finish the 
work a day before the appointed time. Find the time in which the work 
could have been done (1) by each working separately, (2) by all working 
together. 


1887. 
1. Prove that (c—y) (w+1) (y+)I)—eystl])® + y(wtl1)? = (c—y) 
x (w@+y + 2wy). 
2. Shew that the product of any two expressions is equal to the product 
of their H.C.F. (v.e., @.C.M.) and L.C M. 


Find the H.C.F. of the expressions— 
ut — 6? + 70? +6e+8 and 27'~—1llw?+11¢+4. 


tee (ety)? +(r—y)?, of—t 
° lif 
3 Simp 1 Ve + y)?—(a—y)? rer t 
and prove that (a+1)? (b+1)? re (c+-1)? 





Gna. Geog (e—a)(e—b) 

-@. Solve the cquations— 

J 1 1 ] 9 a +e 
ere OP ey 

&. A number consists of two digits. When — number is aia by 
the sum of its digits, the quotient is 7. The sum of the reciprocals of the 
digits is 9 times the reciprocal of the product of the digits. Find the 
num ber. 


1888. 
1. (1) Divide a* +8b*+27¢*?—18abe by a* +40249c* —6bc —3ca —2ab. 
(2) Resolve into three factors (2 +1)(c+3)(°+5)(2+7)+15. 
(3) Shew that 4(a? + ab+b*)3 —(a—b)*(a+2b)2(2a +b)? 
=27a2b2(a+b)?. 
‘2. Find the G.C.M. and L.C.M. of— 
324 +1703 +2702 +7e—6 and 66! +703 —2702 +17e¢—3. 
I+¢ ( —*){ ee ee ag 
3. If alee prove that x - y ') cy" 
Solve the equations— 


(1) ake _ ote aC b—c 


e—2h ~ 92a 2 +2b a+2a° (2) 2u—d3y+-+1=0; 





56—3226, 82+2y=4 . 
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5. In aquarter of-a-mile race A gives B a start of 22 yards, and beats 
him by 2 seconds; and in a 300 yards’ race, he gives him a start of 2 
seconds, and beats him by 10} yardse Find the rates of each. 


1889. 


1. Simplify the expression- 


(1) e—[a— {2u—(8a—4u—.r)} Je (2) {(ttere x gambte yo}, 
(3) (a+b)"™x (a—b)™ x (a2 + b?)™, 
2. Arrange the expression xp+c) {p?+q?—2(p—2)} —(p?+ 4x) 
x (2x —qu+y*) in powers of v; and divide it by »?+(p—q)a—p?. 
3. (1) If «*=abt+be+co, show that (0? +a7)(b?+?)(c2 +2?) is a 
perfect square. 
(2) Extract the square root of 1— cy— 3/5 x?y? +2zn3y? 4+ 4nty'. 
4. (1) Find the G.C.M. of Te —1922?+172—-5 and 22*—x%?—Qz? 
+132—5. 
(2) Simplify the expression— 
b2 +c? — 2a? Ce 20 eee 
(a—b)(u—c) (b—c)(b—a) (c—a)(e—bd) 
5. Solve the equations— 


etl)(e+9 t+6)(2+10 
(1) ater) eee (2) ot V (a? +9)=9, 
(3) 1 —2ya05, 8y +4. =6, 52+60=21. 
6. <A person bought 166 mangoes for ten rupees; some he bought at 
the rate of 18 per rupee, and the rest at 15 perrupee. How many did he 
buy of each sort ? 


1890. 


1 Simplify the following expressions, arranging the last in ascending 
powers of xv :— 
(1) {m—n—(8e—2y)} —[3m+2n— f2—y +t (mt 2n)—(2y—2z)} J. 


at 
a+b ee gate 
(2) (| =) 3 =)? 
(3) (22 ay ty? )(0? — ayy? (a2 + int y? (a? + 2ey + y-). 
2. Kind the G.C.M, of 62° +72*—-O92+2, and Se'4+623—15.7+92—2 
and write down the L.C.M. iu factors. 


3. Extract the square rout of ¢?(e7 + y® +57) + 2a(y+2)(yz—a*) +y2%23. 
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4. Simplify (1) a®—(b—c)* , b°—(c—a)? 


n° —(b—c)* , O'—(ema)® eg (a—b)- 
(a—b)(a~c) (b—c)(b—a) (c—al(e—by 
gee wt —y? 

Oa eg 

y © 


§. Solve the following equations :— 


a—l  a—-4 @-—2 e-3 ,, 
Ogee g=6 =a soa OP Ete 





1; 7—2y+4.=8&; 
a—3y +9: = 27. 


6. A-scm of Rs. 63 4 as. was paid in rupees and two-anna pieces. The 
total number of coins being 100, how many of each kind were used ~ 


1891. 


1. Simplify the expression— 


7(a—=3b+c)—[4(2b + 4c)(6e—3b)—3(a—Ab)(a + 3b) + {(5a— 4) 3 
+4+a—47b+c} +7]. 


2. Divide 4—e2 by 4—x+a° to fire terms. 


8. (a) Find the G.C.M. of ct—8z2*+28r2—53e4+12 and 1'4+6. 
— 127° +1299—154. 





a? bf c 
(b) Shew et Gn be Oba CSG 
‘ : 32~—12 5a—3 2+15 
le es te eb ee ee, 
mi Impey z?—60+6 2222-3 £7 = Hem 


5. Solve the equations— 
3sz2~Z3 42—1 102 op 
ee tol eet =e 
(@) pr ty ng SO -9) 43 — 


(b) 492—S7y=172; S742—AWy=B5z. 





Yi ee Big es 
(c) atb—a om vta—d a 


6. A composition of copper and tin contuining 140 cubic inches weighs 


42 lbs. 3 0z. How many ounces of each are there if a cubic inch of copper 
weighs 5} oz. and a cubicinch of tin 4} oz ¢ 


1892. 


1. Ifa, b,c be three quantities whose sum is zero, shew that a* + 6% 
+c = 2(a7b? + b2c* +a7c?), 


2. Break into factors a3b+b*c+c%a—(ab>+ir’ +a") 
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3. Simplify— 
(y—2)(y+2)> +G—2)(24+2)? +(o~y) (e+)? 
(ute) y—2)° + Fe)(—2)" + (2ty) (@—¥P 
4. Extract the square root of— 


42% 422 Qa? Qa%ez* . 9a? 
gat * or tags tye tos + 





5. Prove the rule for finding the G.C.M. of two quantities, and find 
that of 7e+* ~202 —92—2 and 52° —62?—6z2—11. 








‘ 3 By — 22 
ane? = 7 + a : 
6. Solve (1) 2y+1 
4. eee. 1 
| 442220; 2 
(2) $4184 11S 40—~17} 





3 e 
7. Ina half-mile race, A gives B 22 yards’ start and wins by 6 seconds, 


In a three-quarter mile race, hc gives him 20 seconds’ start but is beaten 
by 29 yards 1 foot. In what time can each of them run a mile ? 


1893. 


1. (1) From a(b+c)*+6(a+c)3+c(a+b)?, subtract (a+b)(a—c)x 
(6—c)+(b+¢)(a—b)(a—c)—(a+c)(a—b)(b—c). 


(2) Shew that (5a? —6z+7)?—(622+1624+3)? is divisible by 
wo? +2+1, and find the quotient. 


(3) Divide #*+5uup + (25a—-b—29)c? — 5 (4u+b—A)et+ 4b by 
ha + oU— +4. 


2. (1) Find the four factors of— 
(L+y)?—2(1+y?)x?+(1—y)*x*. 





— 1 14 ate 
(2) Simplify (: 5 a0 - = “I : 
b aJ\b a bu 


83. Find the G.C.M. of— 
625 ~40* — lle? —322—32r—1 and 401 + 225 —1823 +32—5, 


4. Extract the square root of— 
yamt 3 +623 m+ 1 a LOg 8+ 1 yme— 3 + Oz 9 BO" YM 2 +2byI™—4, 


20 
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8. Solvethe equations— 

oY x 

a gtpntns 3, 2 

qa) ° vps. (2). gt, 

Y,% 1 ,Y 5-0 4—% 
pci 

6. A boy bought a number of oranges for 2 Rupees. Had he bought 


8 more for the same morey, he would have paid 4 pies less for each. 
How many did he buy P 


ra 
Z 


1894. 


1. Simplify the expressions— 


ol gy/e] > 


(2) 2(.°+2°)—[(et yay 2? —y*?)— {2(e+y+-) 
X (ys + az-pay— 2? —y? — 27) —(w—y)(a? + zy +y?)} J. 
2. Divide the product of — 
ab(x* +1)+(a* +b?) «and a° +1 by that of «+1 and uzt+d. 


8. Extract the square root of — 
tt(cma)* +4020 + a*(22+-u)—2a > 22(e +a). 
4. Find the L.C.M. of (a—a), 2?—a*, 2°—a?, (23443)? ; and the 
ILC.F. of c5+1lc* ~54 and 225 —11le?—9. 
5. kxpress— 
(a—b)(b—c)_ (b—che—d) , (c—d)(d—a)_ (d—a)(u—b) 
(c—d)(d—a) (d—a)(a—b) (a—b)(b—c) (b—c)(c—d) 
as a fraction whose numerator and denominator consist of four factors 
each. 


6. Solve the equations— 
(v+1)(a+2) _(e+4)(c+5) 


(1) “243 a+9° 
(2) 3e+4y-+22=19; 
Tom 3y=15; 


Tee 4y=—l1. 
(3) fc? +32 +15420=9, 
7. If3 be added to the numerator and denominator of a certain 


fraction, the fraction becomes §; if 6 be subtracted from the numerator 
and denuminator, it becomes }. Find the fraction. 
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8. A party of travellers coming to an hotel find that' there; are a too 
few bed-rooms for each to have one. If they sleep two inaroom there 
are b empty rooms. How many rooms are left empty if they sleep three 


in @ room ? 
1895. 


1. Shew that (40?—8z2—1)?—(20?—5x2+7)? is divisible by 227-39 
-~—8 ; and express the quotient as the product of two factors. 
2. (1) Simplify { ie a+! 1+ 4-2, } 
(2) Prove that— 
a(w—b)(a—c) . b(a—c\(e—a) c(a—a)(e—b) _ 2? 
be(a—b)(a—c) ac(b—c)(b—a) ab(c—a)(c—b) abe’ 
3. Find the H.C.F. of 23 +20*—32+ 20 and 3x4 —34n? +51c—20. 
4. Extract the Square root of— 





79 4 2n* + 4.03 4 7? Mig - 
“ 2 
§. Solve the equations— 





1 2 _ 6 
Q) 20+ 3e4+5 
ie eed 
2 ae 
gay ety, (3) 1410? —882—45 x0 
b a 


6. The gross income of a certain person was Rs. 4 more in the 
second of two particular years than inthe first, but as he paid income- 
tax at the rate of 4 pies in therupee in the first year and at the rate of 
five pies in the rupee in the second year, his net income in the second 


year was Rs. 6} lJessthan his net income inthe first. What was hia 
gross income in each year - 


1896. 
1. Simplify— 
(1) EL ee Ri aed en ee 
w2+324+2 Bett S5c+2 2v743r4+1’ 
; a +2b—-3c)* 
(2) Prove that UF Ea) 
(b+2c¢—3a)? (c+ 2a—3b) 





(c+ 2a —3b)(a +2b—30) * (+ 3b6—3c)(b+2¢—3a) 
8, Find the highest common factor of— 
Got +203 +1927 + 80+21 and 42*—2n3 + 10224+2e—~15, 
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8. Find the lowest common multiple of— 
a> +a>, pimas, et+a%n?+a*, and c2—at+a’. 


4. Extract the Square root of— 


° 10,7 , 6 1 
40? +4o—11——- + ea ae ge 


5. Solve the equations-— 
(1) (exon 4). DOTS) 

_ e+ 4 
3 


~ +216, 
Ys 


(2) 2 1320, ot, 

(83) 12922 —34r—S0=0, 
G6. One person starts from a place A to walk toa place Band back 
again at the same time as another person starts from B to walk to A and 
back again. They meet first at adistance of two miles from A and 
afterwards at a distance of 4 miles from A. Find the distance between A 


and B. 
1897. 
1. Perform the multiplications— 
(1) (8a*—4a52—Set )(8a* +4ax* +52‘), 
(2) (x+a)3(w#—a)5, 
2. Divide (1) et ayt ye by tc—y+ 
(2) (b—c)(2—a)*® +(c—aXa—b)? + (a—b)(w—c)> by (b—c) 
x (cma)(a—b), 
8. Resolve into factors— 
(1) 162°—1, 
(2) 4(ac+bd)*—(a*—b* +09"), 
(3) (w—1)(e—2) —2(y—1)(#—2) +(y—1)(y—2). 


ears (b+c—2a)a—(c+a—2b)5 
4. Simplify (1) iat e 


+b ab 





2) +. 
7. 163. ACE gach —— 

action, the 1 

id denomivater? +5 =0, prove that $ aes + or = (ety +e) 
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6. Solve the equations :— 
(1) 1(a—4) + }(20—7) —7(1452)=4(1—z2). 
4 18 
(2) 5438 %e+12 
(2) 3e—4y+52+ 26=0= 3y— 42+ 50—13=32—40+ 5y—5. 
7. When the price of sugar rises 50 per cent. and the price of tea 
10 per cent., the increase in the cost of 3 lbs. of tea and 4 lbs. of sugar, 


which together originally cost Rs. 3-8-0 is 12 as. What is the original 
price of tea ? 


1898. 
1. D vide (a) (#?—1)+—3(0? —1)? +1 by 2*=—329+1; 
(6) a®(L—2) +ub(u—b)(a+y)+b3(1+y) by a(l—z)+b 
(1+ y). 
wz. Resolve into factors :— 
(1) (a2 +62)? —(u? ~b2)? (a2 + b2—c7)2; (2) a(at1)+03(b4+1) 
—ab(a—b)?. 
3. Find the H.C.F. of 3c+ ~22°422? +8 and 2° —722+12c—10. 
$ Pe 1 3 1—3z 
€. (a) Simplify S—pegpanl * deen | Bet ta* + Det 1 
(a —5b)(3a + b)° +(5a—b)(a +3b)5 
at+b 


5. Extract the square root of b?(a+4b)? +3(3a? —2ab + b?)(a? + 3b). 


(b) Prove that =32 (a—b)*, 


6. Solve the equations :— 


—3 2-4, 1 
8) ~~~ +2 4 -=0. 
(3) o—Z - o-+ 1 ™] 

7. The length and breadth of a room are such that if the former were 
increased and the latter diminished by 3 yards, the area of the room 
would be diminished by 18 square yards, while if both were increased by 
3 yards, the area would be increased by 60 square yards. Find the length 
and breadth of the room. 

1899. 


1. Multiply #*+(3a—2b)a—Gab by #34(2a—3b)2—6ab; and divide 
(a+1)20° +(a+1)a? +a2(a—1)e—a5 by (a+1)2—a?. 
2. Resolve‘into factors:—{1) (ab+1)*~—4ab(ab +1)? —(a? —b?)? ; 
(2) (at =09)(a-+b)+(b? ~c8)(b-+c) + (c?—a*)(c+a). 
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‘ 32? a 2827 +4382—8 
3. Reduce to its lowest terms 2* —be* —6n"4+-360—7" 
(a +32+2b)(a+0)* —(20+30+ b)(b+0)* 
4. Show that lat Get) —>. 


5. Extract the square root of — 
mts te(o a) ta)+® 


and shew that .: +— —t yo ee z+) +o if 2+ y¥+2=0. 
gs y3 os 

6. Solve the equations — 

t+5 3(5r+1)_ 4 
CQ) ge=17 “beh e  Ben 28 
+1, 242 20+13 
A) oi eos eel 
(3) 380—4y—624+16=0 = 42—y—2— 5 a — By— 42412, 

7. A-walks half a mile per hour faster than B and three-qnarters of a 
mile per hour faster than C. To walka certain distance (' takes three- 
quarters of an hour more than B, and two hours more than A, Find the 
rates of walking of A, B and C. 


March 1900. ; 

Z. (1) Multiply (2° +2uz+4+4a*)? by (2—2a)’*. 
(2) Divide 62°—1925 +62°—82+2 by 32°—2a +1, 

2. Resolve each of the following expressions into four factois - 
(LY °c)? —2(52 +07) a2+4-(b—c)2a*. 
oy a3(b* —c*) +03 (c? —a?) +02(a2 —b?). 

3. Find the highest common factor of — 

22* +132? —422+62+1 and z* ae —2le=3. 


eae 2 
4. Simplify (1) wats rat aaa! 





e—a e+a 1 1 1 } 
=} ot +P. 
Se Lary *geaye| { wray (a8—2*) (a—c)* 
&. Extract the square root of 
(a? +3b2)? + 10ab(a + b)(a—3b) + 820753. 
6. Solve the equations. 
(1) a + (8248) =5et | (40-19), 
(2) se-l etl r—10 : 
37-9 w—7 o%—1024+2) 


(3) e+ 2y437= se Q2+3y +2202; 32—4y Tem . 





1 


MADRAS UPPER SECONDARY EXAMINATION PAPERS, 391 


7. A person has a certain amount of money to divide among a number 
of people. If he gives 2 rupees to each he will have 20 rupees left over, 
but there are 10 people too many for him to give Rs. 2-8 toeach. Find 
the amount he has to give away, and the number of people. 


Deccmber 1900. 


l+e5 ]—@? m—2 
1. (1) Find the value of -——— rer Om ay +4 when 2? = ae 


b e2 2 1 
2 -3+4 y gt372 
2. Divide (#*~—a*)(#+a)b+(«2?—b*)(rz—b)a—~(a?—b2)(a—b)z by «—a 


and tho quotient by a+b; and hence resolve the expression into four 
factors. 


3. Find tho HLC.¥. of ct ~41e2+16 and «'—723 4280-16, 


(2) Multiply the square of = 


° . ba b ‘ 
4. (1) Simplify the expression Penices ote seme ) 
(a+b)? 
+eaayenty" 


(2) Show that the expression 


4ab(a—b)? (a+b+-/ab)?+ {(a—b)?(a+b)—4ab,/abd} 2 is 
a perfect square. 


§ If a+b+c=0, show that at+b'!+c*t + (bce +cat+ab)(a* +62 -+c*) =0 


6. Solve the equations :— 
jome  SOr+21 23 
Q) 3641) t 5242) = +l 
3 2 8 
) peo iat in ea eee, 8 
2) goat det ate 
(3) ef 2y=32-+41, 
y+2:=2(0—1), 
~+2c=5yt+1. 





re 


7. A grocer mixed 28 lbs. of tea worth das. a pound with tea worth 
Ro. 1 2as. a pound and tea worth Re. 1 8as.a pound. If he had 100 lbs. 
of the mixture worth Re. 1 4as. a pound, how many pounds of the best 
quality did he take ? 


MADRAS UPPER SECONDARY EXAMINATION PAPERS. 
May 1890. 


1. Shew that the expressions a~(b+c)—(d—e) and u—b—cm—d +e are 
eyuivalent. 
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2. (a) Prove that— 


bi icVW fe ay? (a, b\? fb  c\ fc, a\ fa, b 

(-+§) ++) +(5+2) +t G++ 

(>) Find the oo of at*—2e5y+2ay3—y* when c=atb, and 
y=a~—6, 


(c) Shew that, for certain valucs of n, the expression (ma+b)3" 


+a?—(a+mb)2"—b? is divisible by a—b or a+b. 
8. (a) Prove that if an algebraical cxpression be the G.C.M. of two 
other expressions, it is also the G.C.M. of their sum and difference. 
(b) Determine the H.C.F. of the exprossions («? —2u)z* +2(2u—10) 
—a?+l and (a? —a—2)z? +(40+1)e—a?—«, 


4. Solve the equations: (1) Ve+v(a+2)=2a (a+ 2)? . 
] 2a 


: 1 1 1 _ _ 
OCS Corares) ail (tag) rs Tad ea 


&. AB isarailway 210 miles Jong. Two trains start from A at 6 A.M. 
and 7-30 A.M. respectively, and a third train leaves B at 8 a.m. Supposing 
the speed of the truins is 26,20 and 30 miles an hour respectively, at 
what distance from A and at what hour will the first train be equidistant 
from the two others ? 


May 1891. 


1. Divide 1+2°+y3—3zy by 1l+2+y. 
Q. fe’ Resolve into factors— 
, (1) (@—y)3 + (y—=)*° +(-—2)* ; (2) 9et — Ox? y? +y*, 
(v) Find the value of a* —4a°b—4ab?+b*when a+h=4 and ab=2, 


8. (a) Enunciate and prove the rule for finding the L.C.M. of two 
algebraical expressions. 
(b) Express in the form of two factors the L.C.M. of— 
a3¢4 +a2be +acl(a—c)c2—be*2z—c? and 
arat—a2ba? —ac(a+c)e? +bc2a+c4, 


4. Solve the equations— 
(1) atb+be_be-atb_2?+2b2—-a* +b? 4 
a+b a—b tm~-ath ; 
atY  e-Ue 1 ,atb_a—b_ il 


Seen” 


©) iebt aud ab! aby omy ay" 


& Starting from a certain time between four and five o’clock, the 
minute hand of a clock takes half as longto roach a position 5 minutos 
behind the hour hand as it dues to reach u position 5 minufes in advance 
of it, What is the time of starting ? 


APPENDIX IV. 





Solutions and Hints to the Madras Matriculation 
Papers from 1892—1901. _— 





N.B.—eferences are to the artscles in the body ofthe book. 


» For the Papers see Appendix [TIl, pp. 384 to 391. 


1892. 
lL a-b+cm0. BK a*+b* 0% 2 —2 (ab + ac-+bc) 
oe * + b* 0% +2(a%h* + 5*c* + 8a") = 4(ab-+ac + be)* 
=24(a*b* +-5%? + 0% *)}fart 
att b* + ct 2(a*b* 4 b®e? +c*n")J 
9. a9b +b8c+ c8a—(ab* + be® + ca) 
~ a®(b—c)—a(b*—c*) + be(b*—c*) [See Art. 76}. 
an (b—c)(e—a}(b—2)(a+b+c) 
3. Numerator =(y*—2z*)(y+ z)® + (2*—29)(¢ + 2)* + 


70 


(4? —y*}aty)" 
= (y®—2")(y* +29) + (2? — 2" (2? +2) + (0* —y*)(a* py) 


+B fye(y*—e8) + 20(s!—2") +ay(c8—y*)} 
m 2fyely*—s*) + co(e*—a*) + ay(e*—y9)} 24,6). 


Denominator =(y —£*)(y—z)* + (24-2? )(z—2)® 


+ (8—y"emyhh 


a (y*—s2)(y8 +5") + (2*§—a" )(2* +0") + (9? ~g*) 


—2 fyely* a8) + 2eet— 0) + g(a y")} 
on — 2 fya(y* —s*) + 20(2*— 2) + ey{a'—y")| (B) 


*. The given fraction egenl 


‘ 


(2°+y") 
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de? tr 9a? Qata® Qa® 
eo get pk ace pe ge 


Yatat 4:5 Qa 
a 2+ ee —_ + 
= (Sie? ut) be be D8 


(3+) ys Cae He +) 
(5 a es ae 


$s) *2 
at e' Re 
fed ne 7Z De 





be 


sar 
. 
2a We nt ee Splli 17e Oot Ts ee 


bé 


5. See Art &5 


We shall fird the G.C. M lv the method of detatched cu- 
efficients. 


5-6—6—11) 7 +0—-2 —~ 9 ~ 2 (7442 
) 


$520 -1lU—45 -10 
$5 ee f{Ve— f92— 77 
IP4 SUE BV lo 
? 
1O+ Soup PPA Sd 
DV) VIY— VAY — 462 
thy 4124 4124 4] 
Pata) 
-€1)5—6 — 6 — 11 (5-1 


<r a ee 


- 


—thl—il—1) 
—i}l~—~l1]—1}) 
 theGet M islel+lae, v2 tert] 
Sy—2r 
6 Va are 
4 o) 
ee 40e—Sy— 1 = 1404 Loy —be 
o ba—7y=150 . . . (A) 


rm 4 ” A 2 1 
Again, 4y + — “st 261 a i+ 


> 





y) 
ve 2r+30y= 160 . se liy=o0 =. (B). 
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From (A) and (B), #=5; y=5. 
ad 16 1l_ 4¢—174 
Ora a a 
oe. ea 16) + 165=5.2 (4¢—172) 
* 17¢§*—138422—165—0 
ee Sl a®—4047— 495 =0 
*. (5la+55) (e—9)—0 


oe t= =9 or 4. 


51 
7. Let s=A’s rate in yards per second, 
And y= B’s rate in yards per second, 
880 _ 880-22. (1) 
& y 





By the question, 





and 1320 _ 20+ 1320 — 293 a ee (2) 
y x 
From (1), 
.858_ 8806 429 M0_, 
ee ; zr e y ; e 
From (2), 1320_ 12903. a9 
Yy 

440 4302 ~ 63 
A oe 3 

y “ 

eee and 2 =, 
s ~ 45 y » 

ee . 88 oe a 

A can run a mile im 1760+ or 5d minutes and B can 


run a mile in 1760-+~> 0} bs minutes. 


1893. 
1. (2) (822° —6at ¢)9®—(Sz? +1607 4+3)2, 
=(100* + 10r+ 10\(—22¢+4). + a?§—b*=(a+b\a—bd). 
2. (1) (lty)*—2(1+y*)e*#+(l—y)t2t. 8 (a+b)? + 
(a—b)* =2(u* + b*). 
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=(l+y)*—at {(l+y)?+ (l—y)?}+(l—y)*a*. 
=(1+y)* {L—at}—(l—y) 8? {La}. 
=(1—«*){(l+y)?—(—y)*a"f. 

= Spee ot ake a—ay)(L+y—a+ ty). 


alana Dare ab 
@) (Sas * a’ i X cau) 


sah a? +b? +aby ab 
a azb® a—b ° 
a®+ab+h? ,a*?+b? +al 
= =a—b 
ab ao(a— fi) 
3 61° — 4et—— Liz —3:4#—3.— 1], 
=6at (a+ 1)—10rs(at 1) m2 + D— 2c (et L—(1 +1) 
(See Art 71). 
=(¢ + 1)(62*— 1025 — 3 —27—)), 


Since 1+ lis not a factor of the other expression, the 
G. C. M. of the given expressions is the G.O M. of 62+ — 1023 
—z?—2:—1 and t21+2,8—18:24+382—5 which can be found 
by the ordinary method 


4. a4 m+2 + 5734) ee JC), 24 ly” —2 4. Qe 2m 30."y m—g 


pam 4 + Dyin + 
Dg amrt 4 3x” Ie smt —VOxr2 et 1ynn2 + O78” jran P+ 3 Mam SY ® 
leas + 9y2™ 
Darter + 66" —5 yh? | 10d yt 380g” y" 24.9 by 9" + 





I— 10x24 1y" ®— 30x" y"™-# 4 Qhy8n- + 
ee Sq. roat 1s gamely + 3a"—5y" 3, 





5. (1) <4 Fal" and ay vt alte. 
: IN 4¥e 
ee (C42) fe Tosco nent) 


] 1 1 ‘ 
d et -—-)= oneeee eee e608 e 
au (,)+4(; : 1 (B) 
1 1 1 ] 1 1 1 } 
F A > a eae —_ Y Cd ) = - 
a 2(+4 :) C -) - 16 7 a ae 
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l 1 1\l 1 
From (8B), “e tu(C— aay 
- \at ct bt ae 


. 11 (2 lot 
ee A _—— =a =" —" ae —_ e 
ac b/* \u* c? 5) 


Similarly y can be found, 
‘ 3 2 8 
A og aes ~e+2 
% 3(4—a)(c + 2)+4+ 2(5—2)(e +2) =8(5—e)(4—1). 
“ 62+ 24— 3.02 + 6a + 20—2a® = 160— 722+ Sz?. 
¢ 1329 —84a + 116=0. 
% (13a—58)(1—2)=0. 
6 


ee 2 =? or aay" 


6. Let «=the number of oranges bought ; then the price of 


1 _ 384. 
Orange=-—— pies. 

If he buys 8 more for the same money, the price of 
exan pee 168 

g +8 p . 


. 384 384 
By the question, Peer « 


; a a 
a 96(°—-—,)=1. 
“. 96x 8=2(e+ 8). 


*. 2° +8e—768=0, ©. (1 +32)(e—24)=0. 
*, wa 24. 





— 
— 


1894. 
1. (2) 225+ e5\—[(e+ yay—2* —y"*)— {Acry +3) X 
(yet ae-buy—w* —y? — 3? om w—y)(z* + ay+y")} | 
= 2(25 7 @*)—[—.«? —ys— {—2(x? + ys 435 —3eyz) 
—(«*—y*)t | 
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= 2(z + 05) + w8 py — 203 + y? + 23 — 3B vyz) — (4? —y*) 
= 6.cyz, See Arts. 48 and 50. 
2. abs + (a* +b*)ce + ab=(ae+ b)( be + a) 
and (2° +1) ~(a+1)=(«*—2+1). 
ee quotient is (ba +a)(x* —v+ 1). 
3 <*(e—a)9 + 4a%ct +04 (20+ a)9—2asz*( e+). 
Multiply out and arrange accordiag to descending powers 
of s and extract the square root in the ordinary way. 
4. See Example 2 art. 88 worked out for the H. C. F. 
5. Taking the first and the second 
b—c fa—b_ cmd) _ b—cy (a—b)*—(c—d)* } 
d—a Lc—da a—bj$ d—a (a—b)(c—d) J 
Taking the third and the fourth, 
o=s fc—d_a—b) _d—a}j (c—d)*—(a—b)* 0] 
b—cla—b cdf b—ct (a—b\c—d) J 


2. T = (a—l)*—(c—d)* 
The given expression ean 


b—c d—a 
ieee 
_ {(a—b)*—-(c—d)*} {(6—e)*—-(d—a)*} 
(a= 6)(o—d )(d—a)(6—c) 
_(a—b + c—ad)la—b —ct+ d){b—c +4 + d—a)(b—c—d+ a) 
(a—b)(b—c)(c—d)(d— a) 
we +3x+2 t+ 9u+ 20 





; ] ei Ath Deo 
6 () 2+3_~ w+ 
; 2 = 20 
rr. ae 
l 10 
Be eee SS en we 9=10 + 30. 
c+3 wt9 ued - 
o* Qc= —21. Ga f’ ‘m= Qi, 


(3) Va*+3e4 15=9—2c 
Squaring, 27+4+32+ 15=8) + 429—362. 
o, 32? —39x+4 66 = 0 
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ee tm 132 +22 =0 
* (2—1D)(a—2)=0 
is t= 1) or 2. 


7 Let : be the fraction ;: 


Ff r+3 1 

then by the question, ——=% and ——= 
y+3 y 

Solving these equations, we get 2=13 and y=2l, 


8 tet. be the number of travellers and y the no of 
rooms ; then w.-y=a and mya. 


oe l+y = 2y— 2b. ce y == + Zhe 
ee 7 = 2(a+ b). 
2(an+b) 


lf they sleep 3 in a room, ~2*2! rooms will be oceupied 
a 3 


Therefore a+ 2p— Hat” or ae 
1895. 
1. (4e2— Bx 1)? — (Qe? —5 747)? 
= (628 — 13: +6)(2r*—3.—8) +9 a? —ht = (a+ Bab) 
= (3r—2)(29 —3)(27? —3r —8), 
. Quotient is 302—2)(27—3). 


4 12 4, 12 
ey HO ae Lhe 
ee ( f-1° —-3)( a+] =3) 


=(*3 + 12 )(5- 5) 
gel @e—3/\%e241] «43 
aoe thet 3) (18 —4r 3) 
(r—V)Cr—38) (w@+ V(r 43) 
L(+ Wirt3) G@— Dr 9) 
(w—1)(r—3) (xt D(e43) 
(2) a(x—b)\(r—c) | b(r—c)(a—a) clr—a)( v—b) 
be(a—b)(a—c)  ar(b—c)(b—a  able—a)(e—b) 


rooms will be empty. 
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JT fat(r— byl —e) i ots 
= eee Sa ats the t t : 
al a= bao) + the two similar erms. } 


“Lhe 1} —-Lethi2at} 


+ es eR Seen OREO |. 
 Ua=b)(a=e) ) 
e* x Lui X0 + abex 0 | (See Art. 102) 








abe 
2? 


abe. 


3. 3dut—34e* + 5] e—20 
=Fe8(e—1) + 38r28(e—1) — 3la(2—1) + 20(e—1). 
(See Art. 70) 
= («—1)(3x3 +3229—31 2 + 20). 

Since z—1 is nota factor of the other expression, the 
H.C. F. of the given expressions is the same as that of 3.5 
+3x* — 31.420 and #3 + 2.2—3:+20; which can be found by 
the ordinary method. 

4. 79+ Qut + 4a8 +3244 Laie a8 ae 

a® gh wé 
=(as +4 )94+4(73 +2) + 4—( 4, + StS) +o 
‘ 4 4 
= (08 +74 2)8*—— (2 +4 + 2)4+ — 
ae 7 


=(st+2+ 2-5) es Square root is oF +t Q— 2 
x? oe 


aetna are recommended to us¢ the ordinary method. 


2 6 
5. (8 a *o-43° Bet 
. J _ 2 4, 2 
re 3a+5 3e+5 2438 
ne 2+3 a+1 


(2+ 1)@« + 5) =e (Bu + 5\(2e +3) 
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| +3_ 2(a+1) 
et) 2243 
oe Qu? +9r4+-9=2u*? + 4a 42 





ee 5a —7 ee cae 12, 


9) TTY gt Yay 
(2) Rie: 7 Vispvenesenl bs 


and =) Mc ead = Cocecsecee sev(2). 


From (1), (r—y) "+ (e+y)= =be 
From (2), (:—y) ae 


ve (ty) (+5) =le+are 
a 


F _ abe(a+b) : 
ve y ee ae + b# ees ces cee vis (3) 


Again from (1), (1—y) +5 (e+ yy=ac 
Y b 

from (2), (7—y )— (x +y)=br 
a 


ee (4+ ae +?) =¢(a — bh) 


© ., .  abe(a—b) 
Se ok (4), 
gine. ye ae _ abe 2a a*be 
from 8) 6, eS? (tees 
and 2 =e ( | — 2b == 
TF Nabe] att oF 


(3) Lt]? — 88 7— 45 = 0, 
88 45 
ig 2 me -—_eIm™ — = e 
Sa ae 


wf + 8) = (ea 
era: in + 141 1 + ian 
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oe 19 _ 2 _ 36 
ry F 
From (B),  °! +2295 
9} 
.. a Semel. 
x 
From (B), 1 9 oe 2k 


From (C), 2=16—10=6 yet. 
y 
(3) 1290? ~342—80= 0. 


34, 80 ™ 
Pye ee — t—-_. = 
~~ 739 199° 


Yat — ot, (ey =() 80° 
° © ~ 759" * \ fay 799) * 199 


(aT )a( Te \t+ 2 (8) 
° m5) 30 ) 129 \ 129 


... 1? _, 108 
"= Tog = = fag 
. . . 120 86 _ 40. 2 


a 9 OT Tag BO i 
6. Let «=the distance between A and B in miles. { : 
2 2 | 9 


And y= A’s rate in miles per hour aera baa (ia 


= R’s. eenen pee ese ens 6G FOG 
They first. ee a & sAisiuiee of 2 niles Gon P. 
: 2 eg —32 (1). : 
y e 
Again they meet at a distance of 4 miles from Q.! 
Be DN oe cectcatesO) 
z y Zz y 
@ we 9 
-. Dividing (1) by (2), ° — = ae 


ee c® ~ 5.64 6 6. ‘ oe & ez 5 miles. 
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1897. 


Q. (2) (b—c)(u—a)® + (cma) —b)? + (a—b)\(r— 1? 
a 1 °(b—c+c—a+a—d) 
—31* fal b—c) + b(c—a) + c(a—b)} 
+ 3u{a*(b—c)+ b*(c—a) + c?(a—bd)} 
— {a'(b—c) +b3(c—a) +c (a—b)} 
=g? X 0—3x? x 04 3x(a—b)( b—c)fa— ) 
—(a—b)(b—c)(a—c)(a+b+c¢) 
(See Arts 74 and 76), 
= (a—b)(b~c)(c—a)(at+ 6+ ¢— 32) 
Divisor 18 (a—b)(b—c)(¢—a) 
. Quotient =a+b+co—32 


3 (1) See example 3, Art. 63 
@) See example 5, do. 
(3) Multipiying, we have, 
HBr 2—2(1y—1— 2y x 2)4 4? — By 42 
Sry ey tye lg) (229) 
=(1—y)(1—y— 1). 
i S me — 8 Se ~4 
4 (1) poy oe 2B putting «+ for 
a+b— 2c, y for b+. —2a, z for ce+a—28, 
We see that r+ y+2= a+ b—2¢4b4+e—Q+¢ +a—2= 0 
oe YP tyzpc® =c* + cr4+?,..,, (See example TI (i) of Art 
79) 


* The given expression = Y— “Vy? +y2 + 2") 
(z— 1 \(28 + 2+ 27) 


EN aA. a 


eo SE 


gma (e+ a—26)—(a+b—2e) 3(ce—b) b-e° 
(2) a+b a—b 


cabs abe De 
_ a 
a+ a-—) 


(a+b)*_ (a—>)* 














ath a—b_ 
~ as ae a® 
a+b a—b 
_ 4ub_ 4h 
a®* a 
1,1,] 
_ + = ee? + =( 
es pe yt ys zr 
Now (eee +t) = (eX ze zrets, ty ‘) 
a ee a? 38 ety?z8 
o( SX fees ryt a 
= 3 i oe ae Ki) we See example I 


(in) Art. 79, 
[Ut atbt: =0, at + bt +4 = 2(ab+ac+ be)* | : 


2 ~,2 a 
=( LYZ ee + azy ) =G+e+y)" 


\(@—4) + (2a—7)—,(1 + 52)=41—.) 


6. (1) 
; é 62 Bere < 
se gta r +4r='4+3+ +4 
r(dt —3°44)—-% 
Qe 1a? 
1 Re 


DN yaks eee 
\-) Jo¢3 7a+12 
© We+ 48— 36a — 54 = (14.9 445,4 26 








yf, 10#* + 233a+ 186=0 
ve B= BABY IBSA— 4x 70 X 186 
Y 140 
Again the, = 233447 _ 23 
—21-— } 
140 70 


unis 


3:1—4y+ 52= —26...(A). 
* Divididy— 42+ 5°=13 ..(B). 


— br + Sy =5,..(C 
a ee (AC). 
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Addin. A, Band C, we have, 
4a +4y+4c=—8 
“@+y+z2 = —2...(D). 
Fiom (A), 3a—4y + 5¢=— 26. 
From 4(D), 4e+4y+4en— a 
oo (ap Oz= — 340K). 
Again, 3y—424 4: =13 
& 3 (D) 1s 8a@4+26y4 dz= -- 6 
21—7e=19...(F). 
From Ih, 147+ le&s4+=— 68 
From FF, lda~—492= 135. 
e 672=—201...5=—5 
and w= }(19—21)=—1 (fron. F) 
and y= —24+341= 2 (from 1). 
4. Let e=the price of Ib. of tea in annas 
HN 4) Se v6. sentienepddecng ese SU War wdconsie 
then the price of 3 Ibs. of tea and 41bs. of sugar 
= (3+ dy) annas. 
By the question, 3+ 4 4y=A0...0A 
Again, the imerease inthe price of 3 lbs of tea and + tbs. of 
sugar =(3X }lat4x %7)— (3a + 4y) as. = (3504 y) annas. 


By the auestion, ot 2u=12...(B). 


From A, d+ 4y=56. 7 
From BL i++ 4y = 24. § 


o tees? Sore. Xd2= 49 as = 13 as, + p. 


1898. 
1. fa) (:°§-1)4—3( 21) 41 
=yt—~3y%+ 1 patting y=2?—1 
=(y?—1P?—yr= iy? +y—I)y?—y 1) 
[19 —1)8 4 (at D1} {(?—1)8-(et—N—}} 
= (gt—at— ])ia*—3e?8 +1) 
*, the quotient is 2¢— 2°—1. 
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2. (1) (a® + b*)2? — (8 — 98 — (2 + ect )® 
== 4a°b* —(a*® + b*§—r*)8 
=(a+b+c)(a+b—c)(e+a—b)(e—atb) Vide Art 63, 
(Ex. 5), 
(2) a5 (a+1)+65(6+ 1)—ab(a—b)* 
att btp-aud + b3—abla® + b2)+4+2a*b? 
= (a® + b*)8§—ab(a® + b®) +a54+ dS 
=(a* + b*)(a9 + b* —2b) + (a+b)(a*—ah +b?) 
=(a* +b%®§—«ab)(a®§ +b* +a+b). 


3. By the ordinary method, the H (C, F. can be found 


l a 2 ; 3 
oO fee 1 Gah eteay oeaae1 
3 | — 3a l—3zx 
t 


i esl tee ore a) et 
_ 2e+14+3(169 +1) + (1—82)(. -1) 
~ (w—1)(2xe +1)(.2 +1) 
a 6.+3 - ; 
(eV) Pre Date) (a1 )e# + ly 
(7h) The numerator — 
==(30+ b) 3 {(8a+b)—(2a 4 Gh)t + (a4 3b)° {6a 4 2b 
—(a+ 3h} 
= (3a + b)t—2(u + 3b)(2u+ 6)* + 2(a 4 2.4) 3a + b) 


The given Expn. 





—(a+3bh,+ 
= (3a+ b)*—(a+ 3b)* — 2(u + 3))(3a4 b) {(3a4 6)? 
—(a+3b)*} 
= {(3a + b)* —(a+3b)*} {(3a + b)* + (a 4-30)? —2(a + 35) 
(3a + b)} 


= 4a+ b)2(a—b) {3a+ b—(a+ 3b}? 
= 8(b+ b'(a—b)4(a—b)? =32 (a+ h)(a—b5) 
-. the giyen expression = 32 (a— b)8. 
5 Arrange the expression according to descending 


powers of a or b and extract the square root by the ordinary 
method. 





l 1 a 
= aaa ( Lo) (@—4)(: + 3) 
ee ee, ee 
Wa—4) * 3.43) aw sa) 
«3 (+3) + 2(a—4)=6 (= 3) 
5: +1=6e~18 “. a= 19, 


(a) 8 i =b ....(1) 


4 ai 
¥ ¢ a Ee istaal) 


Bron: (1), a+y° a =h 
ax 


b 
Meee veo! 
From (2), y gt Oe eG, 
a® a oh ap 
(a*—b* a—b 
b? b2 
ee? —}3 ve b 
cont =a+b, and ys be ae =b—y 
ath 


1 ) 
. er ee 1— l= 
CO) eg te 


Jt shit 6:—9 
—2 atl (2— 2)( «+ 1) 
8 (a 2)(i + 1) = $(2e—3) 

' Bcf ae dr—6= 8. —12 


e 
als 


vw, ort? — ll +6=3 ae ot 72 
_ 114739 
a ee 


47. Let e=the length in yards and y= the breadth in 
yds; then ay= the drea of the room. 
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By the question, («+ 3)(y—3) = ay—18..... (1) 
and (x +3)(y+3)=2y + 60......(2). 
From (1), 3(y—«)=—9 ; and from (2), 3(r+y)=51 
“ @+y=17 and r—y=3  .*. a= 10 yds. and y=7 yda. 


1899. 

2. (1) (ab+1)*—4ab(ab+1)*§—(a3—b*)* 
=(ab + 1)* —4ab(ab+1)* + 4a*h* —(a* —b*)% — 40758 
= {(ab + 1)9—2al} 9— (a3 + b*)* 
= (a*d? + 1)? —(n8 4+ 52) 
= (09d? + 1+a* + b*)(a*b* + 1—a* —h*) 
= (a* + 1)(b* + 1)(a* —1)(L?--1) 
=(a+1)(a—1)(b+1)(b—1)(a* + 1)(b* + 1) 

(2) (a*—b*)(a +b) + (b9 —c*)(b +c) + (c? —a*)(c+ 2) 
=(at+b+c){a*—b9 + 69—¢9 + ¢%*—a5} 
— r(a3 — b*) —a(b* —c*?)—b(r*#—a*) 
== — {c(a* — b*) + a(b®§ —¢*) + b(c? —a*)} 
= —(a—b)(b—c)(c—a)=(a—b)(b—c)\(a—c). Vide Art. 
74, Ex, 1. 


3. Find the G. C. M. of the numerator and the denom'- 
nator and divide them by the G. C. M. 

4. Thenumerator = {a+ 7+ 2(: +b)} (a+2)* 
— {2(a+ r)+b+e} (b+ r)* 

= (a+ 2)* + 2(a + w)3(b+ z)— 2(at zw) b+ 1)—(b+ «)* 
=(a+1)*—(b+2)*+2(a+ 2)(b+.2) {(a+ 2)®§—(b+7)*} 

={(at++)?9—(b++)9} f(t +)? +b+ez *42(a+ 2) 

7 (b+z)} 


% 


hig > aba t b+] 


bh =a—b. 
/ 


[ ist )+15(2" +) +20. 
w* e x? 
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+2+6(2" +tatt 5) 


a= oo + 
1 es 
+9(a* +5 + 2) 
x 
=(#+3) + 6(+-)(2 + ) +9( x +5)" 
2s 25 z z 
= § atts, + a(= + ae 
a ha v 
; 1 ; 1 
“. the square root 18 «9 + — + (a + ;) 
a we 


(b) We know that 
(atb+c)$=a>+bi +c° + 3(a+ b\b+e)c+a). 


x Gebel edad eho betel) a) 
ss Grits =a bys t : at y y v2 st; 


1 31 1 L Ll 1L\8 tet yytz)(e+%) 
~ Satna (Gtyts) rr ae 
but 3(etyy+2)(2 + ¢) =3(—2)\— ")\(—y) = —3zyz because 
etytcz=0 
_ 1 it Lae 
o Stata ay a get Ys 


6. () e860 517 
ait D —4 3G r+ Db, ; 
Q7—1 ~~ »=—s- Sate 2 
; 2+1  6(52 + 1D—A(5a+ 4) 
°° 2a—1 2( 52+ 4) 
Wu + 1)(Sa + 4) = (Qe—1)(52—1 4) 
10a? + 18#+ 8 = 107? —33524+ 14 
17 
4 ll 


2 
Oy te eit eag 


» 





to|~= 





Poe S5le= 6 ms z= 
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2 4 Lt 
eer 
oe Be—2Z)C + D440 —YO + 1) = Me 1 2) 
oe Bete Deen at ee Pm fa 1) Pe te BY 
: 5. 8§—Sla+30=0 
oo 6 (Sa— 6 )(a#— HJ HU 
* oeomor if, 
(3) Se— 4u—62= —16.......0....CA 
4 Y nt, ce cce eee cunee CEB) 
am Sym tome — 12... 0. CO) 
From (A), 3:—4u—6: =— 16 
From (B), 16.—¢y— 4: = 24) 
fe AAP De ee By. seee: cc cece) 
Again, from (C), 1—Symdra—]2 
from (B), 12:—3y—3. =15 
Lh reer... cee (Dh) 
220 2S 4 
from (D), 13 +2 =36 
°* QYr=]s we) 6D 
aud c= 27—)) = (trom B) 
and y =4i0—7-—- 50 = §& — 5 —5 = —2 (from B) 


GT Let 7=the distance im miles 
and y= A’ Srate in miles per hour , 
then 7 >= B's rate and y— , 2 C's rate. 


By the question, we Hy — it de desea Ch) 
aud are Bey * eve (2 


From (1), — 34+ ,4 = 4(u— sym 4) 

we BYE) (Vy )oce cece sencesceeees 0 (3) 
From (2), ge 2y (y— 4 

ge MOBY (YS gsi cearsec cea senwssurscnasanseee 4) 
“. from (3) aud (4), 3(y— My—J=su(yv—- 2D) 
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“. O(y—4) = By. 


“ y= miles 
Hence A’s rate=4! miles, B’s rate= 4 miles and C's rate 
=3} miles. 
N B—Ify - ,=0, then 0's ~ate 13 Zero 
Hence thit value was not cousidered 


March 1900 
2 (1) (b+ ‘*~2(b* +c*#)a* +(b—c)#a* 
=(b+c)* —a® {(b+0)*+(b—c 3} + (6—c)#a* 
=(b+0)?(1—a*)— (b—c)#a*(L—a?*) 
= (La?) {/b+ ¢)*—a?(b—- )*} 
= {1+ a)(l—aj(b+e+ ab—ac)(b +c—abtac). 
(2) a8(68—c8#)+53(c®§~a*) + c%(a*—b?) 
=13(b9—c#) + b3(09 —h2 + 68? —a?) +08 (a*— bt) 
= >(b8—« 4) 63(b? —c? )— b3 (a? — 6) +3 (a*—b?) 
= (08 *)(at—b?) (a? =58)(69 =e) 
=(1 —h)(b—c) {(b+c)(a? + ab+b?) 
—(a+ b)(b* + bu +c*)} 
=(a —b)(b—c) {fb+e) at+b(at+ b)(b+c)—c*(at b) 
—b (b+0)(a+h)} 
=(u—b)(b—){(b+1)a? —(a+b) « 7} 
= (a—t)(b—c){b (a8 —c?) +ac (a—c)} 
= (u—b)(b—c)(a—« (ab + bc + ac). 
3 The H.C F.15 easily found by the ordinary method. 


l ) 2 
a rr ae ee oe 
KR l 2 
SS SB EH 
-* eee 
zt +4) 
. v) 


= c2(@% —4 + 4) 


354 ALGEBRA, 
we Cet t+4)+2(e*—4) 4 





w*(x* — 16) 2*—16° 
_(4—a)3 +(4+a)?_ 2(29 +320 
(2) Numerator = Sa ae =e ), 
Denominator = ! l ] 





(G4a)** ata ase) 
— (a—')?+ a®—1? + (a+ «)? 





(a? —.*)8 
3a?+2* 
(a*— x*)2 
P(e3+3e0% 2 »2)2 
Hence the given Expression ae ae nee 
=2,, 


5. (a2 +3b*)* + 10ab(a + b)(a—3b) + 330°5?, 
=(a* + 3b* ,* — 12a?6* + 10ubi(a? —3b* —2ub) + 33a*b? 
+ 12a?b* 
= (q?— 367)? + 10ad (a®? —3b?)—20a? b?+45n* b? 
ae —b#)9 + 2x 5ab(a?—35*) + 25a? b* 
== (a*—3b*%+5ab)*. Hence Sq. root =a*+ d5ab—3b3. 
*6 a) 7347) (8248)—5u4 2(4e—19) 
5 * 10 
Multiply both sides by 30. 
", 6 (2a—3)+ 27(3e + 8)= 1502 + 10(4a—19) 
*, 122—18 + 812+ 216=1902—190 
*, 1902— 93a =216+4+190— 18 
*, O7a=2388 .°. a= 4 
° sa— | "ae aa wld” 
OP 3120" a7 el eel 
‘ out es cao 1) _ «—10 
; 7 3(a2*—10a+ 21) x? —1l0xe+ 2h 
*, (8a—1)(.—7) + 8(a—3)(x+ 1) = 38(u— 10) 
°. 30*§— 22n4+ 74 3.2 —62—9= 3a—30 
i . 62'—3lz+ 28 =0 
*, (62—7)(c—4) = 0 
co of. 4, ex 4or 1d. 
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(3) w+ 2y4+32=22,,....... (A) 
Qn By +2=2... esas) 
3u— 4y — Ra sessvas€C) 
From (B), 20+ 3y+ s= 
Krom (A), De y+ = 
ve Yt OZ= Poors. we0ee(D) 
Again, trom (C , Spy ee 7 
and from (A), dz +6y+ 92 = +? 
*, LOy+ 16z2< ae 


. Sy+8z2='%............(K) 
From a oy 20 =< 

eA7z=2=17 «. z=) 
uua y=? ee — % (trom D) 


and ¢=2°—2y—32=)9 +4—3=14 (from A). 


4% Let =the amount in rupees he has 
and y=the number of people ; 
then, by the conditions of the question, 
ae ere see. CB) 
and 5x7 PLO 2ccsacsavosnenwinl 2) 
o. w= Qoy— 25 
aud from (1), «= 2y + 20 
ow. O= dy—45 “. y=90 people 
and 1=2y + 20= 180+ 20= 200 
He has Rs. 2C0 to yive away among 90 people. 


DECEMBER, 1900. 


14.3 1 — «5 
() +.) (l~.«)# 
we metre lau? 
(i+) * (=a) 
a (1—9) 8+ 8 (1— +) + (1 + 1) 9+ 91 +2) 


om 2 


1. (cb 
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Bu—5y+2@1.., (C) 
Subtracting (C) from (B), 4y—3z=1...(D). 
Again, from (A), 21 + 4y—6z= 2 
and from (B), 2e— y—2z#2 
ee Sy—4z=0,..(E). 
From (D), 20y—15z=5 
and from (E), 20y—16:=0 


e» 50: and y= 2 =4 (from EK). 


and w= 1—2y+32=1—8+4 15=8 (from A) 
%- Let =the number of Ibs. of the best yuahty 
then 100— (28+, or 72—a2=the number of Ibs. of the 
intermediate quality. 
The price of x lbs. of the best quality =32 (rupees) 
woe (2—2@ )bs.,..2nd... =(72—2)% (rupees) 
and...28 lbs,..3rd...= 28x 7= Rs, 4°. 
ee the price of 100 lbs. of tne mixture =fa+ r2—-ast & 
By the question, the price of the same = 10Ux Rs. { 
= Rs. let 
oe Set 8(72—r) + 49 = 125 
e. f2—fx= 125—81— 4° = 195. 
oe Suze te 


oe = Zlib. 


December 1901. 


1. (1) Find the coefficient of »* in (1+ 8a—4.*)' and of 
#°? in (2+ 2°+2° +2°%)'. 
(2) Divide a*#°—3 (309 —2ac)e* + 8(80% —2bd).? dd? 
by ar® + 329 + 3cer+d. 
2. Resolve into elementary factors :— 
(1) «*—65z%y* + 6474. 
(2) 2° +y°—aty—uy*. 
(3) (5a + 3b)* — (8a4 58)§ —8(a— 0). 
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3 Find the L. C.M. of the expressions 
3a>—11e* +6. and #° —Ye* + 2715 — 27x. 
4. Simplify 
(1) aly—z)(yt 2-4)" +y(2—ee+e—y)? 
+x(t—y)(i-+y—2)*, 








8 7 
3 = 
% z—- - ee Qnt + 2a* 
: 17 1] )4—ge 
x i+14+ 


5. Prove the tollowmg identities — 

(1) a*(a*— 10a* vc? + 5: *)* 4 08(5a* — 10a?2* 42%)? 

=(a3+ u3)5. 

(2) (ya z)°+(z—2)> + (1—y,)’ 

(ym a)P Em) + (1)? 
= 8 fat—i(ytsytytmyct 2} 
6 Solve the tollowing equations :— 
w—2a  ¢—2l t : 
) 4b? sas ve aed = 
2 8 2 4 
O) set 243° det lt apd 
(3) dy = 3 (4i— Ty) — B= 4(22— by + 1) 

7. %Ina rectangular ;icture trame, 3teet by 4, one-eighth 
cf the whole area 1s occupied by the frame, which +s of uniform 
width all rcund, ard the 1emainder by the glass, show that 
tle width ot the frame 1s ) 33 inches nearly. 

1. (2) a?2°—3(3b?—2ac)a* + 3( 40% — 2bd) 3—d? 

= (292° + 6aci* 4+ 9r9.*)— (9b32* + 6bds* + d*) 
=(ac> + 3cr)* —(3b.? + d)?* 
=(ard + 3cr+ 362° +d)lax?® + 36) —30.* —d) 

*. the quotient 1s ae —3bn"* +3ca—d 

2. (1) at — 65 8y? + B4y* = (a* yo?) 8-64) 

Vide. Art. 70. 
= (e+ y)(e—y)(2-+8y)(e— By). 


360 ALGEBRA. 


(2) 2° + yo —aty—ay* = ot(a—y)—y*(e—y) 
=(a—y)(e*—y*) =(Co—y)*(e +y)(x* +y*). 
(3) (5a+ 3b)§ —(38a+56)§ —8(a—b)>. 
==\5a + 36)* + (—3a—Ab)* + (—2a + 2b)$ 
= 3(5a+36)(— 38a—5b)(—2a+2b) See Art 77. 
=6 (54a+3b)(3a+56)(a—b) 
NB, Uf p+q+r=0, then p?+q? +73 =3pqr. 
3. Sat — llr? +62 =2(3:* —1lle +6) =2(30—2)(1—3). 
And :*°—9rt + 27¢% —27.*%=43(.8 --Qe* +27. —27) 
= 09 (4—3)3 
ve LC Mos 28 r—3)8(31 2). 
4 *(1) Let ytsme=a; stimy=b; and 24+y—2=", 
then a+ b=2:, htr=Qz; r+a=D2y. 
And a—b=2(y— +); b—c=2 (z-y); c--a=2 (a@—2) 
es the given expression becomes 
“Fx gee + ox + a ges cams 
a= — } fa2(h? — 67) 4+ h2(c# —q*) +07 (ua? —b*)} = 0 
Ba®*¥—-8 9 bate7 | Wt +]) 
rs —| a cory ad z* —} 
ae (32* —8)(x+ L)—(x*#—1)(524+ 7) + 202*4+1)( 0% +241) 
(2°—1)(2+ 1) 
a BL 8 + B22? — Si — 8 — Tt Ste 7 HQet tht S44 Qer 40 
(e8—1j(a+1) a 
_ det--a+-l 
~ (2 —-VDCt ly 
5. (1) (a®+ax*)® =(a+ir)*(a—11)® where i == /—} 
we (a* + Sates + 1002 i8x* + 10a*t a? + 5ac4ct +75 5) 
X (a5 —5atix+ 10a°18x*—10a*s8 x? + 5ar*2* itt) 
xx {(a5—10a*x* +5ax*) +0(25—10a%e*® + 5az)} 
{(a®— la «® + 5act)—~i(e® — 1l0a*e? + 5a* v)} 


(2) Expression = 
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Since #=—1; 2=—i; t= 1, (S=7 
= (a5 —10a51* + Sart) —19(5atu— 1O0a*s 4+ 1 )* 
=a*(at—l0a?x* + 5xt)? 4.1 9(50* — 19274 + 2t)*, 
(2) Ifa+b+c=0, then a8 +b +c8=salke 
and a& + 65+ c&=5 (a5 + b§4+c%)(a2+1%+.7) See Art. 77 and 
Art. 165, Ex. 9. 
Now in the question, <—-y + y—s+s—1=0 
1.¢., a+b6+c=0 if e—y=a, y—c=b and z—a=C¢. 
« LHS. of the Expression ate 
= §(a° + 0? +c*) 
= 5 {(a—y)* +(y—2)* + (2—2)*} 
ee 8 Fy? 298 — ry — ys—cz) 
= 8 feP—aytzyty*®— yer zt. 
w—2a, amb Fa ; 
6. (1) at4b 3a+2b Sat Tis 
a— 2a x— 2b 
-s —_—_ —] PaaS | df _ we | 
ab Sae2h  Sagap 
r— Sa— bb 2—3a—4b , a—sum4b 


a+ 4b 3a+2b Ba + 4b 
. w—-du—-4b=0 o w=Ha+4b, 


See Art. 139, Ex. 8&. 
2 38 2. 4 
CO Si ees al aes 
2 2 4 4 
wel Qtl vatd 248 
: 2 _ x 
(et TQet]) (e+ 4243) 
“e ©=0 OF 


2 = 1 


EP eee 








oe 2a? + L4er + 24 2294+ 3r41 
wo lla=—23 wo ae—2e.. 
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(3) 5(.cm4y) 2 de — 7y— 15... 00.00.20 (A): 
3( a —4y) = 2(2a— Gy +1). ....00... ee 
*. from (A), z—13y+ 15=0............(C). 
from (B), #+2 =(),.. 
.. =—2 and from (C), ~1y=—13  y=l, 
7. Let ic width of the frame be zx inches, then the 
Jength of the glass = (48—2z) inches 
aud the breadth ='36—2c) inches. po ce aaa ee 


—— 


By the question, (48—2x)(36—2:) = § x 48 x 36 
ee (2— 24)(2—18)=7 xX 6x9 <378 

ve CF —A22 + 432=378 

ve 08 42 + 54=0 ‘ 


_ 42+/(42)3— 216 





i, xs ee = M4 441 — 54 
= 21 +./387 =21419°67.... 
=40°67 or 1°33...... 


The former value is obviously inadmissible 
*. the width of the frame =1-33 inches. 
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(3) S(cm dy) ae der —— 7y— 15.0.0... cee eee(A): 
3(4— 4y) = 2(Qa— Gy + 1). .....0...62.(B). 
*, from (A), z—138y+ 15=0.,...........(C). 
from (B), #+ 2 WO eecurss sue 
.. c=—2 and from (C), —ly=—13 wo y=1, 
%. Let the width of the frame be zx inches, then the 
length of the glass = (48—2z) inches 
and the breadth =‘36 —2v) inches. nae 


By the question, (48—2.)(36 —2+)=2 x 48 x 36 
oe (x— 24)(2—18) =7xX 6x9 =378 
we C8 —427 + 432=—=378 
oe w* —42 v+ a4 =0 ‘ 
» 2\3_ YI ee 
pe eee = 214+“441—54 
= 214/387 =21419°67.... 
= 40°67 or 1:33...... 


The former value is obriously inadmissible 
.. the width of the frame =1-33 inches. 


+ 


rh i ad o> 
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ANSWERS TO EXERCISES. 


ee eee 


EXERCISE 1 (1). 


6. 2h 8 §. 88h 4“ 84 OR 

2082. 7 1034 8 5177 9. 4. 10. —402. 
EXERCISE 1 (B). 

LL, ~l. 3. —3% 4 29. 5. 192. 


2. 
58. 4 #17. 8 10 #9 LW. 10. 3435. 
EXERCISE 1 (C¢). 


3. «2 55. 3. 4. a, S85 5. —108. 
5. 7 0. 8. 76; 536.9. 38. 10. 30. 
EXERCISE 2. 
8a; —6b; 2a. 2. 37ab; 13a?b. 
Wey 3 —5iV/ab. 4. 23a—29b. 
6a* —8ab + 1153. G6. 2 e¢?—Sjay +52y%. 
11, —l5hax +8 iby—7ab. 
EXERCISE 3. 
3(a+b+c+d). 2. —oa—a® + 6a? + 2, 
Qax— 4by + 2Qez. 4, 2a* + 1290742. 


4a°>—a%2+ Zar? 4+ 08. 6. 15a"4+33b"—29c"+ 37d. 
EXERCISE 4. 
ath+it—a~—y. 2. y*(atb+c)+eyt+e. 
Q2(a®+y%+29), 4. CaS —2a2b—3ab? —22uc*~—c3— 73, 
Bya—545b+3hc—333d. = G2 $a—3b+ ct hd. 
3+9x® + 4r5— LI) zt, 8. mt — 28 oy? — 23 + Sy3, 
26 


1V 


SRESSSRREVSSEAK ow 


20. 


ALGEBRA, 


2(a®+b°) % ua. B. 4p8gt. Qe 4xy*(n? +2), 


8ab(a? — b?). 11. 40(7—y). 12, +Ac®y'. 
EXERCISE 11 

a*—b', 10. »*t—1. ll. w* ~—(y—:)*- 

(@ +2)? - 9° 18. pitp?g?t+q*. 14. a&t+a'+l. 

(w2— y?)?, 16. «a*t+abst-. 17.(a:—1)?. 


at+814+9°7, 19 (a +b—c)(u—b+c) 
(at b+r4i))(at+h—c—il). Q] (5a+3)(5a—3). 


(2a: 4+3L)(2a+ —330). 23. (4 + 8d)(7e-—- Sd). 

(a* + 9b? )(a+3h)(u—3b). 95. ta(t—rc). 

(4p + 7q)(4p—79q). 27. (9 + 2y—32)(w— 2y + 82) 
(Ya—3c)(—3c - a). 29. (314+ 4y + 72804 4y - Tr). 
(6a + 2b)(12—2u, 31. (7p+2q)(p— 129). 

0 33. (4a—4b+ 4c)(2c - 2a). 


(62—2:)(6y—C:—2+). 85. (4p—7q + 5r)(2p— q—3r). 
(a+ b+e\yot b - )\(u—-b+o)(a—b—c), 37. 0 
Le) 89 OU S6R20. 49. 137323 


EXERCISE 12. 


217, %4Y4 OF 45. 16 16. 140. 1%. 125. 
S, 19. 27. 20 125 
3(a2b + ab? + b2c+ be? +1404 ca* + 2ale ) 
BC ry2?—aty + yz? — 22+ z749 — 287) 93. 125(u—d)°, 
S(a? +b2) . 25. &%. 

EXERCISE 13 
x3 + 8. 9. 26 3 &a'? +1, 4. alive 
WWo52'+fy". 6. 640% +54305, 4. 1—27 2°. 
at?— Bb5c%. 9. «3-8. 10. m?>—Glp'n’ 
sa8bom), 12. at2?—vi2, JB. (@+2)(x8- 2x + 4) 
(p+ 4)\(p?—4p+16). 15. (Sbce+a)(9b?c? —8abe+ a*) 
(2a + 7b)(4a* —14ab+ 49b?.) 


(5a—1)(2524 +5e+ 1). (18. (l—7e)(1 + Fr +4907) 
(6c —a)(366?c* + 6abe + a). 
(4a— 3bd)(161* + 32abd + 9b2d*). 


Powe 


= oe 


pad 
~ 


5. 


con Po WD pp 


x, 9. wm ht’, 3. eee 
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EXERCISE 14. 


(2419:435. 2. .29—.-6. 3. at—8v27 415. 
tery ly? §  dcFtdi—lo. §. a2u23—ae— 156. 
WF 4973 + 26; +24. 8. 23 —602 —371 + 210. 
8.3 — 26x +12. 10. 2'—10:9+9. 
daa se eas ae 
Laan grt dtabtart betadthdt+ed+ abe tabd 

+ brd+ acd + abrd. 
(A4b)O+ ert a)— Uy gt bt—es, 
2(a+b+c) > +(ath tej)(av- ae tbe) +abe. 
Wa (ab— a beat) — (ra). 
—2Uet yts)V AIG Hy tary t yeti) OT y2, 

EXERCISE 15. 

BB? fey? fe? ee 30? 35?, 9. nwi—bi —ri— Zab, 
Br I Bi yS—st—Isiyz. 4. 2ript—12dq'—64—18Up,. 


‘ l 
wm -w> ble Son, 6. (Fb —— 2. 
et 
) % 3 , if Ti b* 8 “ 
wl A +b +: —3el). 8 yt as 
Cc a 


EXERCISE 16. 
ete bea Seb tuth tab? -at+h. 
ge uA hs oa +L, 
y. = 3 Yr oy 
(ap Qy4ts) Qi tyts\@tyt 2) + y)(yte) (s+). 
See (. 16, BE. 14. 5. 0. G6. 0. 


aby tery ly py (e+ lj+2cy. 


2(b +¢)> + be(v +0). 
(a—2b4+0)(b—2c+a)(2a—h—c). 
EXERCISE 17. 


a2h2y 





a a, ae y etc l 
fy 6 Se oe FR ok 


Vi 


BRE wane nu 


oS SSRSSBRB ENR BNEIEE Be ae 


AI,GEBRA. 


EXERCISE 18. 


t® 427 +3, 2. ~—a+ur—2, 3. 1l—a?. 
c+tb+a. §. — a a—3. 6 x?tatle Fadi 
w— 2, 9. 3:—2. 10. «#—1. 11. ae+2, 
(t+a)(2*+ar+a*). 13. x* +a* +3037? 4+ 2a8* + 2a? 
x? + 444-8. 15. «w—4. 


28 — 3x5 4+ Ont —27 9? +8112 e243. 4729 
2° +Qxt+e5—477—lla—10, 19 1+2e¢+ 30? + 40'. 


DES mm hak y +07? +275, 20. 303 — fa? —da—3. 
Lbobatpatg gt ae bi Oba tab tae, 
w* —(a—b)z- al 93. (r—L)a+.r?. 


(a2 tas TY? ate + y. 25. c-b. 26. abtact be. 
qirbctac. 28. atb+r. 29. c* +7? + l—ay tary. 
a? + 4h" 4.9, 24 2ab + 310— Ble. 

erty? a 8+ ay—eztyz. 82. 2a—sb—ce. 


c?+ab+ac+bh. M4. a?tabtar+ br. 
b3+ab+betuc. 36 atb+:. 8%. abtc?—a—b. 
a* + bc—ab—ace. 39. ab— b?—ac+ k. 
a*(b—c)+ b%ic—a)+:*%(a—b). 41. ab—L? —ac+ be. 
a*(b—c) + b8(r—a) +: 4(a— b). 43. w?+77+-%. 
2Zab—~a*—b? + ¢?. 45. a2?—(a+ batal. 


«*+(a—b) a? — (ab+ 1)? —(a— drt ah 

(U+c)e®*+(ctajatath, 48 «t—3atb? + 2b'. 

yrty?+ytl]. 60. «?—l+ 2 (2-3)+4 

ec 

16(%* 8 y? +4 )—B8a2(c2 + y?) +0". 
EXERCISE 19. 

atb+e. 2. —ap>+bp?—ep+d. 

-pa>+qgat*Fratt, 4. 1l6a+8b+ 4¢42d4 e. 

+mb*> +ub¢+pb? +qb2 +1b+8 6. o. q aA 

— 4, 9. —3. 10. «a; 3a. 

12. ZL. we taty?tatyt + y° 

PEF me pS 4. 84% — B40 4 TB 

APB BOYZ me By TO ytd 


& oR 


21. 


= S 


font peek fend pk peek fed peek 
SEDI ON SOM IMM 


pat 
BHoDIM TP OM 
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wt —g87y37 4 y7, 
aS —alOyh a py tyto—yt, 
BS wy pfu dSylt—yl5, 
EXERCISE 20. 
(2? +2 +))(1?—2+1). Q. (at—e2? +1)(2* +a* +1) 
(3 tay +y?)(wrmay+y?). 4 (at +9)(a?+3)(a*—3). 
(v8 + 16)( 2? + 2+ 2x) (0% 4 2—2r) (a? + 2)(e2— 2). 
(ut—aty* +y* (xt +a%y? + y*). 
(13 +8 + 42)(19+ 8— 42). 
(2a? +9 + 6a)(2u? + 9—6a). 
(a? + 2b2 + 2ab)(a? + 2b? — 2ab). 
(0? +34 2:)(a2? +3—20). 11. (a? —3+.)(2?—3—2). 
(2a? +3+3a)(2a? + 3—3a). 
(Bc® —44-32)(3.? — 4— 32). 
(we? + 12 + 40) (2? 4+ 12—40). 
(Se? +4+452)(8u? + 4—5.2). 
(3a? + 503 + 7ax)(Ba* + 5x2? — Tae). 
(32? — 4+ 2)(8a?+4— 7). 
(2b? + 25+ 10b)(2b2 + 25—10b). 
(u— 2y-+32)(a—2y— 32). 
(a+2b+c)(a+ 2b —e)(r+a—2b)er—at 2b). 
(a+b+e—d)a+b—c+d)(c+d+a—b)(e+d—a+ b). 
(a—c)(at+c—2b). 23. (a—d+l—c)(a—d—b+e). 
(a* +c? + b6?—2ar)(a+b4+c)(a+c—b). 
EXERCISE 21. 
(a— 2) (a? + 2e+ 4). 2. (a+3)(a?—3a4+9). 
a? y(a+ dy)(a?—3ay+ 9y? ). 
(e—y)(e* + a72y7 +4y*%*—y"). 
(4 + y) (a8 —3x2y + Bery?). 
(a? +bce) {(a* — bc)? — Qhe(a? — bc ) + 4b? c?)}. 


(e— 1)(@? +a4+1)(a7 4 2 8. (a+1)(a?— 4a+7). 
(a—c) {(a+b)?+(a+b)(b+c)+ (b6+c)%}. 

3(3a—5)(9a* + 15a + 25), ll. (a—2)(a*+ 5a+ 1.5). 
(2a+ 1)(a* +a+ 1). 


(ys) (ety +-=)* +a(rty + =)+27}, 


Vili 


pad 
m SOTN Om 


pak peck fond 
RKSLSIKe 


coum Booaan SRSESRSBN 
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EXERCISE 22. 


(«+3)(a—2), Q. (a+ 9)(o+16). 
(a—5)(x— 1). 4. (x—6y)(e—2y). 
(7x + 6y)(7x + y). 6. (:+1)(14¢ +41). 
(2 +a)(e+ 2h). 8. (*#—a)(a—a—b). 


(e—b+a)(e—b—a). 
{w—(a+b)*} {x—(a—b)?}. 


(w#—a)(a—L—o). 12. ( > +) (-+ a) 


(ctatb—c)(: ta—b+c). 14. 3(324+5)z. 
(e—abt+be)(v+ab+ac). 16. (a2—-c)(r+at+b). 
(4+ 7)(e—2)(7+3)(a+2). 18. (4: +25)(50+4 24). 


(e +1)(22—1). 20. (3x—2)(2x%—3). 
(22—3y)(a + 4y). 22. (Re—2a? )(22—in?). 
w*(6a+2)(4a—32). 24. (a? —3a+1)(a+ 1)(a—4)- 
(2? +2: —2)a+ 1). 26. (m+ 672)(m— dn). 


(a+4b)(a 3h) 28 (x22+7)(2+2)(x—2). 
(a8 —2)(a—2)(a? + 2a + 1), 
(at+5)(a?+4)(a—2)(a + 2). 
(a—1)(a8+a+1)(a + 2)(a*?— 2a + 4). 
(2e—5)(a +5). 338. (Ra—5)(2a + 38). 
(de+5)(22—3. 35. (5a—3)(2a—7). 
(4in+5n)(3m— in). 87. (a+a2+ab)(x+ 62+ ab). 
(c +a?—ab)(e+ b4— ab). 39. («—a+2b)(x—b + 2a). 
(1— 22) t+ y—s)e 

EXERCISE 28. 
(a+b)(e—d). 2. (aety)(be—y). 3. 2(: +2a)(x+ 38). 
(2u— b)(a? + 252). 5. (#y + a?)(2a—3y). 
(+1 )(az*+be+a). 7% (l—w)Q—-y). 8. (: +1)(a+1). 
(a—b)(a—r). 10. (pt+a)(ptr). IL (:—y)(4+ 8). 
(a+U}(a+ 1). 

EXERCISE 24. 
(2? + ab)(3a—4b). 2. (x+2)(1—s)(2? +49 +2"). 
(aty—z)(e--yts+1). 4 (x—-y)(z—-y—1). 
(a—b)(a+b+c). 6 (z+a)*(«—a). 


CON SAP Wh 


‘10, 
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(ety ey)" 8. (b—c)(u+a). 
(a—b—c)(at+b+c+1). 10. (a+5)(a? +5). 

(a? +b? )(u—2Qb). 12. (y+ xz)(v+ yz). 

(a+ b\(e+ a--b) —a+b). 14. Ccmy)(L+-e)(1+y). 

(a+ b)(a+b+1). 16. (b+°)(a+b—c)(a—b +c). 


EXERCISE 25. 
(b+ c—a)(h? +124 a2—be+ab+ac). 
(c+ 1)(c? -e4+ 37). 3. (c+ 40)(c? + 7b% — 4c). 
(3a—b)\8a2 +b? + 3ub). 
amhb—cj(a? +h4 +e% +ab4+ac —be, 
(224 72 —24)C0t t yt +1 — 8 y? +e? s9 + y?22?), 


are an are bb? et arb 
(i+ ‘ + V Cat e 6 a 


Ziatb+r)(a2+h3 +. te 


DC ae 
“)-(-FYlrrder get) 


EXERCISE 26. 
(a—1)(5a? + 3a+1). 2. (e—1)(2x? —3a+ 4), 
(6 —T)(e + 1)(2) +1). 4. (¢— 1) (Be — 4028 +50 —7). 
fr-— 1) 30243 41), 6. («—1)". 
(a—L)\(Bae-—21+D. 8. (u—1),a+2)?. 
(c+ 13-07-5222 482- >). 10. (a—1)(40?—2a +3). 


(2+ 1)(1L.?—t2—1). 12. (w+ 17a — 3x? + 1 —2). 
(l—a)(2+a+a?*). 14. (¢c+1)(c? —e+ 37). 

(x— 1)(v4 + 1). 16. <:—1)(az?+axr-+a+t+ bi +b4+0). 
(++ 1)#(v2?—3. 45). 18. (a—1L)(2:—1]1) Ge+ bh. 
(1 + 1)( 2? +2243). 90. (w2—ly(et2t+2'4+3). 


EXERCISE 27. 
3(a +264 ¢)(2a+b+c)(a+ b+ 2c). 
(2+a+b)\(2-+b+4+0)(24+¢+a). 
3(a3 + b°§—ac— bc)(L? +c? —ac—ab)(c? + a* —ab— be). 
3(2—2—y)(2—y—=)(2—«—2). 5. (a—b)(b—c)(a—e). 


owe 


ALGEBRA, 


(a—b)(b—c)(—a). %. (at+b+c)(a—b)(b—c)(a—c), 
Sameas Q. 7. 9. (ab+act be)(a—b)(L—r)(a—c). 
(a—b)(b—c)(a—c)(a? + b? +62+ab+ art dc). 

(a? —b?)(b? —c? )(a?—c?). 

(a—b)(b—c)(c—a)(at+ b+e). 

(a? —b*)(b*—c*)(c?—a?). 14. Same as Q. 6. 
(L3?—1)(b3 —¢3)(¢? —}), 


a b bc ae 
Pol area 
(a—b)(b—ci(a—c)(a® + 63 +c +07 +ab? + b%¢+ be 
+c?a+ca?+ abr). 
Same as Q. 12. 19. Sameas Q. ll. 
(a? + b7)(b? +7 )(c? +a?). 
(2? +9? ly® + 2? )(=? +47) 


a .b b ¢ ca 
GOGO Es 
(#+,) (+5) C+ =): 24. Bude, 
P 4 ef xz ef 


sabe. 

EXERCISE 28. 
(22+ 3y + 42)(32 + 6y + 72). 
(8a—b+2c)(2a+5b—3-), 3. (w+ 2y4-32)(2c04+3y+2). 
(5a + 6b47c)(2a—4b—5c). 5. (a+ 2b4e)a—b+r). 
(a+ b+c)(a+l+c). @. (22+y—-2)(a+ 2y+7). 
(2a+b4+c)(a+2b+c), 9. (2a—b+c)(at+ b+ 2c) 
(8a—2:-—-38y)(a@—2z— yy), JL. (Qr430a—4)(1—6at+7). 
(Sx + 4y+5)(r+ y—55). 138. @a—2b + 4)(20 + 5b—7) 
(32 + 3y—5)(a—2y+ 10). 15. 2a4+b43)(04+26—3), 
(Vc+6y+ 2)(2c+3y7+6). V9. (8: +44 3:)a@—2y—22). 
(2u+ 3y—z)\(e~— yt 2). 19. (22+3—-)(1—4y— 42). 
(a+ b+c—dja+b+~e -d). 

EXERCISE 29. 
3(a? — b? )(b? —c?)(c?—a?®). 
3(a+ b— 2c)(b + c— 2ale + a—2b). 
Babc(a— b)(b—e¢)(e—a). 


ANSWERS, xt 


4. 3(e—a)(«—b)(e —°) (a— b)(6b—c)(c—a). 
5. 2(e+a)(»—b)(at B). 6. —3r(s—a)(s—b). 


us Babe(?— —)( | a) 


8. 3a*b8c*(a—b)(b—c)(r—1). 9. 3(2a—b)(2b—c)(2c — a). 
10. 3(@—2y)(2y—1)(l—2). LL. 3(ax~—by)(by—cz)(cz— az). 
12. 3(2a—b—r)(2b—a—+r)(2e—a—6). 

13. 3abc(bz—cy)(r2—az)(ay—be). 


EXAMINATION PAPERS-FIRST SERIES. 


I. 
1. 62. 9. abtattatbh? -Zarth+ h242ab5- 
3. (i) 14e* -368 +a? +a¢— 45, 
(ii) 2a*— Wasnt a2? - Patter. 5. 0;0. 
6. xv*--(a+b)e+-ab; r -a. re q -ap+h, 
8. (r—10)(@+ 7) 3 (e+ 1)? — 4 + 2). 
Q. 27 tufatrviat+ ita? 10. Llteeto®eat tart pu, 
II. 
de “23 Oot. 3. 2a+16h4+ ldce+10d ; 57. 
4 oat -a? 2r—1; a> -16. 
5. wrtuyt Pt (ptat ety + pata + tp. 
6. (p~+4) is an odd integer. 
7 (a?+at l(a? -a4+Da' at4+))3 G-—yy -2DC -2); 
(2? +62 —¢3) or? +a? —b?), 
III. 
2. i a a 
3. @ ¢ 7 — a+ 3. 
4. a oe ie oe ~ac; Da®—Latd. 5. I. 
9. (b—c)(a— b)(e -a)l(a+b+c); 8(a—bic— bate. 
10. p* -pt(at+b+c)+p(ab+ar+ be — abe. 


x1) ALGEBRA. 


IV. 
2. -- 132. 3. 5r* -3x+ 3. 
5. (a+b) +(b+c)e*t+ate. G. 20. 7 0,9 
8. 1 -2742:?— 203 + Qe, 
9. (i) {a%+a(b -c)+(b— ¢)?} (a—b +°), 
(ii) (2— 1)(102+3). (ini) (a? — b?)(b* — c*) (a? — c?), 
V. 
3. «8 + 4y? +92? - Qey+ Bez + Cyr. 
4. (#+2y)? —(0 + 2y)(Se+2) + (B8x+-)?. 5. 0. 
6. (i) (a—b)(a@+ a—b)w—atb), 
(ii) (@+1)(@t2)(et+3)(r7 +4). (iti) Co + y)(yts)(: +2). 
8. ut—(b?— 2ar)?. 
VI. 
2. loe+1ly, 3. (bi + ey taz)?—(cotay+hz)3. 
5. —1. 6. ‘fatht+e)5. 
‘9. (i) (ar - b)(w+1). (1) (Qhe  uy)(2ar— by), 
(iii) (ar +b)(ba—a). 
VII. 
3. —«a?, 4. S;athbte d. 


5. a? $3at 6 49a? +2027 + Ble! + 94325. 4. U. 


¢ > 
8. (i) (2+5+5) (2+ 1"). 


(ii) (20 +h— c) (4a? thete® Yuahbthest+ Zar). 
Gil) (atb+ejx(b+e alu b+er)\ath—re), 
10. 2annw + ub. 
VITY. 
2. Bu- b)(b-oj(e-u) 3 2 4 0 J —3e-a). 
8. 20: 9. (i) (e+ 1)? 1 +1)(2?2 + 1)(0 '— a? + 1), 
Gi) (2a + b + 2r)(2a + 2b -- 3c). 
(iii) 200+ 1)(y+ 1)(7y—1)(a@— y). 
(iv) (w2 + 3— 22)(u2 + 3 + Qe), 
(v) 8atd+b+r)(u+d+e+f)(b+et+c+f). 
10. 5(a+b)’. 


ANSWERS. Xitt 


IX. 
3. 3/133. 5. «+ (a+b)e2+ 2abe+1, 
G6. 2(a> + 48 +25) + 6ry(a+y) + 62(e—y)?. 
% GG) (atb—1)(a?+b?+144+b—ab). 


(ii) (a? —1)(L3—1). (iii) (a+ d)5b. 
(iv) (atb—se(a—btes-). (v)  (#+1)8(z— 1). 
(vi) (#—a)(1 ta+2y). (vit) (7#—-1)(2:—0). 
10. —1. 
x 


2. a8 +12a?+4ta+6h 8 1. 4. 80? 8a2b—4ab?4 365, 
5. top etyd te But peyl ys att — ct yFH ty? ; 

2! 2yd 4%, 
G CG) (a2? 4+34+ 9dr? + 3-92). 


: > 9 3 
Die Ante » bs ; 
a) ( - 2m ( ae 4in¢ sa m=) 
Gii)  (4#+3¢4 1)? 
EXERCISE 31. 


J. b8at. Qe. 3. Bab? 4. 3p3q'. 5. By, 

§. 17atb?- 3. 7 9a%e?, 8 l4a7l?’. 
EXERCISE 32 

J. u?—abtb?. QB. atl. 2, utd, 4. «—2Q. 

5. aonb. G. amy. 7. 224+247+4+2. 8. a—l. 

9. 27+5. 10. a—2. J]. ate. 12. xzty+ 


EXERCISE 33. 
Je v?74+2r43. 2. al, 2 2294943. 4 2.-—7. 
5 2:-1l. G& Ctl. GF a? +2e43. 8B 23 +4e4+5. 
92 (-1L% 10. (w—urate, TL. 22-1. JQ 527-1, 
13. 7-1. 14 239—¢e+). 15. 2—-l. 16, «—1. 


17. lt+ata? 18. a4 -3. -4. 19. 2:+3a. 
20. x7+2974+3. QL. 229-21: 4207). 22, 22?—(a—b)utd* 
93. ata MMe u-Vit". 95, ath. 26. e-% 


7, ttt, 98. 2.+1. 


x1V 


ad 


pends poh 


G9 39 ot 


OAT oh 


13. 


mt SO oh et 
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EXERCISE 34. 
8" 9 9, ab=a*—c®. 18. 0-4; a=4, 14. 7. 15. 8. 


r-p 
EXERCISE 35. 

5401 yt sta. 2. 120a3hres. 3. O81? (x? — b*). 

(s3— 2e—15)(#+ 1). 5 (@' -a4)(a?+arta?®), 

(2+ 1)\(e— 2) + 3)t+4) FJ. cea +b)(er+r). 

(r— b*)(a— c*)(«— a?). 9. (dv - 5%? 41). 

(a— b)§(a+b)*(a? +ab-+ b*)*(u? + 67), 

3(a— b)(b—c)(e-- a). 12. (a® b®)(b+c)(e +a). 
EXERCISE $6. 

(va? —a+1)(2a—3) (3a - 2). 

(#— 4)(e— 5) (a? — 5e+6), 

(e+e) {2e8 + 28(Qa— 3b)-- 1 (2b4 + dab) +3b7}. 

(w+ L204 LI) Br?— «4 +2)(2a?—e - 4). 

(a? + 2a +3)(3a2? + 8&2)( 4a? + 9). 

(32—1)(2e-- 3)(22 +1), 249), 

(3a —2)(4a—1)(2a +5) (2u- 5). 

(at — 38a+ 20)(3a + 4)(a +3). 

(2 — Qet—w—1)(23 +2422 +1). 

(2a + 3b+c)(a—b -c)(a ~4b+ 4c). 

x3 + 2an?— a?x— 2a°. 16. -2. 

(2-- 5)(#—6) and (« -2)(# - 5). 

(c+ 4)(a—8) and (2+ 4)(e— 5). 

(« +1)(e+2) and (#+ 1)(z+3). 
EXERCISE 37. 








i . ea 3. 2a— 3b Ba 
‘ 34a Sa oh 
ey Gah BPE ei 
a a a Ca 
~—. a. 5h 15, ¢* 
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x* +a*t ee 10 

16. Ut be 8? a? +205 +a* " 1%. —Fec+ 10° 
82a 55 he(5a* +1) 3 + Qiy + 4y? 
17 gg 4 20- “BT— 39) 

3ac2+41 5a3(a+.c) 
21. 4a3.*+ 3ax?- 1 " 8(c® + act a*) 
23. (b+c -a)(c+a -b). 24. ‘(a+b+c). 25. —3. 

‘ (a—1)(b—1) 
26. 72° 2. 3(a_ ib). 28. 2 29. (at1\(6F1)" 
a -b+ee 


BO. tb - te 
EXERCISE 37-A. 











Zaby?, 3b? ya, - he, ac, ab a*, b?, c3 
1. obeye te ate” 

r,a, be (b -c)(r a), (c—a‘(a—b), (a— b)(b—c) | 
4. abe (a — b)(b—c)(c—a) 

e-a,a bec Jb a(a—b), b(a+b), ab 
6. (a b)(b cle -a) ab(a? — b*) 

(a dbjat +8), (at+b)(a* -b5), 1 
8. -— yee ee 
9 | 3,w-lw-2 


(w- 1)(a--2y@ 3) 

phar tlyatl) (o—1l)\(2? + 1), 2? 

10. (Fat sa )(e? + 1), a 
a(b+e), b(c+a), cla+h) 

il. (a+b) (b+c)(e+#a) 

(a - b)(r—c), (b—e)(u—a), (¢— a)(e~ b) 








12. (@—a)(4— b)(«— c) 
EXERCISE 38. 
1 2 9, 2(40% +9b*) 
© (La)? - at" 4u*— 9b? 
3 8u+5 7 2ab 5 40+. 
" Qu+ 1)(40+3)(82+2) a?— > "  “a—a’ 
2 ” 3z* g 405 


G., ax(e-+- L(+ 2) " =) "  gt—ze?. 


Xvi 


12. 


14. 
16. 


21. 


4 


ALGEBRA, 


2.—3 2 ab(3a—2b) 
(ce? —1)(2.4+3 t+3) 10. a(L—4c%)” 11. (a—b)§ ° 
4a6 

0. 13. gb)" 


be§ + be(a?—av+4?) +a(a® art) 
U(as+u*) eee 15. I. 

Ar—3y ; 1 4(1*— 2x + 2) 
4u% —y4 bl 17. (a Lee)” 18. (w—1)* —- « 

el a? 
(l—a)(L+2%)- 20. (a—2)(a+1j* 

12 2(r+8) 
(2+ —1)(a*—4) 2. i452 0 
(a—b)(b—r)(a—c) OR, ar—Tl 
(a+b)(b+c)(c+a) (r= 38)(7—5)) 

2 O02 3) q—? 


e ° 3e ° = ‘ e . aot -__— — e 
0. 27 By 8 EEE 
2 


(l—a*)(l—a!)- 
EXERCISE 39. 
rmA)(.—7 b 
b(a?+6*). 2. ath. 3. = aA Ee 4. — 
b?(a?—1)_ 
a*-+ 1] 
12 +44/7 e*—y* (a+b+er)# 
al m ae ‘ 11. yee 
y(y=+ \) a 1 
(ay +1)(zyz+et+2) 13. L° 14 at4hs” 
(a+b—e)fe—a+h) | 16. (c+ d)? —(a— hb)? 
th A(ab+cu)* — 
a: ‘(a? — A+ 1 2) a~e 
(a— 2)(a3 — a8)” 18. 1. 19. ac+l- 
eee 21. 1; (a*—1b*)(a* + abt b*) 


b?—a?—ac_ 


1 . es 
(42) + Dey) MPF DEE). 

















a?—.c3 


a?(a—b) ze? ; 
a 6. 7 1. 8. 





a a 


11. 
14. 
16. 
18. 


11. 
16. 
19. 


24. 


ANSWERS. Xvi 


a—l é 3_23\/f2 — 
(a¥s e+ 1yarty? @—Vier—)). 
] 


ag ecient Bee (ie (hae ema 
abejat+bj(b+eyic+ ’ DBE Gl Eee) 
EX RCISE 40 
lL. 2&2 ®% 3g Le 4& ntm 5, —lL. § —1. 
1. l §<. atbec. JQ. a2? +b? +4¢2+ab+act dr. 
Stee il ee, 900 i 
(a—1)\(b—1)(e—1) sabe ' (a+a)(b+a)(c+ x) 
a 15 : 


 (a—1)(6—1)(e— 1) 
a ae 006 ee es 
(a—2%)(b—.«)(r—#) (a—x)(b—a)(r—2) 
kha dele fee 
(a—t)(b—1)(r—1) " (a—a@)(b—« oa) 

mai —ne+p 
(aa (b+ (ea) 

EXERCISE 41. 

2(3.2? — 127+ 11) 











0. s 20; pi estas —60 
2 3 (6 — D(C. —2)(u —3) 4 
2 60 we & 2D kL 10 —1. 
a—b x 
1 12 —m 18 1 14 1. 45. ae 
2(a+b+e), 17. a?#+5?+¢?. 18. 2(a? +b? 407) 
sabe 
—3(a + b)\(b+c)(e+a). 20. Bettas 21. 3. 
(at+b+.). 93. ab+act be. 
4 n 


(a+1)(b241)? GF) {(et+De4l} 
EXERCISE 42. 


Brey 2. 


i~—@ a—b 


27 


2 ] 
Pay arn, 


XVill 


10. 


16. 


ALGEBRA. 
QAc+2) 2(a+6) " +2 ot —Qeyd 
| ee | 1 ] 

Reb Ba] ’ ptarb amaoe 

ee bok 2’ 8. 3 8 

(l—a)(«+a) * = a)(@+b) Batl) at? 
__3 
2(a +3) 


ap* + bp+c ag?+bg +c 


 (p—Q(p—7)(@—p)  (q—p)(q—7)(@—9) 


ar® + br+-c 


(r—p)(7~q)(a—1) 


3 2 5 1 2 § 
Go 3 gee ss eee, or 
4,59. 3) 
aes ees 

EXERCISE 43. 
3a2(b9 —a*) 

2 2 peo 0.4 1.5 0 6 1. 
logei gp @. 0821 ns 2. 
a ab a 


c?+ed+ d? (a—b)5 
nde Oy 0. 15. 
2 7 1g 7. 69 8 


b 7 a? + b2 





]. 


ANSWERS. xX1x 


EXAMINATION PAPERS—SECOND SERIES. 











I. 
ff — ay by? 
3. 4x—5 4. (x4—1)(e7—2)(2—3)(e—4). errr 
1 1 1 
8. 0. 10. ces f Bar ces to e 
IT. 
1. (a+b+c)(b+e—a)(c+a—b)(atb—c). 
5. 6e5—27* —4323 +432? + we—6. 
u(as 24] 
(i) (2n+1)? Gy MEtetD. 9 f. 
ITT. 
1 ‘ Sr+2 
3: (a—b)(b—c\(e—a) 4. .?—32x+1. 6. | a 
7 (a+btr)?. 9. 0. 10. p=; g=—1; r=}. 
IV. 
(2a — 1)(12a° + 4a? — 3a—1). 3. te. 
5. vttuyt+y?®. 6. (i) 2(a—b)(l—ab). 
(ii) (ew +y)(z t+xa—y)(s—i+y). 
. 2(y® + 2ry) e e(e + 2) 
10.) yet day? tut” Gi) ee Bral 
V. 
1 1 - 
2. p—q & (i) (@?+ atlj@* +75 +3). (ii) (e+a)* 
(e+6)*.6 (i) B(atbec). Gi) —7_. 10. 1. 
(v— a)" 
VI. 
9. 6(4e—7)(8:5—3.8y + ay? —y). 3. 6; 30. 


5. (i) 4. (ii) 2abay. 9 1, 


o Np 


1. 
4. 


ALGEBRA. 


VII. 
(ac + bd)(bc + ad). 2. x+y—3. 3. t= 
a7(a® + 1)(a®—a® +a'—a*+a*--at+1). 8, a*+3a+ 
(i) 2(5x* + 5y* —8ay). (ii) p+ q+r. (111) 
VITl. 
; ie 2 3 5 
(i) 0. (ii) 0. 10. oth garg re 
IX. 
b* =a?. 3 (a—4)(a—1) and (a 4)(a—2)(a—3 
peqsret. 6 ee 6. (i) —3. Gi 
2(n—]). 
X. 
e—l. 3. H.C.F. of Nr. and Dr. is «29 —3¢+ 


Z4aryz. % QQ) (a+ at b)(e2 +a? + 6? — aa— ba — ai 


(ii) (a—a—b—c) {(x—a)? +b? + 094 b(a@—a) + (1 —a) be 


9. 


13. 
14 ® 
15. 
17. 


5. 


11. 


G) oty +2. Gi) 1. (iii) 2. 
EXERCISE 45. 

2(6a°b+ 20a°b> + 6ab*). 

Q(x? + Qla ry? + 3dz5y* + y7). 

sab(a+b)(a?+ab+l?). 16. T7ab(a+b)(a? +ab+b?) 

80a. 18. —12y. 19 —51038a*. 20. 16. 21. 6. 99. 
EXERCISE 46. 

9ab+c?. 2. Ta—3b. 8 arc*+betce. 4. 3B—x4+2, 


12 


b?—Lla?—u. =o 8 + 4ar—1. 7. yi 2ety: 
3.9—Aay+3y¢ Geet, 190. 2y 

Lb gry + {| § t ib 4 10 yyet lt “2? 
oe 1_y on oe 

gos 3. 12. a . 4g. atta l+a. 


a+b. 1§. a?—li+c*—d*. 16 a*+(2b—c)a+e? 


17. 


om 


11. 


14. 


17. 


eo NP 


ANSWERS. xxl 


_g_l 3 Qut+-a¢—2 
a—2 oy 18. at oT =i 19. ar) aa, 
1] 
gaa Sea 
EXERCISE 47. 
Sn®—Ond-1. 2. e®— ep, 3. «+ 22. 
3 2 
(x+y)>. 5. #8 —3ryt+ 2y?. § «wt*—a*a*—a*. 
far + At 3, 8. 4a*4+2a—1— 2. 
b a. a 
We—1)* +5(2—1)—6. 10. (a—1)*+3(a—1)—2. 
at+hb—ce. 12. at¥-e?—2h?, 13. a-—- To, 
a 
l l wy 
a*+ —+l1, 15. w+ +2. 16. ~-+2%+1. 
a x y @ 
e=10. 18 e=2 19. w=T th" 99, ens. 
e=6a. 22. r=9;5. 2B Brt—at+l, 4. vw? —3r+3. 
2e* + 224-3. 26. a°+a*+3a+3. 
c—3ab-4-2a3 =0 ; 3b—2a? =/d. 28. p* =4q. 
r?=p*s; p> + 8r=4pgq. 30. p—gq=3p?q? ; p® =6q° 
y-- @_at_at_da® a? _a* a’ _Sa® 
2 ds 16 128’ 2 8 : 128° 
a 
a Q-3- x -); - (+z 2a* a +): 
we, dat 308 3 oy 3 3 3 
; l— = an 
Lt ot Te tie” tate tig + ae 


¥ ( _ 6 oF be a) . 
a” (1 +9, ~g72t teas Taser)? 


2a 8a* 16a 128a*/° 


ALGEBRA, 
EXERCISE 48. 


xxii 


1. 229-8241. 2. at i+]. 3. atl. 


5. 4e2—Beeh 6. a- al. 
q 


7. a—44". 8. a*+ 4 ao: 9. (a-b)?. 
a a 
10. al a a oe 11. at lad. 12. Pia) fae 


EXERCISE 49. 
w2—3e+2. 9. 2.2 + 4ra—3e? 3. 


Se 6 Be? Ort 1. 


(w—1)*. 


9 w=2), 8 w=1l 9 vr=l 10. «=7. 11. 2=18. 


9 1-7, 48. a=). We eo Ab Sbe0* reas. 
2 x 

16. p?=34; yr=t 17. 4°? =9hd ; bd =16ae. 
eo 2 __ 52 ‘ 99. gr =100f =4ps. 


nn a ee 
EXERCISE 50 
1 , % 
—1. 3. atti! —y?). 4. «. 
5 


2 i 1 J 1 4 
a? + b-+ce2 + aeb® —arrt + hie', 


a~3 +a, 2. 


$e Q 


yp 
6 zw +atyt+y”, 


1, 8. a? + bees ipe: 9. 0. 
10 (27?--4)(@71 — 8) 5 yd patsy? ty); 
(a3 + b? +ab./2)(a? + b?—aby2); (e+e '+1) 
X (29 +a7-%~—27—27'); (am? +a~*)(a~* +.a7~*)(a-> +7"). 


ANSWERS. Xxili 


11. atry+JSzy 3 (a—y) xX 2nd Expn. 12. (7), 


13. 2"+1+22", 14. ya “24 y tet 2 yy 
i 1 1 5 
15. 2,2 —3y/3 Act, 16. a i ae 
1 
17. ee ae 18. C1431)? 
Ll + dau +a? (l—27)* 


EXERCISE 51. 
1. es 2. 4172. 3. —4a. 4 —20b4/2u 


5. —F. 6. —3ab. 7 73, 2,76 8. 3/3 is greater ; 


1 
8) 
10. Vit, Vy? ; *9/64,°47/ 27. Vd. By 7 43/8 >4,2. 
12. 42; Y27*; 288,/2; 3abi/25 13. 1073; 2443; 1. 


V6 is greater. 9. a/b, sy Ye. (zt+1) Vi—1 Vf is 





3.4/3 +5 15 +b 16. 2a—2V 2*—40? , 

oa? +5b4+ 10ab; 2a?—2/a2'—4y* ; l3a—ob+ 12./a2?—b?. 

17. atb—c+2Vad. 18. 2ab+ 2bce+ 2ac—a? — b?—¢?. 
19. 0b. 90. 23. 

EXERCISE 52. 

1 W2+1. 9. 16+11,/2. 3. — 

at+/a*—x? L+/t—it J/2+2—,/6 

4 EVE. OT CE. 

7 13926; 11813;27435. 8 47. 9 1. 10. ea 


ll V3. 12. 018 « #%@14 1b Bb. 1(m? + 2m"n). 


XXIV 


rm ONO Om 0 eH 


il ~alll ea 
go 


pad 
nd 


1. 


ALGEBRA. 


EXERCISE 5s. 
]1— Qi +25 Q, a? +a! be 4 a*b? + ab*-++as bo +b. 
1(/2)° —(0/2)°} + (./2— 2/2). 
i(V3)* —@/5)*} + (3445). 
{(/2)*—(4/3)*} +(V2—¥8). 
fat —(%/b)*} +(a— 4b). 
{(0/5)* —(Y7)*} +(/5+4/7). 
'V12)°—(¥54)°}+(VIB—V54), 9. 0. 10. 1. 


a+b. 12. 2+./3. 13. 3-,/7. 

6+,/7. 15. Va+b+V/a—bd. 

Ji—V/?. 17. 14/738 18. Y27(/3-4/2), 
ey J (ate b+o) / (a—e(b— c) 

J/3(2—/21). 20. fa TN oS 

£,/3—2. 22. 14+,/24+9/3, 23. VW3+/2-2. 

eae eee 5. 1+./3. 26. 1+./5. 

J3—Jf/2 2B. 1-2. 29. 2+ 73. B. 3+,2. 

2+.,/2. 32. 1+ /z. 33. «(O- 

EXERCISE 54. 
2. 2. a. 


ee en 


EXAMINATION PAPERS—THIRD SERIES. 


I. 
— 1960023 y*? + 1225a2y+® —50ey4? +42 ; 4 42% “axe 43 





xX (dit, 7(2b)** ~~ 45 X 22(3a)?(2b)* * +45 x 3a(2b)* * —(20)** 


9. 


4. 


— 3300 x 4945 b°? + 4950a2b? 5 —100al°° + 519%, 
2n or 2n—1 digits ; 3n, 3n—1 or 3n—2 digits. 
G) Si(nt+n4 1)+ /i(n?—n+ 1). 
(ii) Vi(n? +242n)—Vi(n®? +2—2n), (iii) 7— 3. 
(iv) 2"+1. (v) /3+/5+ /7. 


ANSWERS. XXV 


6. (i) 24.42. (ii) a+ Vb. (iii) Qa. 
7. (i) 1 + Qa? + 20/1 +2* 
Qa*—1 


(ii) (VWa+6+ Ya—b)*(/a+b+ /a—b) 2b. 
8 (i) (a7? +47167-1407")(a- 3 —a 15-1 + B-?), 


(11) (28 + = B)(e8 + Ries 3 gtys + xe B+y3 2), 
(iii) (wt y)*( et Jy tV)Je + fy—V2). 
iL 
10. (2+b)?. 


IT. 

1. (a) 4a?b?. (b) (a? —2?)?. 2. x—a+2,/b 07+ 1 +07". 
whl 6. (eae fata ea aren +: 1. 
ITT. 

1. 42b2¢?, 2. —238; a* +1207b+ 6b?. 
(1) a4 2. — oe (11) 2 mee Day Mth 2", 
(111) 303 —~ Sy? 4 2e%y. 4. (a) 1. 
bp) — v8] . 3 (72): 

(6) (2—,/3)(./3 + L) a 4 y 2 
8. a?—ar+2. 9. 9a?—6ab+ 4b?. 10. 1. 
IV. 

1. : 2. (a*—b?)8. 304 4 wel. 

4G. ~- 420449; a®?—3a4+7. 8. a7, 

10. A=—S; B=—12; C=20. 

Vv. 
QQ. 4473. 3 wa teas 4d 5&2. 


3 ‘ é 
8 GY. Gi) = 9. —Gia* + 225a—125 ; a8 43a—5. 


10. %1+ata?). 
VI. 
]. —2(a*b*c+b%c*a + c*a*d). 3. gr=9ps ; q° =27p?s. 
4. (Jf/a+./b—./c)(a+b—c—2,/ab). 5. c. 6. 0. 


XXV1 


7. 


ALGEBRA. 
3 L 
Gi) fe—Vae+l. (ii) m*?¥—m—m?—1. 
i = 
(ii) +4 loe & 8. 0;1. 
Vil. | 
(a) 1+./2—,/¢. (b) 2+/3—/8. (c) /3—2/ 3- 
(d) 7+4,/3. 9. arb. 3. a*d= 3; a? +8,/d= 4b. 
(x? + l2ax + 3la?)? —16a?. 4 (10. 9. 0. 
VII. 
(a3 6 —1)(a?w* —1). 2. (a?—b?)?. 
at be-4c%—alb -~ ca" seh 4, ted Bye, 
1 J 
(a) (ua? (ea?) (b) 2ava— 1) G. 15; 52. 
oe abe? — Ae 
IX. 


] 
pt+qorptq—}. 2. e 5. (i) 1—a?)(1l—a). 


ane _! mo | 
(ii) (a F450 *® +e ) 
aa _= —2 
X(a +b 24+e —a * 


; ny 
Gi) Qdyt—seyts, (ii) (28 — 2 4) G32? $1). 


Syn —$ Tad. |): 


ree 


_ 1 
nr, 
a 
x. 
a to the power of 227; a'*. 2. 144a?, —160x3!''a? 
2: 166+. A. ee, 5. de. 
ad 


3 
(2+ 5) +(o-,) 829 
EXERCISE 55. 
423. 9 2 4 2 5 3). 6 Ih | 7. 
5. §. —1}j. 10. 3. 1). 7%: 12. —4. 
(be—ab)~(atb—c). 14. ab+(a+b—r). 15. —3.. 


SSRSESBSRSSIRRS 


SSSSRESSLSESE or 


won 


ANSWERS. XXvIi! 


12 17% 5. 18 a+(l—b+a). 19. 1. 2. 11. 


10.2,. 22. —,'. 93. —i. 4. 1. 
(a3 +b?) > 2a. 26. (cd—ab)—(r+d—a—b). 
(L0—2a)~+(8a—3). 28. m*—n. 29. —2b. 
—2(ab + ac+ be) — (a+b +c). 31. —2ab+(a+b). 
da-4. 33. (8a?—7ab)—(3b—a). 94. Q4ab~—(a+7b). 
—d5ab~—2(a+ b). 36. 3(a+b-+c). 37. c+d. 
—3(a+b+r) 39. (10a? + b?)—8(a+ 25). 
ab—(a+h), 41. ab~(atb). 42. 2atb), 
(a+b +ce+d)~(n+n). 44. (c?—ab)—(a+l—2c). 
3(a +). 46. \(atb-+e). 47. i(atb+c). 
ab+ac+ be. 49. ‘(a+b+c). 


{ced(a +b) —ab(e + d)} —(ab—ca) 
EXERCISE 56 


—§ 2 1 3% 3. 4 7 #»§. 5 6 10 7 5. 
7 869. 3 10 #5. (Qi. 5. 12. 5. 13. 1. 
—2. 15. 36 16 13. 17%. ¢°. 18 7. 1g. 13. 
3. Q1. 12. 2 8 23. 4 24 —33. 25. 9. 
4}, 94. a%(b—a)bia+b). 28. 43. Q9. 48. 
3. 31. 2. a2: 22k 33- 23. 
(ab+ be —2ar)+(a+c—26). 35. 2 36 7. BY. 2 
2(c—b—«). 39. 6ab+3ac + 2he. 490. ab+a+8. 
ab+ac + be 49. at+b?+er%. 43 —(at+b+c+d). 
— Ra. 45. 10. 46. 3a. 
{c*(a—b)+ b?(a—c)} + (ab+ar — 2be). 
2ab—(a+ b). 49, ist. 
{b*(c—a) +a*(¢ —b)} +(ac +bc— 2ab). 51. 9. 
13. "53. $(a+b) 54. a*+-(b—a). 
(b2.—am)~-(m— 1). 

EXERCISE 57. 


420 3 12 4&4 5 #5 10 6 0. 
5 gg -9 9. 0.10 3) I 3 1 0. 
1s 44d“ _’lOesC“(itiéidGHCCaLCRYNHSCSO&GAd@éY”':—s«s==*110. 


XXVI11 


18. 
23. 
29. 
31. 
34. 
39. 


44. 
49. 


a 


ALGEBRA. 


i. 19. 4 20. —-b. Q1. %ab~-(a—5), QZ. d. 
9 O84 4 25. 6 26 1. 27. —92. 98. 0. 
2b. 30.  {ab(c+-d)—cd(a +b)} + (ab—cd). 
(c# —ub)-(a +b— 2c). 92. 4(a+b—8). 33. 4 
12. 95. d(a+b) 36. —23. 87. 25. 38. 
2(a+b), 40. 8. 41. 33. 42. 4. 43. 
23. 4b. . 46. 23. 47.81. 48. 1. 
3a. 50. (3ab—a*—b?)—(atb). 

EXERCISE 58. 

1 9 (a+b)(n—m) g, bretgr? 
a '  2n—-2m+a—6 ; atp 
en cg— br g ub—cd) ” 
m(b~a) " ar—cp " ad—be © ; % 
a+b). 9. bac 10-. ll. -3. 
abs-(a+b). 13. —%%. 14 —64. 15. —10. 
(— a? +13 + 3ab)—(a+b). 17. 6. 18. 23. 
EXERCISE 59. 

4, 9.50. 3. 25. 4 13. 5. (a—5)% 6. a. 
6a. 2 @ QQ 7a, 10. 20. Ll. (a—b)?+(2a— ). 

13. *. 14. (a—b)*+2b. 


J 
971 . 16. 8 l ' 17. 3 18. pt) . 19. ), 
7 (7) a 6 eee BO. 
a 


n 
2r— p*— g?, 286. 2-—-a—-—b. QF. 103. 
4. 30 1. 982. 0. 82 4 88 15. 


~ st owe , 
A(b—c). 35- 9° 36. ar 37. 


2a—b a(a? +1) ‘ Ar 
ah” 8 aD 40. wh. 41. 5" 
}. 43. a(m®-+n?)- (m3 — n?), 44. a(b—1)3=48. 


Bo al 
e ° 


clon 








a 
4, 
a 





47. 


49. 


57. 


61. 


= 


ANSWERS. XX1xX 


Yp+l+Yp—i 











. s 
a". 6. e+ 1—-Yp—l 
Ya+1+Va-1 48. b(p* +1)? + 4p? 
Vat+1l—Va—1 a(p?— 1)? 
3a—] 
—— : 5. : 11. a3. 
S76 maar ms | a 51 52. 2a 
i 2 
fa. BA. 0. 5B. (Yb—Ya)®. 56. (b8+3) 
L a 
4b3 — 3a* \ 3 4 26 
(se aw Sy wm 8 
27abe—(a+b+c) a 
3(a* 4 b*4-c8#—ab— be—ac) 8% 5° 83. —4. 
9b } 
2 /5—/3)>- 65. ab. 66. 5. 67. oi 
= 22 p—q 13 
1. (Be or (Pt)". 70. 78 
69 oa) Cera "0 


EXERCISE 60. 
10. 2 16:2. 3 70. 4, H=Rs, 600; G= Rs, 250. 


20 days. 6. £13. ~ 4G 41455 hrs. 
£10 2s.; £5 1s, ; £4 16s. 

(1) 38,7,m. (2) 21,°,m. (3) 5,°,m past 7. 
35 3 25, 11. 156 days. 12. 240. 13. 25 Ibs. 
16; 20 coins. 15: “fe. 16. 48 of each. 
SRS IS cass 18. 6 miles. 19. 26. 

Prq pt 

LSU and 90; 280 and 1C0 yds. 2]. 15 ft.; 12 ft. 
3. 93. 28. 24. 14 miles. 26. 7s.; lls. 8d. 
19.3, 27. 14 miles from B. After 6 hrs. 
_An _s,. An iia _A_, _An® | 

mth)? 7 (mt 0)® 7 (n+1)8? (ne 2’ 


18, 22, 10 and 40. 
The hound 960 leaps and the bare 1,200 leaps. 


18,C00 men. 31. 654, 32. 2 hrs. after B. 


S8es8 


ALGEBRA. 
121 yds. 34. 99 yds.; 77 yds. 35. 1,000 men. 
760 men. 37. 740; 1053 votes. 


10 hrs. 95 m. from Z, 39. 36 miles. 
2 miles an hour, 4]. 60 miles; Passenger train 30 


‘miles an hour; Goods’ train 20 miles an hour. 


42. 
44. 
48 


1. 
4 

7. 
9. 
10. 
11. 


150 miles; 40 miles an hour. 43, 120 bushels. 
5:1. 45. 600 men, 46 40. 47. 4 hrs. and 6 hrs. 
Gp and 4p. 
EXERCISE 61. 

e=d; y=d. 2. wel; y=5. 3. w=5; ¥= 
o=3;3 y=. 5. w=lb;y=16. G6 w=—2;y 
x=2;y=3. 8. w=l;y=7. 
cq—br . ya IP 

aq—bp’" ag— bp 

ac+bd  _ad—bce 


4. 


J 
As 


= 








= cpp yaaa be 
_ et ys ac 12 _ont+dm,  _ an—cm 
= at a+ b: - ead+tbe’ ad + be 
en eee _ac(dn+ bm) , _bd(cn—am) 
webiye. 1% « adt+tc °” adt+bo 


e=t;y=3- 16. tas; y=ssi. 17. c=7;y=1. 
abc(ab+ac—be) | | _ abe(ac—ab— bc) 





cas a2b? +a7c?— b2c? ? a2b* +42%¢2— 82 
@=21; y=20. 20. w=2;y=3. 21. 2=3;y=5. 
_e-d—atb a+b—c—d 


~ 2(be— ad) a ae 2(be— ad) * 
pa (@ +P) att) 


a®—h? ’ 2a 
_ O%-cF | _b%—ar - * |_ 
~ a(a—c) ’ + Wea) B02 a?#—b2' 4 Baa 
— 2 | ab —0-%,, _a(a+ b)?—4bd° 
“ert” b-a al. 2 b+a’” = a(a®@— 9) 
e=y=l. 99. w=at+b ; y=a—b, 390. z=a; y=6. 
e=y=l, 32. z=8; y = 4, 33. w= 4: y=2 


® — = e 


rb 
a 


ie 


10. 


16. 
18. 


ANSWERS. XXXi 








b? + c9§—q? _c? +a%—h9 ree cee | 
ee ey 5 y= 9 35. 25Y=3 
bie fad eclaa ai OO x gpa OO 
eas C; ymca, of. ey ah 
g=1;y=—1. 39. w=l=y. 40. 2=a*; y=). 
a=3 5 y=2. 42. w=ta; y={a- 
y= —iba ; y= 75a. 44. w=(at+5)* 5 y=(u—5)*. 
e=y=343. 46 t=a+b;ysa—b. 497. va; y=b. 
_ §%(a*+1)(at—1). ) _ a#(b8+1)(0*—1) 
(a*6*—1)(a*—b*)* *~ (a?#—1ya*—b*) 
_ a(a®* +ab+b?) | __ a ee ree 
wile CES 5 ae y ra 50. x=—ab; y=a+b. 
EXERCISE 62. 
L223. 2. 1. 2: 3. 3. 35; 30; 25. 
2; 33 4. 5. 7; 10; 9. 6. 24; 60; 120. 
1; 2; 3. 8. 8; 10; 12. 9. 5; 7; —3. 
24; 60; 120. 11. e=yas=1. 12 2=__2MMP4_ Ge, 
n(p+m)— pm 
Ti gsi 77 14. 33 33 4 15. Nes B25 Bro. 
10; 6; 2. 17. —2;—2; 3, 
1 1 


l , 
(c—a)(e—b)’ (b— oe ers 


L Ist, ee 1p 11 
2=3(at 3- y 2 ¢ -3)5 3 =3(3+ +13) 





abc; ab+actbhec; at+brte., 91. sZt C—O", &e 
Cc 

yee aatkd 6—-b 3 | 6—2b 

a a a3. 9b—3’ 26-3? 2b—3 

1 d1fl1,l Sater een 

= (7. , &e 25. ge=y=c=1. 

ga tee be: or 1; 2, 3. 4 


XXx11 ALGEBRA. 


EXERCISE 68. 





1. w«=3; y=, 9. e212; y=5. 3. e=12; y=13. 
—_ = ud atop, ,,_p—aq 
4 weld; y=00. 6. e=o; ye8. 6 ea y=. 
4. 2=2; y=—3;2=1. 8. ew=1; 4¥=3; -=4. 
9. x=c—b; y=a—c; 2=b—a. 10. w=b—c; y=c—a; 
—_ a(b+c) = _ 
z=a—b. 11. OF BN En a)’ &e. 12. c«=b+c—a; 
] 1 1 
= —b: z= b—c. ; — ae | — se 
y=c+a ; z=atb— 13. 2 ay 5 sae 
1 
= * =6; =C. i es Se 5 3 
14. w=a; y z=C 15 C= Ne &e 
16. v=b+c—a; y=cta—b; z=a+b—.. Y4. os ape 
a 
2= U 18. z=a;y=6; s=r 19. «=a; y=b;s=0. 
P 
90: x=a*?—b* ; y=c?—a? ; s=b? -c?. 
EXERCISE 64 
1 r=1—-5b; y=b 2. 2 y=/2 
3 z=4; y=3 4 #x#=5b; y=4h 5. aw=y=2 
6 «=2; y=0 “. w=7; y=5. 8 «=10; y=1 
2 2 2 = meee es 
9. ea a pe 10. v=1; y=2;s=3 
11. eel; y=2;2=3. 12. e=p;,y=q;r=r. 
ee (c+ a—b,(at+ b—c) = ee 
13. <=  OUheeeeaye , &e. 14. #=y=2=a. 
15. 2=2; y=3; c=4. 16. Consider? ; coat and ol aS 
ey yc 2a 
the unknown quantities. 17. en, (Gte- 
2.6 c¢ asf 


18. 7 =3(b? +c? —a?). 


ANSWERS. XXXili 


EXERCISE 65. 
24; 6. 2. 4’858;B’sls, 3. +. 4.82. 5. 376, 
2s. 4d. ; 3d. 4. 1063, yds, 8. 457. 
36 and 27 miles per hour; 756 miles. 10. 27s.;15 beggars. 
11. £2,700; 9 men. 12. £56; £33. 13. 43 m. 14. 

2abe Qabe 
iy ae bc-+-ac—adb ab + beac 
2abe 


ogre aay 16. 4yds.;5 yds. 17. 72lbs. 18. 40 2m; 
3422 m. 19. 174; 125,; 1433 gals. 20. 6m; tm. 


21. 350m. 22. 3m. 23. 33 m;6m.;5m. 24. A. limes 
B, lim. 25. 27m; 35 m. 96. 12 ft.; 9 ft, 27. 255. 


oO Oo 


ne re 


days; B in days ; Cin 


28. £6; 20 persons. 29. 8and 12 gals. 930. 90 miles. 
31. A, in 5 minutes; B, in 6 minutes. 
92. 22 and 2 miles; distance 5 miles. 
33. 100 m and 25 m. 34. b(n—1)~(a—c) miles. 
35. 50 lbs.: £70. 96. Gand 10 qrs. 37. 45 m and 223 m 
38. 10 and 12manhoor. 99. 12m. 40. 333m; 481 m, 
4}. 45 and 30 miles. 42. 30 and 50 miles. 
43. 4550 I; 1750 O ; 3853 A. 44, 432. 
45. Rs. 1,250; 1,500; 1,250. 46. 63; (20; 21; 22). 
47. 36m; 12 m. 
EXERCISE 66. 
S t , 
lL +1. 2 +75. 3. + 4. +3 5. AG. 
2/3. % +1. 8 £;0. 9. +£3.10 +2. LL. +6. 
a(n—1) _ P 
12. +1. 13. .——=— Fay 14. 4;0. 15. —2e. 16. +5. 


a(b—c) 





17. +./ 2ab—b*. 18. ij. 19. + 





2/ bc 
20. n/ where p= (ss ". Oh 2 oVe 
3 
22. +./3. 23. +575. 24. +a. 25, ee: 


5/19 vs 
28 


XXXIV 


= 


41. 
44. 


ad en 


ALGEBRA. 


EXERCISE 67. 
4.—-2. .2, 20;-6 3 8;-40. 4 1; —8. 
1; —~20. 6. 25;—136. 7% 10; 2. 8. 3;—l1. 
‘= 10. $;—% JL 2;3. 12. —1826,/3. 
23 = 14. 2; 2%. 15. 1(27 40/57), 16. 11; -13. 
1; 104. 18. 7; —13. 19. 5/30. 
a*® — e(a*b—ab® + bed + acd) —be(ub—cd—ad) = =(. 
b; 


e @. a:2. 9B. —(a tb); bea. 


ee 95. a:b. 96. 0: — 


a® +ac +b? + be a 
 athb+2e. Be? igen 


—b:; 3b—a. 
ig : 2 20 p+2q 


Qa—b ; 2b—a. 32. -b./(a* + 10ab+6*). 


ete a®+b* 2ab+ b*'—a* 
+ ./(a* + b*). 34. So) ace eae ae 


copa A “eo 


C3 


30. a+b ,a—b, p—2q 


Qab— be —ac 36. a+ b = 37. 0. 


> “at b—2c ath 


: b 14-/A(1 + 4ac) ' oO 
Pn 3g. ~ B(a+b) ‘40. 54/19. 


ee — Serre: atb a—b 
(—1) tviB). 42 -a;—d. 43, SH; o— 





Ala ea 


Le 4 bt 4 a/iqgtaeb®)® + dabe® I 
zap 2 + b& +/(a*—b*)*® + 4abc3}. 45. rere: 


x fab-pact be+V(a2b* + b*c* +c*a*—abe(at+b+c)}. 


46. 
50. 


§2. 
54. 


57. 
61. 


49 ; 9. 47. 18; 3. 48. 4; —+!. 49. 2; 
—(2a—3b) +4/(5b* —12ab— 126%), 51. 1; —8}. 


V38+1;—HV34). 58. 2+ as V=3), 
Dip e  BB. BS 0: BB Be 8. 


i=) 5 
7; 1, 58. 11;—5. 59. 3; <2. 60. 22; =. 


4(2a+b+bV1+40") 62. 334. 63.0;1%. 64. 1. 


15: 
78. 
‘80. 


og 


3. 


renee eles 


OS how on 


SRBSS a 


ANSWERS, XXEV 
0; —2i. 66. b. 
Maltiply out and cancel terms involving e*. 
133, 69. 4(—1433). 
1(—} +V—3), —(1—b) +V(1—b)(14 76). 1. 553. 
2(1—b) 

L; /2+/8+2. 
2 fmitn? £y/ | GE ae __ 4mn 

se eer ‘= aa) . 
(m + 1)e* —(m* —2m+ 5)e—(m* —m—2) = 


0; teh. 76.0; %(-34V=% 77. 0; . Van), 











soca iialies alee 79. 0; —2; 3. 
(a—b)* 
42: +/—2, 
EXERCISE 68. 
53). 2. —7,1, 3. 0; 2. 4. —7,0. 


b*—c? c*—a? 
5? am — 2 . q?— 2" 
32—¢—12=0. 8. z°+(a—b)r—ab=0. 
z*—Iet+1l—at*=0. 10. 2° +(c—a)z+(a—b)(b—c)=0. 
22+ (a+c)ba+t ab§c=0. 12. u8§—4a41=0. 

b3 b* 2a 3b DS 
14. ac —2. 15. a e 16. a are 
— See. 18. ee. 19. a 
(x—1)(a*a—b*a+a*—c*). 21. (ex+a—b)(x+b—c). 
(w—1){ (b+ c—2a)a—a—b+2c }. 
(w— 1) {aw(b—c)—c(a—b)}. 
(rm 4—J5)(t—m At J/5). Be (1 +0*+208)(x + b* +05). 
(a-+a®—ab)(« +b? —ab). 

EXERCISE 69. 

2;V—- 2. (#*—2)* —(e*—2z)—182=0. 
48 ; woe ~ 4 at=h(ma/m? + 4p). §. 81; 9. 


l—a ; a*-~a+l. 6. 


ue 





XXXVI 
6. 


10. 


eS 








ALGEBRA. 
14.7.0; ¢8m.8.0;2"-1) g _1, 1tvV—3 
2" 4.) 2 
et la TPedVear2 47) gt 24 iat 
x a— | x a* 
2. 13. 13. 14. 1. 15. 4, 


—~ nin eee ees ec 


y* + y—20=O(y =V/ 2" + 9c 43), 
y* +y—6=0(y= Vx — 5). 

y? —2y—35 =0(y =v. 9 —8. + 40). 
y* + 6y—16 =0(y=V/ 2.37 —3e4 2). 
y*§—dy— 1; =0(y =V 2*—2e—3), 





9; —2; 4°74. 178). 93. 1. 24. 4;—9, 
1; —4; 4(—3 £V109). 26. 2;—5; 2(—3 +7241). 
0; 2. 28. 1; 4, 29° 2: —1, 
y* —2y +1=0 where y =N/ 32*—Qax+4, 
+3 2P9 1 2g 
a ap W— a Pp 
(2455 ( 92. 3,2. 38. 2; 1, 


m3 2 i : 
+1]. 35. uae es w =imaginary cube root of 1. 


2; 6; 34/2). 37. Divide by z* ; and put go Sy, 
x 


+1; 2; —3. 39. $(14,/5) ; 8(14,/2). 

1; 3(—34/5). 41. 1;1; +/—T. 

3(7 4/85); 4 (1 VIO). 43. wttary or—as, 
i 


Divide by z* ; and put 4 Sy, 45. 154; 4/71. 
x 


1;2; —3(54717). 47. 4;2;1;2, 
6; —1;4 (547-39), 4g. Baja; 5 (7/71). 


$3 44/10). 


dl. 


52. 


55. 


ANSWERS. Xxxvii 


gO tV/13); 5 (54-3). 


av? + Sae=— 5a? +A at+c*, 


(e+ <)'+a( e+ =) +h= % 

Uw ax a 
(u* — 4a2)* —2a3(o* —411)— 15a* — 16¢* = 0. 
(o3 —91)9 + 380.9 —9z) + 336=0. 
(o9 + QL)? + 158(. 2 + 21x) + 5565=0. 
2 + (2a + 3b)e+a? +3ab4+b? = +V(b* +c*). 
y2>—y+7i =0; (y=V a? + 4e—5), 59. —4. 
1; 14+ 53,(834/—7)*. G61. .2432=21 or —2. 
v=5 (obvious). 63. w#=5 (obvious). 64 8; —*. 
£5. 66. 1, 47—44V8 gw 1. (Vatvb)t+4 











23 ’ (Ja—V bt 4 
(x® + dz)? + 6(c? + 5a)—40=0. 
8 + 3a=4 or —2., 70. 429—32=1 or 24,- 
w®—d.+7=0 or 1. 72. 2*+2=6 or —7. 
2(— 444/34). 74. 3(—34V2)). 75. 2. 
u? + w==4(—1+4./3). Tl. 4,3; 4; 3 
—47 +S —1655 


ened teas 79. 294+ 52=36 or 1. 


say (Meee). 81. 3; —44; —24/—6. 


a. p+q a +1 
cn (es 4) (3 Bh em 
0; —3;12; —15. 86 4;32/3, 87. 4; ear’ 


2 
1-72" 89. m. 90. a, b,c; (c-+a)(@+ b)\(e@+e)=25. 





(+0); 5 x {— (a? +8) 4 (a+ b)* +40". 

2 98. 2;24y3. 94 O;t2 95 1; —3. 
v* +3 .=2 or— *%). 97. 0; $;4(14i/—83). 

1; (w—1)*=4014,/65). 99. 1; 24,2; 247-1. 
O; kV 5; vy. 


SOEeKVI1I ALGEBRA. 


EXERCISE 70, 








1. 2=3$; y= 102. 2. w= 43; y= sl]. 3. x=3; y=. 
4. 32*y*—196.2y + 2380=0. 5. we t7; y= $2. 
6. z=1 or 1—(1,/2)8 ;s y=0 or —1 4/2. 
7, w=5or —22; y=8 or }. 
8. wy=4; r—y=—9. 9. w= +6; y= +3. 
10. e=—f3a;y=—t8a. J. «=+47; y= 48. 
12. «=4; y=2. 13. «=3 or —4; y=38 or —i. 
14. w=lor$;y=2or%. 15. #=—lor3; y=lor —3. 
_ , a(mtn) _ , a(m—n) 
16 a Jaaat cA TS 
p&—q? 
17. ry = 5) ;ti+y=b. 18. t=35 y=2., 
1 
19. zx=0;1; ns yO5 2; 22, 
20. 2=+2; y=]. 
21. ry=sh(bat ey / Sut + “and aby =a. 
mtn mo+l jo vom | mink 
t= n+l” mtn’ mnr—1- n—m_ 
93 «=d3ao0r —2a; y=2h) or — 3d. 24. e2=2;y=1. 
95. 2=3; —4;20r —5; y=2; ~5; 3 0r —4. 
9%. x2=2;y=1. 27. e=y=). 98. 2=7: y=l11. 
99. xw=4;y=l. 30. 2=8; y=2. 
31. «=3; y=—3. 32. 2x=125; y=1. 
9 
33 w=2;y=1 34. @==3;y=2. 35. a rere 
b® Be eae my arr 
y= he 36. z=a; y=. 37. w=4; y=2. 
38. a=4;y=5. 99. e=%(14v3); 2( 14 =) ; 
2 2 J/3 
y = 5 (lev3) 55 (14 5) 40. «=a;b;y=5; a. 


ANSWERS. xxxixz 


EXERCISE 71. 
1 #v=1; y=1; ia 


32 
aay, aed te J at+bi+ct’ 
c* 
ares / a+ b*+c2_ 
e 4. =]. = 2. 2-— _a(b-+e) 
3. weds y ;g=2 4 <¢@ Cer 
5. 2=b-—c; y=c—a;2z=a—0. 6 2=1l;y=2; 223. 
@ #2; y=38; 224, 8. c=1l;y=2;2=3. 


9. w= {b+c—a+v!(2bc+ Zac +2ab—a*—b*—c3)} +22p 


where 2p°=a+b+c+ 3V}(2bce+ ac + 2ab—a*—b* —c*) . 


10. w=b+c; or b+c+ Zabe , &e. 
a—b—c 


ll. s=b—c; y=c—a; z=a—bd. 
a(b+c—a) 
eas MGR e alot a WET c)’ 


1 
13. 2=a%b” os ; y=a ~“8b% ae Seah oof, 


144 w+ Vi(ad YatV/at—(b—c)? ; . &e 
150 eeyss=4 v3 16 «=a, y=b, z=0, 
17. 2s = 


<x ey ae 
2(a*+b* +7) 
~ Sa2+ b? + c? )—2(bce+ ca + ri 
18. «=6; y=7; z=8, 19, «=3; y=l, z=2. 
20. x=3, y=—2; z=0. 


EXERCISE 72. 
1 7;3. 2 20;20 3 9;8 4. 





, &e 





Lt/5, 34/5_ 
27? 37 
—ttvns V3, 6 136. 7 44,110. g 24: 40. 


as 


ALGEBRA, 


220; 165. 10. 50. ii. 16. 12. 10; 15. 
20; 25. 14. 2;5;8. 15. 3. 16. 400; 1600. 
3;4 18. 252. 19. 73o0r37. 20. 3. QI. 5m. 


248, 23. 54; 10. 24, 2d. ; 3d. 25. ve Y5(L4 75) 


130. 27. £40. 28. 6:9. 929. 15. 30. 2535. 
117; 1380. $2. 132 ft.; 164 ft. 93. 10; 15. 34. 30m. 
A 430; B5am. 36. 10. 37. Bisect it. 
—1;—3;3. 39. 66; 22. 40. 9d. 41. 28. 
A 40 hrs. ; B 60 hrs. 43. 5 hrs; 3 hrs 

160 qrs. ; £2. 45. 24 days; .14s.; B3s. 46. 10; 12. 
30 yds.; 40 yds. 48 100. 49. 1:9;1: 4. 
£60 ; £40. 


EXERCISE 74. 


(a+b+c\(a—b)(b—c)(c—a). 
(a— b)(b—c)(c~ a)(a+b* + c*+ab+ act be). 
(a? —b%)(b9 — ¢*)(a*—/*). 14. (a+b)(b+c)(c+a). 
sabe(a+ b)(b+c)(c+a). 
Sct yy +2)(z+r)(a? + y? +29 + ry + yz+ 20). 
(a—b)(b—c)(c— a)(ab +ac+ be). 
(a— b)(b—c)(a—c)(a8+ b* +¢%+ab+ac+ bc). 
Same as Q. 17. 
(a—b)(b—c)(a—c) 
X (a3 +b5 +08 +a*h + ab? +)%c+ be2 +c%a + ca*+abc). 


. b=21;m=—76; n=60. 


=—8 ; B=—12; 0 =20. 
EXERCISE 75. 


a> +-abl+tco=0. a../t=0/*. 
p r 


(br—egq)(aq —pb) =(po— ar)*. 4. pi-g= 


N/ = Kf 2 6 W—amtnad, 7 pt—ghad 
a P 


ANSWERS. xit 


8. a®§—b*=4yg. 9, (bc, —b,c)(ab, —2,b)* =(a,c—ac,)*. 
A-—B a-—b 

10. (qn—ms)*(pm—Ig)=(r—pn)*. tt, 4B 9 ®. 

12. a(b2—c*) + 2b(c* — a*) + 4c(a?— 5*)=0. 

138. 5(a°— b*)(2a5 +b3)=9a(a*—c'). 

14. (a? +04) > ack. 15. (a—b)*(a? + b*)=a*b*. 

16. (a+b)®—(a—b b)8 = (Bc)? 17. b*=ac. 

18. at—4ac® + 3b*=0. 19. a—2a*b?— 6% +2c* = 0. 

20. g?+ 4rp=h3( p+ r)3. Q1. ab+be+cat 2abc=1. 
2_1 I 8 _§ 2_ Or3 $—-(), 

22. ~=aty: 93. 2p —3pq?— 2r? + 2s 

24. d?(a+b+c)+abc=0 

25. a? +62 +¢2+2abe=1. 9. at+b3+c? +2abc=1. 

D7. ai +b3 +65 —Zabe=0. 

28. a*b*c?(a> + b% +¢5 + 2abc) =a3bc8 

29. a®+b%+c%?=—2abt+act+le). 30. abe=(4—a—b—c)?. 


MISCELLANEOUS EXAMPLES. 


o- 6G. (atnb)a". 7% (atb)(b+cct+ala+b+c). 
be _ abe oe 
: 1) es il c); &(6 : 


(uli) x=2Zor ae ;y=3 or —5; 2=40r —6, 
12. (av + 2)(a* + Qu-+ 2). 18. (n+1)(n+2)a". 14. 1—,/3- 


17. 20°F +a-F +1. 9 1. 2B. (i) e=y=z=12; 





Gli) /e=/y; OF Vet y= 94. 2miles. 
26. (EHR s)- ; 
a PY wwe 
a7. @) ea ee og foe 
(ii) [—(abt+act+bd tJ {(ab + ac+ bc)*— 4abc(a+b+c) } ] 
+2a+b+c) 2. ~—*% . 90. 3; 2. 


(a—a)(e— b)(«—c) 


xiii ALGEBRA. 
Sl. 145241529 + 45.3 + 1452*. 
a2. (i) —4. (ii) 2*+a2=4(1+,/5). 
35. o ine ; Ge +2*—2)(ue— 3). 
— a® oe 
36. ae iy : (ii) +1; $(1+,/5). 
3 /5 =/1 gli ota/ 5° 
38. (i) (8%+y— ae Sy+2). (ii) y2(Be+y)(2c—sy). 
3D. a(3b3—a*)=Q%W 
40. Ain 40 hoaors; Bi in 60 hours. 
42. (i) «=2; y =3. (ii) = 3; y =2. (iii) e=25; y= 4; = =10. 
: _ a — a? . 

(iv) a=1; y=./2; z=,/3. aa et rare 
44. 0;0. 48. (i) 7. (ii) 4. 
49. (i)0;3(14./5). (ii) c= 38 5 y= 32 5 z= —12. (iii) 3; 203. 
50. 45br ; 75 wi; 150 wa. 52, ma™~?. 
5G. (i)w=2;y=3. (ii) 8; — 62. ai), 210 & 118). 

(iv) w= +2; y= 43. 60. 4°/,;5°/,. 

62. a®)3( a’ + b?) =I. 63. ee + y* + 22 4+ 2ays= 
64. (i) 1. (ii) 2b. (iil) 3(5+,/5). 


(iv) y? +y~—21 =0(y=V19—+ 1). 
66. 21,9, and 54,4 minutes past 1 o'clock, 
G7. 4 pairs: 240, 8; 120, 16; 40, 48; 80, 24. 
70. 15;35. FT]. 0. 94- w+1; (e—1)(284+5)(u* + 4? — 5). 
75. 30gals. 76. 3,/3—1l;a"t+lt+a". TF. (i) 2; >. 
(ii) @=0; £AY {[24/—T} ; y=0; +e {10t5V—1}. 
78. (20° + 8ax+ 7a*) = (a? — 6ae+ 2a). 
79. (A’O—AC’)*® =(B’C— Bc") (A'B— AB’). 
80. {400—6*+5,/(b? + 2400)} + 2(6+10), where 

b=, X3°14159. 

81. mi—niaa. 92. (i) {4eb (a +1) /(6ab—a* — b*)} 
=(b—-a)*. (ii) 0; bay5, (iii) e= by (= ~*) ; 


y= +(a*— b*)—,/ {2(a* +5*)}. (iv) «+ y=6 or 3; wy=3 or 6. 





85. 


ANSWERS. xliik 
ox?—1. 87. Identity. 88. 12. 89. (i) 0;-3;1;—4, 
Gi) —14V737 ; —145. (iii) 0; 3; 4994-7 — 28). 

(iv) —1; 1; 3(-94/—19). 


(v) wy*2*(a>+b3 +03 + 2ryz)=ab5c5; a cubic Eqn. in xyz. 


2 BSS 


110. 
117. 
120. 


121. 


123. 


127. 
129. 
180. 


25 minutes after 4. 
13 
(i) (2a+36a°b*)>(a—27b). (ii) (4—b)*+(a? +5%). 
—4. 94. (i) a (ii) 2:54. Gli) 225, yx; s=7. 
(iv) s=1; y=9. (v) c=L;y=2; ze38. 
y(y*® +2)(y* + 4y9+2)/(y? + 4). 
(i) 6; —7; —H(L43v 22). 
(ii) { am+n)—2ap } ~ {p(m+n) -2mn} 
(ili) «=b+./(a*— b* +c*), & 
(iv) w=y=s= a? + b?+¢%#— ab—ac— br. 
(74+ 32)(a—5); (ni —m)(mz + 2). 
3 miles an hr.; 15 miles. 101 ad— bdr. 102. 0.. 
(a*b® + 62-3 +. 2a? )(a*bc+ b%ac+c*%ab) 
= @?b*c?(ab+le+ ca.) 


eae 
. J fa-(- 1? 2 / aR) 
(i) a=1; y=625 (iii) +a; a 


(iv) w=16;4; y=9, —3. (v) w=10;y=5; s=3. 
(vi) w= 44; y= 42; c= 42, Ke. 
92 miles. 116. (i) a+b. (i) 3. (iii) — 6b, 


t=. 118. 9-+(27+1)). 
Each child £1920 12s , each brother £966 6s. 
re + by+cz). 122. Ve—ytvVy—s. 
oe (li) «=a; y=b. 
Gi) w= t(Qa—b—c); y=4(2b—a—c) ; z= 4(2c— a— J). 
(24+ y— 3)(+—1ly+ 1). 125. «—1. 
(ac+ bd + be—ad)*. 128. =’. 


(i) 5;7;9. (ii) y=c(a? + b*)+2ab. (i) 2=y=z=1. 
480 ; 90. 182. w+ay+y?. 185, a=20; b=85. 


-xliv 


137. 
138. 


139. 


140. 


144. 
145. 


146. 
147. 


ALGEBRA. 

abe=a(b+c—a)(c+ a—b)(at b—c). 
A(a—b)(a—e)+(A+ Bt 0). 

(i) 2;-%. (ii) Lab. (iii) 0; s(t +2,/—2)%, 
(iv) 2=6; y=. (v) e=btco;yecta; z=a+0. 
288. 141. a ste (54/7) 7/2. 
e—5; (2a+ 5b) x 2nd Expression. 

i) 15-7; (-743V5). GAG). 
oe At 

ut Ll’ at 5 a +7 

—1. 150. 5 miles; 4 and 2 miles an hours 


~ 


ee ae 


g2 


ANSWERS TO UNIVERSITY PAPERS. 


1.—CALCUTTA PAPERS 


1858. 
420 °— 1828 y3 — 9a" y8— Leb y’ + 6y—42°y! + 492543 
+ l4zry. 
8: 3. A31232 days ; B 4215 days and C 104} days. 
March 1859. 


2 e241 
1+a3—ct— 2° ; 2—ata? +a, Sa; a2d?. 


(a)a=2. (OF) r=15. 3. 14 and11l. 5. 24 and 15. 





Hyp. =83; per. =3}. “4. Rs. 925; Rs. 500. 
4; 88 and 24. 
December 1859. 
(2? —ayt y*)?. 
(a * —a*x9 + a*)(2? + a*)(c?— art a*)(@+ a)(x* + ax +a*) 
b 
x (a— a). 7. 
ie. — ab 
(+ 5). 5. (1) a=Sa. (2) @ 7 ar, 
1860. 
4 dybg yd, ete, atte 
0. 2 wi + axeytty® ; CECE ae ies 
(1) #=7. (2) «=—-8, 4. £2 lis. 
1861. 
72*— Try dy? g 


O * aa e* 


xlvi 


Wm» GO 


Pw dD be 


jul 
e 


ALGEBRA. 
2 —Qayt + Qaty—ys 
(1) w=8. (2) 2=3. (3) e=16. (4) z=1; y=3. 
1862. 
rt +? 2 12 3 2 
ae 2. uP —-2ab? + 2a8 cf —17—2h7 of +c? ; 
9—2a- 3b + 3u- *b8- 

(1) 2=5. (2) w= 16. (8) x= Sega be “te B. 3. 


1863. 
at—a>arp-acnt*—atzs + asx*—a*xz>+ar°—e2? : 
rity + atys—atys— —y. 
(1) #=5. (2) #=7. (3) a=2; y=3d. 4. 24 ft. 
1864. 
2(a*+y? aa) 
wh —Betytc? +y? +s 2a8 +ax§—asui + a®a+a® 


] 
G—1)@—2) (3) 
(a) w2=10. (b+) #=5;y=11. 


1865. 
(c+ y)9—1. (upet yt+2)(utz—e— y)(e— y+ u—2) 
x (w—y—u +2). 


et+ 2043; 2 3 8. (Dutyt z. @) =. (3)0, 4. 2. 





—_? he -a—b—e i ue 2 
© To wetabe en pees aS en at: 
(4)e= oor 

1866 (4). 
— 8, 2. 8a*—ab— b* 524+ cP + ail +27* ; a*8xt*—an, 


e438; ayy). 4.) oo (a) SHE 


5. 


= 


Or Go 


~- Oo YE 


Oop te 


ANSWERS TO CALCUTTA PAPERS, xlvii 


2? +2343, 
1) z=24, (2) w=3(a+b). (3) e=__P"_. 7, 9, 
(1) #= 24, (2) em Hat). (8) em 7 
1866 (B). 
Quty? + 2x8z* + Qy8§zt¥— ut — yt zt ; 
e—y; ry Haz+ yzt z*. 


242043. 3 t+ 5-2 4 (i) e=l. (ii) a7, 








1867. 

w—] pu 

i 5. e —_———, 
7 el 2 x* +4? 
(1) aaa (2) 2=4(a? + b* +3), 

bc, — ac = 
en E se br ab, } Pa 4s y=5; 2=6. 
se ae 1: a*— b®§ +c*— d?. 


1868. 
rer oe __ a* +a"? + b* 
35°69...; a—(b—c+d). 2. ar Ces Ca 


e=6; 724, 4. «a—1; oe ne — 4). 
1=12; y=12; z=12. 25. 
1869. 


er—aey-yttatytl ; 2— se—F. 
o2+1; 628 +1l23?—30— 2. 


date 8 Sc8 +x 
(a) a*—a* (2) atc () 4x3 +22—1° 
_ at*—6b* a*— p>® 
(a) PE 18. (b) t= a a y= —— 5. 8 days. 
1870. 


9a3 + 6ac— Sab + 4bo— 6b? ; 
we why aty? ay? + y% 


¢. a*—a*h* +5* 
a*b* ° 


xviii 


oP Dp 


oo 


G9 w 


go 3 


3. 


ALGEBRA, 


J 


gs , Brora) 3. cams wetaseme i yal, 
28 +. 3yx~—5 


at—y*. 5. Qc®§+Qart 402 ; 
(a5 
12 o'clock; 125 miles from A. 
1871. 
1 


D5 an aty—Si8y8 —Faxdy? +y°; 22 ane J + ms 
ob 


aoe : ; 2a(a + 2)(w—2)*(x* +2). 








5L— 
@ 22, ; (ii) as. 4. (i) 1=3, (ii) e=22 ; y=33, 
A ae Gi, ; B Rs. 810. 

1872. 
2° +2¢—3;3r—-ll. 2. (i) ee" (ii) oa 
(i) e=7%. (ii) .=8; y=65. 
A Rs, 500; B Rs. 400; C Be. 200. 

1873. 

ae 8 

(i) (Say). (ii) 2+y. (iii) = . 





a—2a; daa(z*—a*), 
(a)a=—t. (A)w=}. (vx) @=2);y=13. 5. 


fr 





1874. 
@en Gi) SAE nas (iii) a—b. 
eee ener 5 dc? —igy + dy’, 
@=7i;e=—7, 5. 84. 

1875. 
b—ame; TV ; Set a— 2. 2. — 


(i) e=$. (ii) c=. iii) c= yy; y=h. 5. 2080. 


it 


PO me 


0 bt 


ANSWERS TO CALCUTTA PAPERS. xlix 


1876. 


(1) a+ 8b + 2d. (2) 8.3. (3) a" 


QZe—1l; a7 +14 ut ; 2—c+3b. 
L 
(1) 2=56. (2) e=7; y=9. 5. 4 days. 
1877. 
4a* +8 ° 3,3 a3}32 2,2 _ 77 4 om hh 4 — nt 
Sage + 2a*b? 4+-2a*c*—at—b*—¢ 
x23 — c—]9, 
w= 455a=5;a=1; y=2;2=8. 3. w9—4. 43, 
ap — 24° be. 100498756 6. 40 
Za Sa® J6u® ; ; ; 
33 cwt. ; 2 cwts.; 3 cwts. 
1878 
By ot xyz 2. ax+by+cz. 3. CG. 
s=—3; 7=6. 5. 1. 
1879. 
aS"-+4- 25"; a+ §. 2. wy or 2. 
_ m(m+ 2k) ape a earn 
(a) c= “2(m-+k) (b) d=7 3. (c) w= 4; y= 10. 
In favour of the latter. 5. 11 days. 
1880. 
1, 2. #w—a; (d4—7a)(1— 3a)(e—a)*. 
(a) z=9. (6) «=11. (c) =3 and y= 
Fm ghee a®, 6. 3 miles; 8 miles. 
1881. 
1 (x-+ 6a)(e@—Lla) ; 2(1 +-0)(1+a)(a—c). 


2 eau) 





= es _ (c+b) — c(a—e) 
(1) =5. (2) o=y. (3) c= a(a— By 7 bab) 


A in 120 secs. and B in 130 secs. 
29 


RNG Wr 


Apa 
a 


én & 


5. 
Ge 


1. 
2. 


ALGEBRA. 
1682. 


a*- 2 +an"~3 + ats"3 + &e.+a"-*a+a") ; eae, 
(a + 6)(@+ 7) ;(«—6)(@+ 7); (72 +8y) 

xX (491° —56ary+ 64y*). 
G.C.M.=2—8 ; and L.C.M. =(#—8)*(z+9)(9x* —100). 


(i) ¢=3. (ii) e=5, (iii) w=8; y=—I5. 
2° miles from P the starting point. 

1883. 
a—b+c. Qo 2e—y. 3. ee 


(a—a)(as+a*) 

at —10a*b—6ab?—b* 
a*+10a°b + Gab? —b* 
(a) w=2{./(a*+ 2b*)+,/(a? —2b*)} ; and 

y=3 lV (a* + 2b*)—,/(a*—25*)}. 
(6) wx=103. (c) v=10. (d) e=—28; y=1l0 and <=9, 
54 and 646, 

1885. 
b— pat; sous 5 542: 
poietic Loot 
a 


(2* +09 +ax)(23+ a? —azr) 3 @'°—e> — et +1, 





(i) 29% +2. (ii) n(x—1). 
(ee (ii) en. (iii) w= 4) 

l—a a . 

(iv) oe = Pu. yas TP 
ag aq 
1—Je— Set*§—= 52°. 6. £52; 52s. 
4 oranges for 3d. ; 512. 
1886. 

(m—s)(m—n) , e+] 


2Zm—s~—n ° (a—1)(2c—1)° 


; ; ® + 2ab—b?! 
(9a* —1)(9a* —1)(a* —3)9, 3. a 


Hor 


AY 


od 


TPM iho wee 


ANSWERS TO CALCUTTA PAPERS, li 


(2) te. (b) w=. (0) w= 10; y=20; 2=5. (d) a= 4a. 
Debts= £8,000. Assuming debts= Assets. 
273, min. after 5. 
1887. 

wt ty? + %§— ry + ez ys; (19+ 12¢+310*)* —(40?)*. 
(0? 4+ ae+w*)(a* —ax + *)(ut+—ata® + et) ; 

(13 + 2a? — 2a v)(.c8 + 2a3 + Qar) (x? + 2a?) (1c * — Za?) 
a+b+c. 
(1) w=3k. (2) w=2;y=3. (3) w=1;y=3; 2238. 
600. 


1888. 
2a(at+b). 3. (1) ab—actde. (2) «9+ (yt cle + y? +24, 


(1) em}. (2) as —~275. (3) wad; y=9, 
Length = 10 yds. ; breadth=7 yds. 6. «* +azx—2a*. 
1889. 
saat Pe y] w — Dz + @ 3 ) 
=e. ° 9 ow 3° « 
3(2— 311 )(.0— 4c) 6 } 
" Yar 3a)(2+ 4a) ae 
1890. é 
hme 1. Q. 3e—4+2. 
2. 
(i) 5 § Gi) 1. (iii) : >. 4. 1220, 
1891. 
(2) 2, (0) (ab—ad)+(a+b—c—d). 3. 22; 24, 
4a3—3ab + 6*. 
1892. 
94. 2. (2a—3b+ ¢c)+(2a~3c). 2 we 4. (b) a—2a, 
12’ past 4. 5. 
1893. 
2®—e+1. 2. 22°—Se9 + a—4, 


(1) 2 (2) —a. (8) 3;4 4 4853;3489. 5. 5. 


hi 


On 


aud 


on anh 


SOHN 


ALGEBKA. 


II.—BOMBAY PAPERS. 


1859. 
ee ee ee | 
ie 4. a?—64)°. 5, we te dy Sey 5, 
Art. 70. 9. (i) és. (ii) 2. (iii) 1; 1S. 
22 yrs. hence. 12. 240; 120. 
1860. 
w® Qe 2 z 
3. 4. ae ea 6. 2a+ 32; 4x(2a+3Q.), 
1s 5 (a>"— a8" + Qa") (07-1). 8. 7535512. 9. Qn. 
1861. 
a. 3 a—2p. 4. ™. 
QQ) 1h. (2) Quadratic. (3) —a;—b. 
9h.3 10h. 3’; 11h. 6; 12h. 9, 
1862. 
S4yra. 5. (ty)? 6 32; 24. 7% «+3(G.C.M.). 
See Art. 64. 9. 16.4' and 49,',’ past 3. 
y=—tor; KC. 
1863. 
ee 3. a-b 4. (at+1)(at+ 4)(a?—1), 
(b) 4e/a* —1. 4. gt—bF 402, 
(a) 11. (b) 337%. (c) % 9. 1} brs. 10. 12. 
1864. 
eet 4, at—b5, 5. at—.x?, 


@: Ge b)(a—c)~-abe. 
(1) bar (2) l= (m? —n3)—(ma—~ nb). . a7 
8 days. 


1865. 
3a—6c. 2 (i) 9. (ii) 9. 
l (et 4+eta* +a*)-0* es 
aa i ( +2%a*+a*)+a*, 6. I+; * 


a+atbi—b, 8. (i) 1. (ii) 16. (iii) (a*—b*)+6e.. 
30 brs. 10. 72m. 


So g0%9 


10. 


pod 


rt co mH 


b= GO ONTO 


ANSWERS TO BOMBAY PAPERS. bait 
1866. 


4 
r 3 tee 
596. 3 Sattdab+ be. Bvt By, 
(i) Qut—x4. Gi) s—*. 
(i) 1. (i) 12.2,; 635. 10. 18; ljs. 11. 100m. 
1867. 


(Gj) 6. (ii) 60. 2 «t—y3. 3. way ey? 


(ii) 5+214+2c). 6 2°. & (i) 4 (ii) 8. (iii) 6; 10. 
49.3” past 3; 32,8’ past 3. 10. Rs. 1,500; Rs. 500. 


3,°mfrom B; 14,%m from T. 


1868. 
a—y & @ 1 6 (i) *. Gi) ac+b. 7. £172. 
(i) "(ie bie (an + bm), (ii) 2a; —20. 


2im; 2m; 5m 
2 
(i) 247 —3ar+4a?. (2) 2a? — 3b + 4c4, V1. 14+,/3. 
1869. 


72? —yt—zy, 4. (at2d+2b+c)(a+ 3d—2b—c). 
2a2a(2Za—3ux). 6. (2b—a)+(a4+b). J. 22 —Bcty—y?. 
(i) 9. (ii) 33. 9. 56; 203. 10. x=1823. 
40; 24 days; £61; £133. . 
1870. 
3. 4 GCM. ey). 5 Gieee 
12 4BiSy8—2y? (a) ‘17888. ) a4, 
(c) wl; y=}. 
1,000 men. 10. 133 2; 9m. 
1871. 
(2* + a*)—z. 4. 5e a?'—a+t i. 6. It is. 


Ties -. 8. —1;2; —2; 1. 9. 240; 120. 10. 800 men.” 


NS 


CO Dip vw 


gre 


POrvi~ 


= 


an 


ALGEBRA. 
1872. 
(y2—4)9. Gt 42243, 7. at nel; i 
(1) 22. (2) 43. (3) 12. (4) 103. 9. K gets Rs. 3,500. 
Whole is Rs. 3,840. 11. £15. 12. 400 inches. 
1873. 
18. §. wtl; 120cy(u*—y!*). 6. 2e*+3ry+y"*. 
(i) 41. Gi) 139 8 70; 30. 9. 91: 
1874. 
(i) 1. 3. (a) da%ue+a). 
(a) «8 —272 43: —4, (bY 2a+ dy. 5. 26; 27. 
17 m; 4 hrs. 7. (am+bn+cp)+(at+b+e). 
= 30, 
en Os dhe. 9. 324. 
1875. 
a—b?. 3. G.C.M. is a—b. 4. 1+(20*—1). 
a—i+1l.  §. (i) 4. (i) § "Gi 4;5;6. 7% Rs. 600. 
1876. 
(i) —54. (ii) 0. 2 i) 1. (ii) 1. 3. Qy?. 
(i) ere ites (ii) (yet By No — 29) ; 1+.3. 
eet Be a * 5 2 I — Be—3, 
cel]. "10. ls. 4d. 
1877. 
z*—Sry+2y*. 6. (i) 0,25. (ii) 0; —82. 
(iii) 118y=1472. 
Ra. 25. 8. 35 or 53. 
1879-80. 
a%+5% +c%. 9. ay) 3. «—2y, 4. 1. 
y « 2 
y =(c?—be-ba*)-+(b +0). 6. Rs. 8,000. 


*, ? 


ANSWERS TO BOMBAY PAPERS. lv 


1880-81. 

3., 2~—2,4.1; 2; 3.5. 54,5,’ past 10 or 11.6. Rs. 80, Rs. 60, 
1881-2. 

ns on Famer? 5 (a—a)(at*—a*). : 

3 >So e 4. a ; (a—2)(at*—at) 5. 23 

G. (1) 9. (2) 20. (3) 9: 20. 
1882-3. 

3. 29—3.+4. 4. 2— 4+ = 5. 0; ae G. 30: 73; 6. 

7. Rs. 833. 
1883-4. 

2. Apply formula of Art. 50; (a+b)(b+c)(c+a). 

3. 10,5; hrs. 4. 12; 35 ; 5 a 75. 5. 4, > 2. 
1884-5. 

L. 1600+ — 289" + y*)— 8a? (a? +y*) +0%. 

3. (a—b)?+ (b—c)? + (c—a)® 5 (5:4+1)(027—5) 

4. («—a)?. 5. 91 6. 4, m™ 
1885-6. 

1. «§—16y*. 2. Second expression X (a-+ 5b)(a-+ 62). 

ats 1 ; 
3- aay a4 4. (i) 6. 
(ii) e=pr—(p*—@q*): y=qr—(p*— q?)- 5 £33). 

1886-7. 


1. (i) 2(24+4). Gi) 1. 2. pS—3p. 8 G.C.M. is 28 +0—3. 


i 

4. $B Qe 34 1. 5. (2) 2a. (ii) 332. 6. 1y%m. 
1887-8. 

Q. (i) 0. Gi) —1. 3. («—4)(2—3)(a+5). 

4. a®*+b*. 5. 8. G. 640. 


19 


ALGEBRA. 
1888-9, 
1. Gi) (et y* +pzy)(«* —y* —pzy). 
3 Ltatat+.....c.ceee +a°, 4. —1. 5. a+b; a—b. 
6. 253. 7%. 76; 30, 
1889-90. 
9a 38. (E). 5 (i) 1. Gi 8. 
(LO + y) + (Oy + x) =4(0 + y)+ 7(e+y). 7. 84; 63. 
1890-91. 

1 Oo 2 @1. 38. ~ 1+ . 4. (w—1)8(c+1). 
5. (i) (e+a—b)+a. (ii) 1; 3; 4. 6. 9; 6 gals. 
1891-92. 

1. (i) @—3y) ++ 3y). 
(ii) Apply a5 + 8° =(a+b)(a?— ab + b?), . 

2. (b) pq", 3. at+distheGC.M. 4 wew=1. 
5. 7. 6. £4,680; £4,720. q 3. 
1892-3. 

1. 189. 2. 2*+w+1, 

3- (i) (a+ 6)+ab. (ii) (7+ 1)3=(@+2). 

4. (i) Ty. (ii) 3; 2. (iii) 43. 5. 3. 
6. 220 yds.; 176 yds. per minute. 


JIJ—MADRAS PAPERS. 


1857. 
0. 2. cm—Vayty. 3 (1) 15. (2) 42; 45; 46. 
200 m ; 333 m. 


° 4. (2 1 ~;)+ (-5 


ANSWERS TO MADRAS PAPERS, lwik 


1859. 
3,15 4ar 
2: sty ig the 
4. (i) (a®—b*) +(4o—). (ii) 37; 2125114. 
5. 7} days. 
1860. 

1. +(a+5D). 2. w*—yt dy$, 5. 2=b. 
6. 2=3 (8+ 2/2); y= 3(B—2,/2). 7. 35 yrs. 
1861. 

Q. 182, 4 (at2)*(a—0). 5. o_. 
6. OSs 21,0. 4. 52. 8. 5 sov. ; Qs. 
9. (1) 1. (2) 4ube+(ab+ac+be). (3) abe. (4) 2. 
1862. 
2. a9943b2+c. 3. 1;0; 2. 5. 4mc + 6ny + Spz. 
6. (1) 7. (2) a Oc 7. 132; 108; 6 hrs. 
8. 46; 80. 
1863. 

3. at+b%+et. 5. (1) 8 4 7— 2c. (2) fat fbaVe 
4. (ly) 1. (2) (a%c+ b9a+0%b—a—b—c)+(ab + ac+ bc—1). 
(3) a=(b,e—b ,)~(ab, —a, 5). (4). -45-1. 

(5) 235133 
8. Rs. 3,640. 9. 3. 
1864. 
Lm 2 @2 2&1 & (a—bu—(a+d)y. 
5. at2/b—dse/e ; 3:07 6. a—2b. 
2 (1) (0—-3)+(4+3). (2) 4a8t(e*-e*). = (8) 1. 
8. (1) ve (2) «3b. (3) 445183 12. 9. 13. 
February 1865. 
3. (1) ati-1. Q) am? 4a7b7—b-*%.e 


Ivili 


abel Or Corsage 


GS = p= 


~@ WHO 


GO a7 pt 


ae 


ALGEBRA. 


. 12x*— 20x? + 54* + 5e— 2. 
~ (1) (8a% + 269)+5a(2a4 3b). (2) 2at*—wF+w*, 


(1) 10. (2) J. (3) 9. (4) 2; 5; 10. 
am(2m-+) = 2(m*—n5). 


December 1865. 


- ¢*+929 +81. 2. (1) w?-(e2—a). (2) 2e-+(a—e). 
. (Ll) (b—a)(a+b+c)(a+b—c). 
” (a+ b)(c+a—b)(c—a+b). 
6. («+1)(x - i ie ala 
eat — i. (2) 72. (3) «=(b+c)+2u; &e. 
32; 40; 533. 
1866. 


~ 2(e*+1)+(2°—1). 2. (atb)jx> +(b+c)c* + (cape 


1 


atta—2+ 4, 4. teh). 7 (1) 1. 2) 83433. 


1867. 


. &a&§ +(m+n)ja* + 2mnatl 2. 2{(a+m)(c+n)+ ba}. 
. (a) Sabe+(atb). (b) a+b, 4. x#8—a2+1. 
(22+-5)(@* — 404+-3)(c° + 40% — 5). 
(a) 4. (b) abc+(a+b+c). 
(c) J+(a+b+c) ; 2+(a+b+c) ; 3+(at+b+0). 
(i) f{ab—c(n+1)(a— b)} + {6—(n4+-1)(a—d)}. 
(ii) {en(a— b) + a(c— b)} + {(1+ 1)(a— 6)}. 
1868. 
e— b, 2. (2) (a—b)(b—c)\(c—a)(ut b+e). 
- C1) 1=(28—2z41). (2) 4. 5. al. 6. 1. 
(1) 3. (2) a+(at+b);b+(a+b). (8) 16; 36. 
18 ; 12; 15. 
1869. 
1— a3, 2. 28—az7?—a5u> —atnt—arar+tatrt+as, 
(lI) 1. (2) 2+(4+4+2)(%+8). 5. (a—d)(b—c). 
. CG) 14 (2) 14(1-—a). (3) x=be.b—c) ; &. 


10m. 


ANSWERS TO MADRAS PAPERS. Hint 


1870. 

SL. wt py ty? + (a+b+c)(2+ y)+0b+ac+ be. 9. 1. 
3 (1) (+2)=(1+az)(1 + be). (2) (2—1)-2*. 
4. («+1). 5. (a+ b—2c)+-2(b—c). 
7. y—2 —mn+1. 

9. (1) 43. (2) 4an+(n*+4). (3) «w=(b+0c)+2a; &. 
10. 3m;14_™. 
1871. 
l. (i) atte. (ii) ”. 
2. Gi) Ll. Qi 225+C%—1). (ili) e+(c+b0\(a+c—a). 
3. (#—c)?. 4. oe G6. «*+-2a5—i1. 
8 @) 1. Gi) 5:2. (ii) cmy=z=1, Q. 12s. ; 28s. 
1872. 
1. 3x?—2.(a+ b)+ a? +8, 
8. (i) (21° — 22+ 5)+(1L~2x?)(1— 22). 


(ii) (co—a)+(ar—b)(bi—c). 
)\3 L\2 : : 
5. Bet]. 6. (a+-) +(o#})". 7. 8.%—22—1. 


8. (i) 11. (i1) O (iii) « = 3:3L—2a—c)+ 2a. 
9. 5m; 3m; 40m. 
1873. 
(a+b)(a+ b+); a?— d*. 4. a*—2a+2, 


(i) 4. (Gi) 4>(@+ DSe+ lL). 6. (a+6)*(c—d?). 
G) 7. (ii) ab+(an*4+bm?). (aii) e=y=2=(at b)+c. 
im. 


‘ 


D0 oe 


1874. 
3. 2 4 at—3a+5. § (1) 3. (2) 2(ac+bd)(ad+be). 
7 (a—b)(ab+ 1). 
9. qd) 2 (2) 13. (8) 2a—1)+(a—2); (a+ 1)+(a—2); 
(3a—1) +(a— 2). 10. 3m. 


1. 


pa 
Som 


10. d(a—b)~(b—c) ; d(a— b)(a—c) + 2(b—). 
1877. 
1. 4(a—b)*(a+b+1). 2. a+tb+c. 
3 22?#—Bu—2; e+e 4. +/+5. 5. 60. 
1878. 
1. 2. Q. (#—1)*(1+1)*(a +2)*(2—2)*. 
4. (1) —2. (2) 1.=c—b; &. 5. 30m ; 6m. 
1879. 
1. 0. 2 {(vty)*—a*}* +4(e+y)*z*. 
4. (1) 9. (2) 2+(1—a—b—c). (3) w=1; y=1; #=0. 5 8". 
1880. 
1. a*—(2b—3c)?. 2. 1. 3. 3, 
4. (1) (@—1)*. (2) b+24%. 
5. (1) 13. (2) 34. (3) e=a+(a+b); y=b—(a—Dd). 
. 1028;m. 
1881. 
2. JatrV2b + 2QV/2e, 3. 1. 
4, (i) 2}. (2) 4; 4. (3) w==(2c+a+b) +4. 
§. 30;20;50. £72; £36; £18. 


QO G> OT He 20 es 


ALGEBRA. 


1875. 
0. 2 0. 3 Hat+b). 5 G.C.M. is 2a*—3a+2, 
G.C.M, is a®+-a+1. 4. (i) Jars (ii) ota, 


4a*(a+b)*. 9. (i) 2. (ii) ab+(ut5), (iii) 152 
3am ; 43m. 
1876. 
at+c—b. 
(a+b +c+d)(a+b—c—d)(a—b+c—d)(a—b—c+d). 
(ii) g=3; (e—2)(a—3)(4—4). 


(i) 4(al+ bm + en). (ii) 0. 
(ax—cy)*—(b—dy). 7. atb+c;(atb+c)*. 
4ay. 9. (i) (ab—cd)+(c+d—a—d). 


(ii) e+(a—b). (iii) w= b9+2a; y =(2a* + 09) +2a.. 


a 


OO tr 


= 


gr 
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/ 


1882. 
2556. 2. «*—2ry+ 3y*. 3 ab. 
w® ¢@ y, y" i 
———~ +Ll— = ; 5. l -—. 2 5§. 6. im. 
yy sae (1) pq. (2) 4 
1883. 
atb+c. 2. 144 4, &c. 
(2a—y)(2x% + y)(3x* + 4). 
(a) (a* —b*)(p*—9")* + (p? +97)*. 
, ge 2 By der 
(b) (w— y+ 2) +(a— 4y—4z). | 5. Sy 4s Be 
(a) 5, (6b) «=b+a(b—a) ; y=a--b(a—bd) ; 
(c) e=be(1+a)+(b—a)(c—a), &e. 
Re. 1; Rs. 100. 
1884. 
0. 9. G.C.M.is a?+2a+3. 4. 3a*~8a—16, 
(i) +: (li) =a; y=0. 6. 5m; ldm. 
1885. 
a®* + b* +c? ; See formula. 2. G.C.M. is w* + 2243, 


e*—ae+2a%. 4. (1) 4. (2) e=(m*—n*)+(am—bn). 
27m. 


1886. 
6(2 +4). 2. (8a—2y) + (2y+2)(2c7 +y?), 
oa. 4. (1) Wate) +(a—e). (2) $5 —3. 
(1) 20; 6C; 30. (2) 10. 

1887. - 

l 

am 4, 3- rar 
(1) —1}. (2) e=(b*-~-a* +0*)+(bm—an—cen). §. 63. 

1888. 
a+ 2b-+ 8c. (2) (w-+6)(a+2)(a* +82+10). 
G.O.M. is z+ 3. 4. (1) —2ab=c. (2) 65738 


8 yds. ; 7% yds. 


tai 


og Fe 


mo PH oD 


~~ & 


~~ 
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ALGEBRA, 


1888 
(1) 2a, (2) 28. (8) (at—b*)”. 2. a? —(p+q)utg’. 


(2) 1— 2—2etys. 4. (1) (e—1)*. (2) —3. 


(1) 5. (2) 4. (3) 1; —2; 3. 6. 96; 70. 
1890. 

(1) —(m+n+ae+ y). (2) Leet te* 

(3) 8 mee S78 aoe By +y*, 

(Qr—1)(a+ 2) ; (40% —324-1)(3: — 1)(2a—1)(4 + 2). 

gi Lym Z— Ys. 4. (I) 4. (2) w. 

(1) 33. (2)6; 11; 6. 6. 58; 42. 
1891. 

2+ 42+ Sn? + 161° + de 3. (a) w— 5z2*+ 18¢—14. 

(7.22 — 59 c+ 18)— (av + 1)(a—2)(e@—6). 

(a)9. (83) 7;3. (c)v=1l2mab+(a+b). 6. 420; 255. 


1892. 
(a—b)(b—c)(a—c)(a+b+c). 3. —1. 
Qe 3a , Baz ‘s 
Sa 3e” BF 5. H +o+l, 
()esy=5. (ii) 95-144. 7. BBY. 

1893 


(a) 12abe. (6) apply a*— bi=(a + b)\(a—b). 
(c) 2% + 5(a—1)a— bd. 


(a) (2 +1)(2—1)(a+1—2y+ y)(c~—-1l—zy—y). .(b) a—d. 


2g? —4¢3 + w— 1. 4. e9™343e"—Sy**, 
(1) e=abc(be—ab—ac)—(b*c? —a2b3—a%c%). (2) 2 ; 4,9. 
24. 

" 1804. 
(1) y*. (2) 6eyz. 2. (at bu)(2*— 241). 


2° —2%a+2ca" +4°. 

(x* —a*)(a* +a*); H.C.F. 18 +2743, 

(a—b+c—d)(a—b—c+d)(b—c + d—a)(b—d—c+a) 
[(a—b)(b—c)(e—d)(d—a) 

(2) 23. (2) 123; y=2; cel. (8) llor? 

18/21. 8. (a+ 4b)+3. 


ANSWERS TO MADRAS PAPERS, ixtit 


1895. 
Ll. (3e#—2)(22—3). 2. (D1. 8. «+4, 
4. u® +064 2— 2/23 
§. (D—-h. (2) y= — ab*c/a® + 8°). (3) 45-47 ;—4, 
6. lst year Rs. 1,296; 2nd year Rs. 2,000. 


1896. 
1. €l) 0. 2 91942143. 3 z*—a’. 
4 ae 3/a—1f.4. 5. (1) —73. 
(2) #=1; y4=3,2=} (3) 42; —@. 6. 5 miles. 
1897. 


2. (1) Vide Q. (2) Year 1869, Madras. (2) a+6+0—32. 
a (1) (20% + 1)(2e* —1)(2:2 +1 + 2e)(Qz* + 1— Qe). 
(2) (a+c+6—d)(a+c—b+d)(b+d+a—c)(b+d—a+c), 
(3) (e—y)(e—y—)). 


4. (1) $=”. @) ©. 
q. (1) e=7. (2) e=—2 or — $3. 
(3) a=—1. y=2,2=-—3. (7) 13 as. 4 ps. 
1898. 
1. (a) w*—2*—1. (b) a?§—ad+ d*. 2. (1) (a+ b+46) 
% (a+ b— oj(e+ a—b)(c—a+b) (2) (a? — ab + b*)(a* + 6° +a +5). 
_ 3 29 Be 42. 4. (a)3+(#—1\(<* +1). 
§. 3a*—2b+ 5b%. G. (1) 19. (2) c=6 +a; y=6—a. 
3) 3 or 3. % L=Wyds.; B=7 rae. 
1899. 


L. (+ 2a)(.+3a)(e—2b)(2— 3b) ; 2*(a+1) + 2(a* +1)+0!'. 
2. (1) (a? +1)? + D+ 1)(@—1)(6+1)(6—1). 
(2) (a—b)(b—c)(a—c). 


9. G.OM. is2?—Si¢l. Bat + =+ 3 (2+). 


6 (1) = (2) 5 ors. (3) 2; —235. 
Atmi; dont; 3gms. 
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ALGEBRA. . 
March 1900. 


~ (2) Bet —5a?— 409 +04. 


(1) (l+a)(l—a)(b+ c+ ab—ac)(b+ c—ab+ac). 
(2) (a—b) (b—c) (c—a)(ab + ac+ be). 
v*-+-7e+1. 4. (1) 4+(1*—16). (2) 2e. 
a? +5ab—3b*. 6 (1) 4. (2) 13 or 4. (3) 14; —2;1. 
Rs. 200; 90 men. 
December 1900. 
(Thm. 2. (a+b)x+b)(c—a)(%+ a—b). 
28 — 7244. 4. (1) 1 (2) (a+b)%(a8+5*)*, 
(1) 33. (8) 2or 4,55. (3) 8; 4; 5. 
52 Ibe. 


May 1890 
(d) 16ab*. 3. el (2—a)—a— ee 
S. @) 2; ’. 5. 100m; 10 A.M. 


May 1891. 
w* + y* 4+ 1—2y—a— y. 
(a) (i) 3o—y)(y—z)(2—2). ti) (4+) (ey) (88+y) 
x (83—y). (b) 8. 

(b) {a%«*—(bx +c)*} (a*a#*—c*). 

(i) «=(a +b)(b*—a*)+(a* +57). (1) 1+ 2(@ +8); 
2(a + 6). 

555,’ past 4. 


